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Existence and uniqueness of entropy solution for some
nonlinear elliptic unilateral problems in
Musielak-Orlicz-Sobolev spaces

MoHAMMED AL-HAWMI, ABDELMOUJIB BENKIRANE, HASSANE HJIAJ,
AND ABDELFATTAH TOUZANI

ABSTRACT. In this paper, we study the existence and uniqueness of entropy solution for some
quasilinear degenerate elliptic unilateral problems of the type

—diva(z,Vu)=f in €,

u=20 on 0N,
in the Musielak-Orlicz-Sobolev spaces W3 Ly, (), with f € L1(£2) and by assuming that the
conjugate function of the Musielak-Orlicz function ¢(z,t) satisfies the As—condition. An ex-
ample of such equation is given by

{ 7div<|Vu|p<z>72log”(1+ ) Vu) —f  inQ W

u =0 on 0,
for 1 < p(z) < oo and 0 < o < 0.

2010 Mathematics Subject Classification. 35J62, 35J25.
Key words and phrases. Musielak-Orlicz-Sobolev spaces, quasilinear degenerate elliptic
equations, unilateral problem, entropy solutions, truncations.

1. Introduction
Let  be a bounded open subset of IRY (N > 2), with smooth boundary conditions.

For 2 — 3 < p < N, Boccardo and Gallouét have studied in [11] the elliptic

problem of the type

Au=f in Q,
u= 0 on 09,
where Au = —div a(z,u, Vu) is a Leray-Lions operator from Wol’p(Q) into its dual,
and f is a bounded Radon measure on 2. They have proved the existence of solutions
U € Wol’q(Q) forall 1<g<g= %. Also they proved some regularity results.

Aharouch and Bennouna have treated in [1] the quasilinear elliptic of unilateral
problem
{ —div (a(z,Vu)) = f in Q, @)
u= 0on 99,
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where f € L'(2). They have proved the existence and uniqueness of entropy solu-
tions in the framework of Orlicz Sobolev spaces WL (Q) without assuming the
Ay—condition on the N—function M of the Orlicz spaces, (see also. [6, 7, 13]).

In [5], Bendahmane and Wittbold have proved existence and uniqueness of a renor-
malized solution to the nonlinear elliptic equation

. 92 .
{ —div (|Vu|p($) Vu)=f in Q, 3)
u= 0on 01,
where the right-hand side f € L!'(Q2) and the exponent p(-) : Q +— (1,4+00) is
continuous, for some related results we refer to [2, 4, 12, 22].

In the recent years, Musielak-Orlicz-Sobolev spaces have attracted the attention of
mainly researchers, the impulse for this manly comes from there physical applications,
such in electro-rheological fluids, (see [23]). The purpose of this paper is to prove the
existence and uniqueness of entropy solutions for some quasilinear unilateral elliptic
problem of the form

Au=f in Q,
{ u= 0 on 01, (4)

in Musielak-Orlicz-Sobolev spaces, where f € L'(Q) and A : D(A) C W§L,(Q) —
W =1L, (Q) is the Leray-Lions operator defined as:

A(u) = —div a(z, Vu),

by assuming that the conjugate function of Musielak-Orlicz function (z,t) satisfies
As-condition, and by using corollary 1 of [9] to construct a complementary system
(Wi L (), Wi Eo(Q); WLL,(Q), W1 Ey (92)).

Note that, the second author has studded in [9] the existence of solution for the
problem (4) where f is assumed to be in the dual, and only strict monotonicity is
assumed, we refer also to [19] for the elliptic case with large monotonicity, and the
interesting works of Gwiazda el al. [16, 17, 18] in the generalized Orlicz Sobolev spaces,
also [14] where the author has proved the Poincaré inequality under the Ay —condition.

This paper is organized as follows. In the section 2 we recall some definitions
and basic properties of Musielak-Orlicz-Sobolev. We introduce in the section 3 the
assumptions on a(z,£) under which our problem has at least one solution. The
section 4 contains some useful lemmas for proving our main results. The section 5
will be devoted to show the existence and uniqueness of entropy solutions for our
main problem (4).

2. Preliminaries

In this section, we introduce some definitions and known facts about Musielak-
Orlicz-Sobolev spaces. The standard reference is [24].

2.1. Musielak-Orlicz function. Let Q be an open bounded subset of IRY (N > 2)
with smooth boundary conditions, and let ¢(xz,t) be a real-valued function defined
on Q x IRT, and satisfying the following two conditions :
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(a): p(z,-) is an N-function, i.e. convex, nondecreasing, continuous, ¢(x,0) = 0,
o(x,t) >0 for all t > 0, and :
p(z,t)

limsupM:O , lim inf ————= = o0,
t—=0,cq t—ooxeQ) ¢
(b): o(+,t) is a measurable function.
A function ¢(z,t) which satisfies conditions (a) and (b) is called a Musielak-Orlicz
function.
For every Musielak-Orlicz function ¢(z,t), we set ¢, (t) = ¢(z,t) and let @, 1(¢) the
reciprocal function with respect to ¢ of ¢, (t), i.e.

vz (e(a,t) = ez, 97 ' (1) = t.
For any two Musielak-Orlicz functions ¢(x,t) and y(x,t), we introduce the following
ordering:
(c): If there exist two positive constants ¢ and T' such that for almost everywhere
x€e:
o(z,t) <~v(z,ct) for t>T,
we write ¢ < 7, and we say that v dominate ¢ globally if 7" = 0, and near infinity
itT > 0.
(d): For every positive constant ¢ and almost everywhere x € €, if

t t
lim (sup Pl ¢ )) =0 or lim (sup Pl ¢ )) =0,
t—0 €N ’Y(Z‘,t) =00 1 ')/(l',t)

we write ¢ << v at 0 or near oo respectively, and we say that ¢ increases
essentially more slowly than ~ at 0 or near co respectively.

The Musielak-Orlicz function ¥ (z,t) complementary to (or conjugate of) ¢(x,t),
in the sense of Young with respect to the variable ¢, is given by

7/}(1'7 5) = igg{St - QD(I7 t)}’ (5)

and we have
st < (x,8) + p(x,t) Vs, t € IRT. (6)
The Musielak-Orlicz function ¢(z,t) is said to satisfy the As—condition if, there
exists k > 0 and a nonnegative function h(-) € L*(f2), such that

oz, 2t) < ko(x,t) + h(z) a.e. x €,
for large values of ¢, or for all values of ¢.
2.2. Musielak-Orlicz Lebesgue spaces. In this paper, the measurability of a

function u :  — IR means the Lebesgue measurability.
We define the functional

o) = [ plafule)]) da,
where u : ) — IR is a measurable function. The set

K, (Q) ={u:Qr+— IR measurable / g, 0(u) < +oo}

is called the Musielak-Orlicz class (or the generalized Orlicz class). The Musielak-
Orlicz spaces (or the generalized Orlicz spaces) L, () is the vector space generated
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by K (), that is, L,(f2) is the smallest linear space containing the set K, (£2);
equivalently

L,(Q) = {u :Q+—— IR measurable / Q¢Q(|U(;\E)|) < +o0, for some A > O}.

In the space L, (2), we define the following two norms:

|\u||<p§z—1nf{)\>0/ / [u@)]y gy <1}

which is called the Luxemburg norm, and the so-called Orlicz norm is given by:

lulllo0 =  sup /|u )| dz,

[lvlly,2<1

where (z, t) is the Musielak-Orlicz function complementary (or conjugate) to ¢(x,t).
These two norms are equivalent on the Musielak-Orlicz space L (€2).

The closure in L, (£2) of the bounded measurable functions with compact support
in O is denoted by E,(Q). It is a separable space and (E,(£2))* = Ly ().

We have E,(Q2) = K,() if and only if K,(Q) = L, () if and only if ¢(z,t) has
the As—condition for large values of ¢, or for all values of ¢.

3. Musielak-Orlicz-Sobolev spaces. We now turn to the Musielak-Orlicz-Sobolev
space WL, (Q) (resp. WE,(2)) is the space of all measurable functions u such that
w and its distributional derivatives up to order 1 lie in L,(Q) (resp. E,(£)). Let
a = (aj,as,...,q,) with nonnegative integers o, |a| = |a1| + |ag| + ... + |ay,| and
D%y denotes the distributional derivatives.

We define the convex modular and the norm on the Musielak-Orlicz-Sobolev spaces
WL, () respectively by,

0,.0(u ZQwQDU and ||u||1¢g—1nf{)\>0 QWQ()\)<1}

| <1

for any u € WL, ().
The pair (WL, (), ||ul|1,4,0) is a Banach space if ¢ satisfies the following condition

there exists a constant ¢ >0 such that imsf2 o(x,1) > c.
TE

The spaces W' L, () and W!E,,(2) can be identified with subspaces of the product
of n+ 1 copies of L,(€2). Denoting this product by IIL, (), we will use the weak
topologies o(IIL, (), I1E(2)) and o(I1E, (), IIL,(£2)).

The space W E,(12) is defined as the (norm) closure of the Schwartz space D(2)
in W'E,(Q), and the space W L, () as the o(IIL,(£2),I1E(2)) closure of D(Q) in
WL, (Q), (for more details on Musielak-Orlicz-Sobolev spaces we refer to [24]).

2.4. Dual space. Let W™1L,(Q) (resp. W~1E,()) denotes the space of distribu-
tions on  which can be written as sums of derivatives of order < 1 of functions in
Ly () (resp. Ey(€2)). It is a Banach space under the usual quotient norm.

If ¢(z,t) has the Ag—condition, then the space D(2) is dense in W L,,(2) for the
topology ¢(IIL,(€2),IILy(€2)) (see corollary 1 of [9]).
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3. Essential assumptions

Let © be a bounded open subset of IRY (N > 2) with smooth boundary conditions.
Let (z,t) be a Musielak-Orlicz function and (z,t) the Musielak-Orlicz function
complementary (or conjugate) to ¢(z,t). We assume here that 1(x,t) satisfying the
Ag—condition near infinity, therefore L (Q2) = Ey(Q).

We assume that there exists an Orlicz function M (¢) such that M(t) < ¢(x,t) near
infinity, i.e. there exist two constants ¢ >0 and T > 0 such that
M(t) < p(z, ct) a.e.in for t>1T. (7)
Let ¥(-) be a measurable function on €2, such that
TH() € WyLe () N L>(Q),
and we consider the convex set

Ky = {v € Wy L,(Q) such thatv >V a.e. in Q}

The Leray-Lions operator A : D(A) C W} L,(Q) — WL, () given by
A(u) = =div a(x, Vu)

where a : Q x RN — IR is a Carathéodory function (measurable with respect to x
in Q for every ¢ in IRV, and continuous with respect to & in RN for almost every x
in Q) which satisfies the following conditions

la(z,&)| < B(K (x) + kg, (o(x, kal€])), (8)
(a(z,&) —a(x, &%) - (£ —€) >0 for €#E, 9)
a(m7£) &> a p(x, |£D’ (10)

)

for a.e. x € Q and all £ € RN, where K () is a nonnegative function lying in Fy (2

and o, 8 > 0 and ki, ks > 0.

We consider the quasilinear unilateral elliptic problem
{ —diva(z,Vu)=f in Q,

w=0 in o9, (11)

with f € L'(Q). We study the existence of entropy solution in the Musielak-Orlicz-
Sobolev spaces.

4. Some technical lemmas

Now, we present some lemmas useful in the proof of our main results.

Lemma 4.1. (see [20], Theorem 13.47) Let (uy)n be a sequence in L*(Q) and u €
LY (Q) such that

(i): up = u ae inQ,

(ii): up >0 and u >0 a.e. in Q,

(iii): / Uy, dx — / u dz,
then u, — u in L1

Lemma 4.2. Assuming that (8)—(10) hold, and let (uy,),, be a sequence in W L, (£2)
such that
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(1): up — u weakly in W§Ly(Q) for o(ILL,(Q2),I1E,()),
(ii): (a(x, Vuy))n is bounded in (Ly(Q)N = (Egx(Q))V,
(iii): Let Qs = {x €N, |Vu|l < s} and s his characteristic function, with

/(a(m, Vuy) — a(z, Vuys)) - (Vu, — Vuys)de — 0 as n,s — oo, (12)
Q

then o(z,|Vuy|) — @(x,|Vu|) in LY(Q) for a subsequence.

Proof. Taking s > r > 0, we have :

0< / (a(z, Vuy) — a(z, Vu)) - (Vu, — Vu) dz
Q.
< (a(z,Vuy) — a(z,Vu)) - (Vu, — Vu) dx
Qg (13)
= /5‘2‘(a($7 vun) - a(rT, VUXS)) : (Vun — VUXS) dx

< /(a(z, Vu,) —a(z, Vuyxs)) - (Vu, — Vuys) de.
Q
thanks to (12), we obtain

lim (a(z, Vuy,) — a(z, Vu)) - (Vu, — Vu)dx = 0. (14)

n— o0 Q.
Using the same argument as in [15], we claim that,
Vu, — Vu a.e. in Q. (15)
On the other hand, we have

/ a(x,Vuy) - Vu, dr = / (a(z, Vuy) — a(x, Vuxs)) - (Vuy, — Vuys) dx
[¢) Q (16)

—|—/ a(z, Vuys) - (Vu, — Vuys) de —|—/ a(x, Vuy) - Vuys dx.
Q Q

For the second term on the right-hand side of (16), having in mind that (x,s)
verify Ag—condition, then Ly (Q) = E,(2), and thanks to (8) we have a(x, Vuy,) €
(Ey(2))N. Moreover, we have Vu,, — Vu weakly in (L, (9))" for o(I1L,(Q), I1E, ()
then

);

lim a(z, Vuyxs) - (Vu, — Vuys)de = lim a(z, Vuyxs) - (Vu — Vuy,) de

s,n—00 Jo s—00 Jo

= lim a(x,0) - Vudx = 0.
57 Ja/,
(17)
Concerning the last term on the right-hand side of (16), since (a(x, Vu,,)), is bounded
n (Ey(2))Y and using (15), we obtain

a(z, Vu,) = a(z,Vu)  weakly in  (Ey(Q)Y for o(IIE,(Q),TIL,(Q)),
which implies that

lim a(z,Vuy,) - Vuxsdx = lim [ a(z,Vu)- - Vuysdz

s;n—o00 Jo s—o0 [ (18)
a(z,Vu) - Vudz.

Q
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By combining (12) and (16) — (18), we conclude that
/ a(x, Vuy,) - Vu, de — / a(z,Vu)-Vudr as n — oo. (19)
Q Q

On the other hand, we have ¢(x,|Vu,|) > 0 and ¢(x,|Vu,|) = ¢(z,|Vu|) a.e. in
Q, by using the Fatou’s Lemma we obtain

/ oz, |Vul) de < liminf/ o(z, |Vuyl) dz. (20)
Q n—oo Q

Moreover, since a(z, Vuy,) - Vu,, — ap(z, |Vu,|) > 0 and
a(x,Vuy,) - Vu, — ap(x, |Vu,|) — a(z, Vu) - Vu — agp(x, [Vul|) a.e. in  Q,
Thanks to Fatou’s Lemma, we get
/ a(xz,Vu) - Vu — ap(z, |Vul) de < lini)inf/ a(x,Vuy,) - Vu, — ap(z, |Vuy,|) d,
Q nTeeJa
using (19), we obtain
/ o(z, |Vul|) de > limsup/ oz, |Vuyl) dz. (21)
Q n—oo JQ
By combining (20) and (21), we deduce
/ oz, |Vuy|) de — / o(z, |Vul) dx as n — oo. (22)
Q Q

In view of Lemma 4.1, we conclude that
oz, [Vup|) — oz, |Vul) in L'(Q), (23)

which finishes our proof.

5. Main results

Definition 5.1. A measurable function u is called an entropy solution of the quasi-
linear unilateral elliptic problem (11) if

Tk(u) € Ky for any k> ||V e,

(24)

/ a(x,Vu) - VI (u—v) dx < / fTi(u—v)de Yo € Kg N L™ (Q).
Q Q

Theorem 5.1. Assuming that (7) — (10) hold, and f € L'(Q), Then, the problem
(11) has a unique entropy solution.

5.1. Existence of entropy solution.
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Step 1 : Approzimate problems. Let (fn)new € WLE,(2)NL>® () be a sequence of
smooth functions such that f, — fin L*(Q) and | f,,| < |f| (for example f,, = T}, (f)).
We consider the approximate problem

Uy € K\I/,
(Pn)
/a(x,Vun)-V —v dm</fn u, —v)dr forany v € KgNL¥(Q).
Q
(25)
Let X = Ky, we define the operator A : X — X™* by
(Au,v) = / a(x,Vu) - Vv dx Yv € Ky.
Q
Using (6), we have for any u,v € Ky,
‘/ a(x,Vu) - Vvdx‘ </B z) + ki, (o(2, ko | Vu)))) Vo] da
<5 [ v K@) dot iy [ (o kalVul) do+ 1+ ) [ ol Vol da
Q Q Q
(26)

Lemma 5.2. The operator A acted from Wi Ly,(Q) into W™ Ly (Q) = WLE,(Q) is
bounded and pseudo-monotone. Moreover,A is coercive in the following sense : there
exists vg € Ky such that

(Av,v — vg)

[v]]1,6,0

— 0 as  ||v||i,p,0 = 00 for ve Ky.

Proof of Lemma 5.2. In view of (26), the operator A is bounded. For the coercivity,
let € > 0, we have for vy € Ky and any v € Wi L,(9)

(v,on)] < [ ot Vo)| [Veo| do < 5 [ (560) + kv o hal T Vo] da
SB/QKx |wo|dx+/3kls/ng (¢l 2 F0])) 2 Vo] d
§ﬁ/ﬂw(x7K(x))dx+B/an(x,|Vv0|)dm—i—ﬁklfs/ﬂgp(x,k2|Vv|) dx

1
+6k15/ﬂ<p(x,g|Vvo|) dx

1
ch/<p(x,|Vv|)dx+ﬁ(k15—|—1)/ ol (= + 1) Vo) o+ Cr,
Q Q

with c. is a constant depending on . By taking e small enough such that c. < §,
we obtain

1
(Av,vg) < %/Qcp(a:, [Vo)dz + B(kie + 1) /Q o(x, (g + 1)|Vuo|) dz + C1.

On the other hand, in view of (10), we have

(Av,v) = / a(xz,Vv) - Vodz > a/ oz, |V|) d
Q Q



EXISTENCE AND UNIQUENESS OF ENTROPY SOLUTION ..... 9

Therefore
(Av,v —vg)  (Av,v) — (Av,vg)
vll1.0.0 [[v]]1,¢,0

1
o[ pla. (Vo) d = § [ ol [Vol)da = Bne +1) [ plo. (£ +1)[ V) da + Co
Q Q Q

Y

HU”L%Q
1
%/ go(x,|Vv\)dx—ﬁ(k16+1)/go(x,(g+1)|Vv0|)dx+C1
Q Q

= — 0
HU”L%Q

as [|v]|1,4,0 goes to infinity.
It remains to show that A is pseudo-monotone. Let (u)i be a sequence in W L, (£2)
such that
up = uin WaLy(Q)  for o(IIL,(2),[1E,(Q)),
Aup — x in WEL(Q) for o(IIEw(Q),I1L,()), (27)
lim sup(Auyg, ug) < (x, u).

k—o0

We will prove that
X = Au and (Aug,ug) — (x,u) as k — oo.

Firstly, since W Ly,(2) —— E,(£2), then u, — u in E, () for a subsequence still
denoted (ug)k-

As (ug)g is a bounded sequence in WjL,(£2) and thanks to the growth condition
(8), it follows that (a(z, Vuy))x is bounded in (Ey(£2))™. Therefore, there exists a
function & € (Ey(2))Y such that

a(z,Vur) =& in (Bu(Q)N for o(lIE4(Q),TIL,(Q) as k—oo.  (28)
It is clear that, for all v € W L,(f2), we have

(x,v) = lim (Aug,v) = lim [ a(z,Vug) - Vode= [ £ -Vuvdz. (29)
k—o0 k—o0 Q Q
By using (27) and (29), we obtain
lim sup{Auy, ug) = lim sup/ a(x, Vug) - Vug de < / & - Vudz. (30)
k— o0 k—oo JQ Q
On the other hand, thanks to (9), we have
/ (a(x, Vug) — al(x, Vu)) - (Vug — Vu) dz > 0, (31)
Q
then
/ a(x,Vuy) - Vug do > / a(x,Vug) - Vu dz —|—/ a(x,Vu) - (Vu,, — Vu) de.
Q Q Q

In view of (28), we have

liminf | a(z, Vuy) - Vuy de > / £-Vudx
Q

k—oc0 Q
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and (30) yields
lim [ a(z,Vug) - Vug de = / &-Vudz. (32)
Q

k—o0 Q

Combining (29) and (32), we find:
(Aug, uk) = {x,u) as k — oo. (33)

In view of (32), we have

lim (a(m, Vuy) — al(x, Vu)) - (Vug, —Vu)dz — 0

k—o0 O

which implies, thanks to Lemma 4.2, that
up —u in WyLy(Q) and Vur — Vu ae. in

then
a(z, Vug) = a(x,Vu) in (Ey(Q)Y,
we deduce that x = Au, which completes the proof the Lemma 5.2. (|

In view of Lemma 5.2, there exists at least one weak solution u,, € Wy L, () of
the problem (25), (cf. [10], Lemma 6).

Step 2 : A priori estimates. Taking v = u,, — nTj(u, — ¥T) € WL, (), for n small
enough we have v > ¥, thus v is an admissible test function in (25), and we obtain

/ a(x, Vuy,) - VIg(uy, — 1) dr < / FoTe(un — ¥ dz,
Q Q
Since VT (u, — ¥T) is identically zero on the set {|u, — ¥T| > k}, we can write
/ a(z,Vu,) - V(u, — ¥ de < | fuTk(u, — V) do < Cok,
{Jun—W+|<k} Q

with Cy = ||f|l1, it follows that

/ a(x,Vuy,) - Vu, de < Cok + / a(z,Vuy,) - VU dx.
{un—0+|<k} {lun—T+|<k}
Let 0 < A < a , it’s clear that
a+1
YA
a(z, Vuy,) - Vuy, de < Cok + A a(z, Vuy) - dz. (34)
{lun—w+|<k} {lun —0+|<k}
Thanks to (9), we have
vt vt
/ (a(x, Vuy,) — a(z, V7)) - (Vu, — v )dz >0,
{lun—w+|<k} A A
then
\VAURS
/ a(z, Vuy,) - dr < / a(z,Vuy) - Vu, dz
{lun—0+|<k} {lun—T+|<k} 4 N
v v
- a(z, L) - (Vu, — v ) dx.
{lun—w+|<k) A A
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Which yields thanks to (34), that

/ a(z,Vuy,) - Vu, de < Cok + )\/ a(x,Vuy) - Vu, dr
{Jun —+ <k} {lun—¥+|<k} N n
v
—A a(x, vy ) (Vu, — v ) dx.
{Jun— W+ <k} A A

Therefore, we obtain

yt Pt
(1—)\)/ a(x, Vuy) - Vu, d SCgk—I—)\/ a(%v ) Y z
0+ <k} {Jun—0+| <k} A A
\VAURS
- a(x, ——) - Vu, dz,
{lun—w+|<k) A
(35)
In view of (6), we have
+ \aa
| / e, ) Vg ds| < [ Y (e, ) do
{|un—T+|<k} A {lun =¥t |<k} A
+ o(z, |Vuy|) de

{lun—w+|<k}
Having in mind (10) and (35), we obtain

(a1 - —)\)/{ G

|“n

<(1-X) / a(x,Vuy,) - Vu, de — )\/ oz, |Vuy,l|) de
{|un—0+|<k} {lun—¥+|<k}

AVAURSREA VA AVAU s
< Cok+ A a(x, ) - dr + A P(z,|a(z, )|) d,
{lun—w+| <k} A A {lun—w+| <k} A
then,
/ oz, |Vuy|) de < Csk for k>1. (36)
{Jun—0+|<k}

On the other hand, since {|u,| <k} C {Ju, — V7| <k +|[¥T||x}, then

/Q (@, [V Tx(un)) dz = / (V) da

|un|<E}
< (@, [Vun|) de
{lun =T+ | <+ 0|}

< Ca(k+ [[97]|),
which implies that

/ o(x, VT (u,)|) de < Cyk for k> max(1, || V"), (37)
Q

with C} is a constant that does not depend on n and k.
Thus (T (uy)), is bounded in W3 L, (€2) uniformly in n, then there exists a subse-
quence still denoted (T (un))nenw and v € Wi L, (Q) such that

{Tk(un)évk weakly in - WgL,(Q) for o(IIL,(2),[1E,(Q)),

Ti(un) — vp  strongly in  E,(2) and aein Q. (38)
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Step 8 : Convergence in measure of u,. In view of (7), we have

M(t M(t
M(t) < p(z,ct) ae. in Q with lim M) =0 and lim M) =00

t—0 t t—oo t

In view of ([15], Lemma 5.7), there exists two positive constants C5 and Cg, and a
function ¢(-) € L*(Q) such that

C’5/QM(|Tk(un)|)d;z:+/

q(z)dz < /M(CGIVTk(Un)\)HJ(I)dI S/@(Iv VT (un)|)da.
Q Q Q

So, in virtue of (37), we obtain
/ M(|Ti(uy)|) de < kC for k> max(1, ||V ). (39)
Q
Then, we deduce that,

M (k) meas({lun| > k}) = M (| T (un)]) da

/Iun|>k}
/

< | M(|Tk(up)|) de < kC7,
Q
hence,
meas({|u,| > k}) = LiS — 0 as k— +o0 (40)
" - M(k) '

For all § > 0, we have

meas{|un, — | >0} < meas{|u,| > k} + meas{|u,,| > k}

+meas{| Ty (un) — Tr(um)| > 6}.
Let € > 0, using (40) we may choose k = k(e) large enough such that
meas{|un| > k} < g, and  meas{|um| > k} < %- (41)

Moreover, in view of (38) we have Tj(u,) — vy strongly in E,(2), then, we can
assume that (T (up))nemv is a Cauchy sequence in measure. Thus, for all k£ > 0 and
d,e > 0, there exists ng = no(k, d,€) such that

meas{|Ty(un) — T(un)| > 0} < % for all m,n > no(k,d,€). (42)

By combining (41) — (42), we conclude that
Vd,e >0 there exists ng =mng(d,e) such that meas{|un, —um| >0} <e

for any n,m > ng(d,¢). It follows that (u,), is a Cauchy sequence in measure, then
converges almost everywhere, for a subsequence, to some measurable function u. Con-
sequently, we have

{nw%wm)mmwlw%m)mam@@ﬂm@%

T(un) — Ti(u) strongly in  E,(Q). (43)
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Step 4 : Strong convergence of truncations. In the sequel, we denote by ¢;(n), i =
1,2,... various real-valued functions of real variables that converges to 0 as n tends
to infinity.

Let h > k > 0, we define

M := 4k + h, Zn = U — Th(ug) + Tk (un) — Te(u)  and  wy = Tog(2n).

Taking v = u,, — nw,, we have v > ¥ for 1 small enough, thus v is an admissible test
function in (25), and since Vw,, = 0 on {|u,| > M}, we obtain

/ a(x, VT (uy)) - Vw, de < / Sfnwn dz.
We have wy, = Ti(upn) — Ti(u) on {|u,| < k}, we conclude that

/ a(x, VI (un)) - (VT (un) — VIk(u)) de
{lun|<k}

+ a(x, VT (uy)) - Vw, dz < / fnwn dx.
{k<|un|<M} Q

Concerning the second term on the left-hand side of (44), we have

/ a(x, VT (uy)) - Vwy, dz
{k<|un|<M}

a(x, VT (un)) - V(uy — Th(ug) + Ti(un) — T (u)) dz

~/{k<|un|§M}ﬂ{|2n|§2k}

— la(x, VT (un))] |V (u)| de,
{k<|un|<M}

v

We have VTj(u) € (L,(2))Y, and since (|a(x, VT (un))|)rs is bounded in Ly () =
E (), there exists ¢ € Ey(Q) such that |a(xz, VT (uy,))| = ¢ weakly in E, () for
0(Ey(2), Ly (£2)). Therefore,

/ (0, VT ()| [V Tk (w)] dar —> ¢ IVTi(w)| dz = 0. (45)
{h<un| <M} {k<lul<M}

It follows that

/ a(x, VT (uy)) - Vw, dz > e1(n). (46)
{k<|un|<M}

Then, since f, — f in LY() and w, — Tor(u — Th(u)) weak—x* in L>(£), and
using (44), we deduce that

/ a(x, VT (un)) - (VIk(uy) — VIg(uw)) dz < / fTok(u — Th(u)) de + e2(n).
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function of Q. For the term on the left-hand side of (47), we have

We define Q, = {z € Q : |[VTi(u(z))| < s} and denote by x, the characteristic

/ a(@, VTk(un)) - (VTk(un) — VT () da
{lun|<k}

= /Qa(x, VTi(uy)) - (VTk(uy) — VT (u)xs) do

+ /a(z, VTi(up)) - (VT (u)xs — VTi(v)) dz Jr/ a(x, VI (uy)) - VI (u) dx
Q {lun|>k}

_ /Q (a(2, VTi(un)) — ae, VTi(w)xs)) - (VTi(n) — VTk(u)xs) do

+/ a(x, VT (w)xs) - (VT (un) — VT (u)xs) do
0

—/ a(x, VT (uy)) - VI (u) dx + / a(x, VT (uy)) - VI (u) dz.
O\Q, {lun|>k}
(48)
For the second term on the right-hand side of (48), we have a(x,VTi(u)xs) €
(Ey ()N, and since VT, (up,) — VT (u) weakly in (L, (Q))" for o(I1L,(2), I1E(2)),
then
lim [ a(z, VIp(u)xs) - (VTg(un) — VT (u)xs) dx

n—roo Q

= /Qa(x, VTi(u)xs) - (VTk(u) — VI (u)xs) dz (49)

= a(x,0) - VI (u) dx.
2\,

Concerning the third term on the right-hand side of (48), since (a(x, VTk(un))n is
bounded in (Fy(Q))Y, there exists ¢ € (Ey(Q))N such that a(z, VT(u,)) — &
weakly in (Ey(Q))V for o(I1E (), I1L,(12)), it follows that

lim a(x, VT (uy)) - VIi(u) de = / & VTi(u) dx. (50)
n=o0 JONQ, O\Q,
For the last term on the right-hand side of (48), we obtain
lim a(z, VIi(uy)) - VI (u) de = / & - VT (u) dx = 0. (51)
"0 S {lun|>k} {lu|>k}

By combining (48) — (51), we deduce that
/{ - a(z, VT (uy)) - (VT (uy) — VT (u)) dz
= /Q (a(z, VT (un)) — alz, VTi(u)xs)) - (VTk(un) — VTi(u)xs) do (52)
+/ (a(z,0) =€) - VIi(u) dz + e5(n)
Q\Q,
and since (a(z,0) —n) - VT (u) € L'(Q), then

/ (a(z,0) = &) - VTi(u) de — 0 as s — oo.
O\Q.
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Therefore, using (47) we conclude that
[ e 9Ti0) — 0o, Vi) - (Vi) = VTi(wxe)
Q

(53)
< / fTor(u —Th(u)) dz + e4(n, s).
Q

We have
/ fTop(u — Typ(u))doe — 0 as h — oo.
Q

It follows that
lim (a(z, VTi(uy)) — a(z, VT (u)xs)) - (VTk(un) — VTi(u)xs) dz = 0. (54)

m,800 J o
In view of Lemma 4.2, we deduce that
Vu, — Vu a.e. in (55)
and
(2, [VTi(un)l) — oz, |VTr(w)])  in LY(Q). (56)

Step 5 : Passage to the limit. Let v € KgNL>® () and 1 > 0, we have u,, — 0T (un, —
v) € Ky is an admissible test function in (25) for 1 small enough, and we obtain

/ a(z, Vuy,) - VI (u, —v) de < / foTk(up —v) da. (57)
Q Q

Choosing M = k + ||v||oc, then {|u, —v| < k} C {|u,| < M}. Firstly, we can write
the term on the left-hand side of the above relation as

/a(x, Vuy) VIg(u, —v) de = /a(x, VT (un)) - (VT (un) — VU)X {jup—v|<k} AT
Q Q

_ /Q (a(at, VTar(un)) — (@, V) - (VT (ttn) — VO)X {fus—oicty da

+/ a(z, Vo) - (VT (un) — VU)X {ju, —v|<k} dT-
Q

We have

(a(z, VT (un)) — alz, Vo)) - (VTa(tun) = V)X {ju,—v|<k}
— (a(x, VTy (u) — a(z, V) - (VTpr(u) — VU)X {ju—vj<k} @€ in = Q.

According to (9) and Fatou’s lemma, we obtain

lim inf/ a(x, Vuy,) - VT (uy — v) dz
Q

n—oo
> /(a(x, VT (u)) — a(z, Vv)) - (VT (u) = VU)X {ju—v|<k} dT (60)
Q
+ li_>rn a(z, Vo) - (VT (un) — VU)X [, —v|<k} dT-
n o0 Q

For the second term on the right-hand side of (60), we have a(z,Vv) € (E,(Q))Y
and VT (uy) = VT (u) weakly in (Ly(Q))N for o(I1L, (), ILE,(12)), then

lim a(x, Vv) - (VT (un) — V)X {ju,—v|<k} dT

n—oo
/ a(x, Vo) - (VT (u) — VU)X {ju—v|<k} de.
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Therefore, we get

linl)inf/a(x, Vuy) - VT (un —v) dx Z/a(a:, VT (u) - (VT (w) — VU)X {ju-v|<k} dT
:/ a(z,Vu) - VI (u —v) dz.
Q
(61)
On the other hand, being T (u, — v) = Tk (u — v) weak-*x in L°°(Q2) we deduce that

/ foTk(uy, —v) doe — / f Tk(u—v) dx. (62)
Q Q
By combining (61) and (62), we conclude the existence of entropy solution for our

problem.

5.2. Uniqueness of entropy solution. Let u;,us be two entropy solutions of the
problems (24), we shall prove that u; = us.

By using the test function v = Tj(uz2) € Ky N L>®(£) in (24) for the equation with
solution w1, we have

/ a(z,Vuy) - VT (ug — Th(uz)) doe < / FTi(ur — Ty (uz)) da.
Q Q

Similarly, by using v = Tj,(u1) € K¢ NL>®(£2) as a test function for the equation (24)
with solution us, we obtain

/ a(x, Vug) - VT (ug — Th(uy)) dr < / FTe(ue — T (uy)) de.
Q Q
By adding these two inequalities, we get

/ a(z,Vuy) - VT (ur — Th(ug)) dx —|—/ a(x,Vus) - VT (uo — Ty (u1)) dz
Q Q

(63)
< / ST (ur = Th(uz)) + Ti(uz — Th(u1))] da.
Q
We decompose the first integral of the left-hand side of (63) as
/ a(x,Vuy) - VTi(ug — Tp(ug)) de = / a(z,Vuy) - V(uy — Th(uz)) dx
Q {lwr=Th (u2)|<k}

—

a(x,Vuy) - (Vuy — Vug) dz
{lug —uz|<k}n{uz|<h}

a(xz,Vuy) - Vuy dz,
{lur=Th (u2)|<k}N{|uz|>h}

a(x,Vuy) - (Vuy — Vug) dz

1V
— +

{luy —uz|<k}n{|uz| <h}N{|ui|<h}

_|_

a(x,Vuy) - (Vuy — Vug) dz.
{lur —uz| <k} {|uz|<h}N{|u1[>h}
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Similarly, we have

/a(x,Vug) NTi(ug —Th(uy)) dx 2/ a(xVug) (Vus —Vuy) dz
Q {luz—ur|<k}O{Jur| <h}N{|uz|<h}
+ a(xz, Vuz) - (Vug — Vuy) dz.

{lue—ur[<kIN{ur [<AIN{[us| >R}
(65)
By combining (64) — (65), we obtain

/ a(2, Vur) - VT (w1 — Th(us)) do +/ a(z, V) - VTk(us — Th(ur)) da
Q Q

> (a(z, Vuy) — a(z, Vug)) - (Vug — Vug) do

/{Im—uzSk}ﬂ{luzéh}ﬂ{lulléh}

+ a(x,Vuy) - (Vuy — Vug) dzx

fur —uz | <k} Juz | <A {[ug| > R}
+\/
{

a(x,Vug) - (Vug — Vuy) dz.
luz —ur |<k}N{|ur | <h}N{|uz|>h}

In view of (63), we conclude that
/ (a(z,Vuy) — a(z, Vug)) - (Vuy — Vug) dx
{lur—ug|<k}n{fuz|<h}O{|u|<h}
< [ Bulur = Th(u) + Tuluz ~ Th(u)] do
Q

(66)
—/ a(x,Vuy) - (Vuy — Vug) dx
/ul—u2|§k}ﬁ{u2|§h}ﬂ{u1>h}
{

a(xz,Vug) - (Vug — Vuy) da.
luz —u1 [<E}N{Jur|<h}N{|uz|>h}

For the first term on the right-hand side of (66), we have

| T = Th02) + T = T )]

< |f‘ |Tk(u1 —UQ)+Tk(U2 —U1)|d£L'.

{Ju1|<h,|uz|<h}
+ |1 [Tk (ur — Th(u2)) + Ti(uz — Th(ur))| do

|ur|>h}
+/ |fI Tk (ur — Th(uz)) + Ti(uz — Th(u1))| do
{luz|>h}

< ok |f|dx—|—2k/ \f| da.
{|lur|>h} {|luz|>h}

since f € L'(Q) and meas{|u;| > h} — 0 when h — oo for i = 1,2, it follows that
/ FITo(us — Ta(us)) + T (us — Tn(w))] dz — 0 as h—soo.  (67)
Q

Concerning the third term on the right-hand side of (66). By taking Tp,(u1) as a test
function in (24) for the equation with solution u;, we obtain

/ a(z,Vuy) - VT (ug — Th(ug)) dax < / [T (ur — Th(w)) de,
Q Q
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in view of (10), we obtain

a/ oz, |Vup|) dz < / a(z,Vuy) - Vuy dz
{h<|u1|<h+k} {h<Jui|<h+k}

<k |f|dx —0 as h — oo.
{lu1|>h}

(68)

Also, we prove can that

a/ o(z,|Vug|)dz — 0 as h — oo. (69)
{h<|uz|<h+k}

On the other hand, we have

{Jur —ua] < k}n{Juz] <h}N{jui] > h} C{h <|ui| <h+Ek}N{h—k <|uz| <h},

In view of Young’s inequality, we obtain

/ a(x,Vuy) - (Vuy — Vug) dz
{lur—uz|<k}N{uz| <h}O{|ur|>h}

<p (K (@) + k7 (@, ol V) (Ve | + [Vt d
{lur—uz|<k}N{|uz|<h}N{|u1|>h}
<28 Y(z, K(x)) dx + 20k, o(x, ke|Vuq|) dz
{lu1|>h} {h<|u1|<h+k}
+6(k1 +1) e(@, |Vui|) do
h<|ui|<h+k}
+ﬁ(k’1+1)/ o(x, |Vug|)dz — 0 as h — oo,
{(h—k<|uz|<h}
(70)

Similarly, we can prove that

/ a(x,Vug) - (Vug —Vuy)der — 0 as h — oo, (71)
{lue—ur|<k}IN{Jur |[<hIN{|uz|>h}

By combining (66), (67) and (70) — (71), we conclude that
/ (a(z, Vur) — a(z, Vus)) - (Vuy — Vug) dx
{lur —uz| <k}

= lim (a(z, Vur) — a(z, Vug)) - (Vug — Vug) dz =0,
700 J{ur —ua | Sk} {Jua| <h}N{|u| <h}
(72)
Since (72) is true for all k& > 0 and thanks to (9), we conclude that V(u; —ug) =0
a.e.in , and since u; = us = 0 on 0%, thus u; = us a.e. in 2, which conclude the
proof of uniqueness of entropy solutions.

Example 5.1. Taking ¢(x,t) = [t[P®) log” (1+[t]) for 1 < p(z) < coand 0 < ¢ < 0.
Let f € L'(Q) and the obstacle ¥ = 0. We consider the following Carathéodory
function

a(z, Vu) = [Vul[P P2 1og? (1 4 |Vu|) Vu.
It is clear that a(x, Vu) verifies (8) — (10). In view of the Theorem 5.1, the problem

{ —div(|Vu|p(””)_2log”(1+|Vu|) Vu) —f inQ,
u =0

73
on 0f), (73)
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has one entropy solution, i.e.

and

u>0 ae in Q and Ti(u) € Wy L,(9),

/ (VuP@ =210 (1 + |Vu|)Vu - VTi(uy — v) de < / fTi(up — v) de, (74)
Q Q

for any v € WL, (Q) N L>(Q) with v > 0 a.e. in Q.
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1. Introduction

In this paper, we are concerned with the following problem

{ —M (A(z,Vu)) div(a(z,Vu)) = f(z,u) inQ, (1.1)
u=0 on 012, )
where Q ¢ RY (N >3) is a smooth bounded domain, p € C (ﬁ) for any x € Q
and div(a (x, Vu)) is a p (z) —Laplace type operator. Moreover M : RT — RT is a
continuous function and f : Q2 x R — R is a Carathéodory function, satisfying some

certain conditions.

The nonlinear problems involving the p (z)-Laplace type operator are extremely at-
tractive because they can be used to model dynamical phenomena which arise from the
study of electrorheological fluids or elastic mechanics. Problems with variable expo-
nent growth conditions also appear in the modelling of stationary thermo-rheological
viscous flows of non-Newtonian fluids and in the mathematical description of the
processes filtration of an ideal barotropic gas through a porous medium. The de-
tailed application backgrounds of the p(z)-Laplace type operators can be found in
[3, 5, 7, 10, 13, 20, 18] and references therein.

Problem (1.1) is related to the stationary version of a model, the so-called Kirchhoff
equation, introduced by Kirchhoff [15]. To be more precise, Kirchhoff established a
model given by the equation

L
0%u P, FE / ou
Pam — | 7 T 57 o
ot? h 2L Ox
0
where p, Py, h, E, L are constants, which extends the classical D’Alambert’s wave

equation, by considering the effects of the changes in the length of the strings during
the vibrations. For some interesting results we refer to [4, 6, 9, 11, 14]. Moreover,

0%u

2
dzx @

=0, (1.2)
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nonlocal boundary value problems like (1.2) can be used for modelling several physical
and biological systems where u describes a process which depend on the average of
itself, such as the population density [1, 2, §].

In the present paper, we deal a more general Kirchhoff function M, and as a
consequence the operator div (a (x,Vu)) appears in problem (1.1), a more general
operator than p (x) —Laplace operator Ap;)u := div(|Vu|p(m)72 Vu) where p (z) > 1.
This caused some difficulties in calculations and required more general conditions.
Moreover, thanks to the Mountain-Pass theorem and Fountain theorem, we show the
existence and multiplicity of nontrivial weak solutions in the present paper. To our
best knowledge, the present papers results are not covered in the literature.

This paper is organized as follows. In Section 2, we present some necessary pre-
liminary results. In Section 3, using the variational method, we give the existence
results of problem (1.1).

2. Preliminaries

We recall some basic properties of variable exponent Lebesgue-Sobolev spaces
Lr@) (Q), Whr) (Q) (for details, see e.g., [12, 16, 17] )
Set,
Cy(Q)={p; peC(Q), minp(z)>1,VzeQ}.
For any p (z) € Cy ( ), denote p~ := minp (z), p™ := maxp (r) < oo, and define the
e

e
variable exponent Lebesgue space by

LP®) Q) = {u |u: Q — R is measurable, / lu (x)\p(z) dr < oo} )
Q

We define a norm, the so-called Luxemburg norm, on this space by the formula

p(z)
by —infda>0: [ [ <1 L
p(x)
Q

u(z)
A

and (LP®) (), |.|,(x)) becomes a Banach spaces.

Proposition 2.1 [12, 16] The conjugate space of LP®) (Q) is LP' @) (Q), where ﬁ—i—
L —1. For any u € L*® (Q) and v € L' *) (Q), we have

p(x)
/ uvdx
Q

Proposition 2.2 [12, 16]Denote p (u) = [, |u(z )P da, Vu, u, € LP@)(Q), then

1 1
S (=4 —) [uly@) 1) -
P~ (p7)

() [ulpee) > 1 = |u|§(;) < p(u) < Jul?,;

.o +
(ii) |u|p(m) <l = \u|5(w) <p(u) < ‘u|p(¢)v

(i) Hm fup|p@).0 =0 lm plu,) = 0;

(iv) nh_}n;o |[Un | p(z),0 — 00 & nh—>120 p(uy) — c0.
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Proposition 2.3 [12, 16] If u,u, € LP®) (Q), then the following statements are
equivalent:

(i) W fuy = ulpiey = 05 (id) lim_ p(uy —u) = 0;

n—oo

(441) up — u measure in Q and lim p(u,) = p(u).
n—roo
The variable exponent Sobolev space W'?(*) (Q) is defined by
whr@ (@) = fu e /@ Q)] |Vul € L' (@)},

with the norm ||u||1’p(a:) = |ulp(a) + | Vttlp), Yu € WLr() (Q) . The space WQLP(z) Q)
is denoted by the closure of C§°(2) in WLP) (Q) with respect to the norm Hu||17p(z).

We can define an equivalent norm ||ul| = [Vul,(), since Poincaré inequality holds
[13], i.e. there exists a positive constant C' > 0 such that

Ul p(z) < C|Vulp(g), for all u e Wol’p(w) (Q).

Proposition 2.4 [12, 16](i) If 1 < p~ < pt < oo, then the spaces LP(*) (),
W) (Q) and Wol’p(x) (Q) are separable and reflexive Banach spaces,

(i) If ¢ € C1 (Q) and q(z) < p* (z), for all € Q, then the embedding
Wol’p(w) (Q) = LI®) (Q) is compact and continuous, where

Np(z) ;
p*(ﬂf) . N—p(z)’ lf p (‘I) < N7
00, if N<p(x).

3. The main results

Let X denote the variable exponent Sobolev space WO1 -»(e) Q).
We say that u € X is a weak solution of (1.1) if

M </QA(CC,VU)) /Qa(a:,Vu) Vpdr = /Qf(:z:,u) wdz,
for all p € X.

Define the energy functional I : X — R associated with (1.1) by

1(@:1\7(/A(m,vu)dx)—/QF(m,u)dx;:J\?(A(u))—J(u),

Where A(u fQ (z,Vu)dx and J (u) = [, F (x,u) dz. Moreover,

fo s)ds and F (z,u) = [ f mt dt.
It is well known that standart arguments nnply that J € C*(X,R) and the derivate
of J is

(J'" (u) /fxuvdac for all u,v € X.

In this article, we assume that a(z, &) : QxRN — R¥ is the continuous derivative with
respect to & of the mapping A : O x RN — R, A = A(x,¢), i.e. a(z,£) = VeA(x, ).
Suppose that the following hypotheses:

(A1) For all z € Q and £ € RN |a(z, )| < co(ho (z) + €7 71), where ho (z) €
L' (#) () is a nonnegative measurable function.
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—~

A2) A is p(z)-uniformly convex: There exists a constant k > 0 such that

(A3) For all z € Q and £ € RY | [¢[P™) < a(x,€) - € < p(z) A(x,€).
(A4) A(z,0) =0, for all z € Q.
(A5) A(x, —¢) = A(x, ), for all z € Q and & € RV,

Lemma 3.1. [17]

(i) A verifies the growth condition; |A (x,&)| < co(ho (x) €] + \§|p(m)), forallz € Q
and & € RY;

(ii) A is p(x)—homogeneous; A (z,2€) < A(z,€) 2P for all z > 1, ¢ € RN and
x e

Lemma 3.2. (i) The functional A is well-defined on X;
(i1) The functional A is of class C* (X, R) and
(N (u),v) = / a(z,Vu) - Vudz, for all u,v € X;
Q
(iit) The functional A is weakly lower semi-continuos on X;
() For all u,v € X

1 _
A )+ 3A @) = kllu =l ;

(v) For all u,v € X
Au) = A(v) = (A (v),u = v);

(vi) I is weakly lower semi-continuos on X;
(vid)I is well-defined on X and of class C*(X,R), and its derivative given by

(r (u)7v>:M(/QA(x,Vu)dm)/Qa(sc,Vu)Vvdac—/Qf(x,u)vdx;
for all u,v € X.

Since the proof of Lemma 3.2 is very similar to the proof of Lemma 2.2 and Lemma
2.7 given in [17], we omit it.

Theorem 3.3. Assume that (A3) and the following conditions hold:
(My) M : Rt — R" 4s a continuos function and satisfies the condition

mes® ! < M(s) < mys® L,

for all s > 0 and mqg, my real numbers such that 0 < mg < my and a > 1.
(f1) f: Q2 xR — R is a Carathéodory condition and satisfies the growth condition

@Dl <o (141771, ¥ (2,t) € @ xR,
where cq is positive constant and 6(z) € Cy (Q) such that 6+ < ap™ < p* (x) for all

x e Q.
Then problem (1.1) has a weak solution.
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Proof. Let ||ul| > 1. By (M), (f1), (A3) and Proposition 2.2 (i), we get

«@
I(u) > o </ A (z,Vu) dx> — co/ |u*®) da — CQ/ |u| dz
@ Q Q Q
- +
> oy ™ el = e ull = o0, as ull > +oo,
Thus, I is coercive. Since I is weakly lower semi-continuous, I has a minimum point
uw in X, and u is a weak solution of problem (1.1). The proof is completed. O

Theorem 3.4. Assume that (My) and the following conditions hold:
(f2) f: QxR — R is a Carathéodory condition and satisfies the growth condition;

Dl e (11007 V(@ t) € xR,

(f3) f(z,t) =0 <|t|ap+71) , t — 0, for x € Q uniformly,

where ¢ is positive constant and n(z) € Cy (Q) such that ap™ < n~ < n™ < p* (z)
for all x € Q,
(AR) : 3t,. >0, 6 > %aer such that
0<0F(z,t) < f(z,0)t, [t| >ts, ae. x €.
Then problem (1.1) has a nontrivial weak solution.

Definition 3.1. We say that I satisfies Palais-Smale condition in X ((PS) condition
for short) if if any sequence {u, } in X such that {I (u,)} is bounded and I’ (u,,) — 0
as n — 00, has a convergent subsequence.

Lemma 3.5. Suppose (M), (f1),(A3) and (AR) hold. Then, I satisfies (PS) con-
dition.

Proof. Let assume that there exists a sequence {u,} C X such that
|I(u,)] <c and I'(up) — 0 as n — oo. (3.1)

Then, by (M), (A3) and (AR), we have

1
c+ unll > I(up) — 7 (I' (un), upn)

[eY + a—1
Mo (/A (x, Vuy,) d;v) _mp </A(a:,Vun) dx) /A (x, Vuy,) dz
@ Q 0 Q Q
+ «
mo mip
(0‘ -0 )( QA(.’E,VUn)d$>

By (A3) and Proposition 2.2 (ii), we can write

m m -+ _
c+wuz(° ”>WMW.
a 0

Since ap~ > 1, {u,} is bounded in X. Therefore, there exists v € X, up to a
subsequence, such that u,, — u in X.
Moreover, since we have the compact embedding X < L7(*) (Q), we get

Uy, — w in L"® (Q) and u,, — u a.e in Q (3.2)

vV

Y
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By (3.1), we have

(), — ) = M ( [ 4@V dx) /Qa (2, V) (Vun — V) da

—/ I (z,un) (uy —u)dz — 0.
Q

By using (f1) and Proposition 2.1, it follows

f(zun) (uy — ) dx

S C3 ’|un|77(3?)—1
Q

n'(x) fun = U"n(z) .

If we consider the relations given in (3.2), we get [, f (z,un) (tuy — u)dz — 0. Then,
we have

M (/ A(z,Vuy) dx) / a(z, Vuy,) (Vu, — Vu)dx — 0.
Q Q
From (M), it follows

/ a(z,Vuy,) (Vu, — Vu)dx — 0.

Q

that is, lim (A’ (up),u, —u) = 0. By using Lemma 3.2 (v), we get
n— oo

0= lim (A" (un),u—up) < lim (A (u) — A(u,)) =A(u) — lim A (uy,)
n—oo n—oo n—oo
or lim A (u,) < A (u). This fact and from Lemma 3.2 (iii) imply lim A (u,,) = A (u) .
n—oo n—oo
Now, we assume by contradiction that {u,} does not converge strongly to u in
X.Then, there exists € > 0 and a subsequence {u,,, } of {u,} such that ||u,, —u| >e.
On the other hand, by from Lemma 3.2 (iv), we have

Up,, +U

SA Q)+ A (un,,) — A )2 kllun, — ull?” > ke

Letting m — oo in the above inequality, we obtain

Up,, T U

lim supA( ) < A(u) — keP .

n—oo

Moreover, we have {U"WTM} converges weakly to v in X. Using Lemma 3.2 (iii),

we obtain
A (u) < lim ian(w
n—oo

);

which is a contradiction. Therefore, it follows that {u,} converges strongly to w in
X. The proof of Lemma 3.5 is complete. O

Lemma 3.6. Suppose (M), (f1), (f3), (A3)and (AR) hold. Then the following state-
ments hold:

(i) There exist two positive real numbers v and a such that I (u) > a >0, u € X
with ||u]| = .

(i) There exists u € X such that ||u|| > v, I (u) < 0.

Proof. (i) Let |Ju|| < 1. Then by (M), we have
I(u) >

Mo

apt /
—= ||u — | F(z,u)dx.
ot ™~ [ Pl
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Using the continuous embeddings X < LoP" () and X — L"(® (Q), there exist
positive constants ¢4 and c5 such that

|l < callull and ful,,+ <csllul| , VueX.

n(x apt
Let € > 0 be small enough such that Ecifp+ < appye- By (f1) and (f3), we get

F(z,t) <e |1f|0thr + e [t]") ¥ (2,t) € Q x R. Therefore, Proposition 2.2 (ii), we have

[w) > — ol —e / [l da — c. / Jul "™ dax
a(ph) Q Q
mo ap™ ap™ apt n- n-
> —¢ -
Z T " ] cy? lull cees |ull
Mo ap™ n- n-
> — — .
> g " = e[l

Since |lul < 1 and ap™ < n~, there exist two positive real numbers v and a such that
I(u)>a>0,uec X with ||u|| =~ € (0,1).
(ii) From (AR), one easily deduces

F(z,t) > cs|t|®, |t| > t., ae. x €.

In the other hand, when ¢ > ¢, > 1, from (M;) we can easily obtain

M(t) < Do < Mymge,
(6% (6%

Thus, for any fixed w € X\ {0}, ¢t > 1 and from Lemma 3.1 (ii), we have

I(tw) = M\(/QA(Q:,VM) dx) —/QF(x,tw)dx

mﬂ{
< my (/A(z,Vtw)dx) ’ f/F(:c,tw)dw
Q Q Q
< miilth%aer/A(x,Vw)dx—cGte/ |w|? da.
a(p=)mo Q Q

From (AR) ,it can be obtained that 6 > %a]ﬁ. Hence, I (tw) - —occast — +oo. O

Proof of Theorem 3.3. From Lemma 3.5, Lemma 3.6, Lemma 3.2 (vii), (A4) and the
fact that I (0) = 0, I satisfies the Mountain Pass Theorem [19]. Therefore, I has at
least one nontrivial critical point, i.e., problem (1.1) has a nontrivial weak solution.
The proof of Theorem 3.3 is complete. O

Theorem 3.7. Assume that (M1), (f1), (AR) and the following

(f2) : f (z,—t) = = f (z,1), for (x,t) € A xR,
then I has a sequence of critical points {u,}such that I (u,) — +o0o and (1.1) has
infinite many pairs of solutions.

In order to prove Theorem 3.7, we need Lemma 3.8.
Since X be a reflexive and separable Banach space, then there are {e;} C X and
{e;} € X* such that

X =spanfe;|j=1,2,...}, X*=span{e; |j=1,2,..},
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and
* _ 1a 1= j7
(e = { 0. i
For convenience, we write X; = span{e;}, Y = @?:1)(3‘, Zy = @52, X;.
Lemma 3.8. Ifn(z) € C4 (), n(z) < p* (z) for any x € Q, denote

B = sup {|u|n(w) el =1ue Zk} .
Then limg_, o B = 0.

Since the proof of Lemma 3.8 is similar to that of Lemma 4.9 in [13], we omit it.

Proof of Theorem 3.7. According to (M), (f4) and (AR), I satisfies (P.S) condition
and from (A5) it is an even functional. We only need to prove that if k is large
enough, then there exist pr > v > 0 such that

(A6) by, :=inf {I (u)| u € Zy,|lul| =y} = o0 as k — oo;

(A7) a, :=max{I (u)| u €Yy, |lu|| =pr} <O0.

Thus, the conclusion of Theorem 3.7 can be obtained by Fountain Theorem [19].

1
(A6) For any u € Zy, ||ul| = v = (c8n+,6’,2+m0_1) “»" =" we have

I(u) > mO(/A(x,Vu)dm) —co/ |u|"($)da§—co/ |u| dx
«Q Q Q Q

> #n 197" — o [ul”S) — co [[ull, where ¢ € ©

. {wamwf—%—?mh i Jul, ) <

) 7%?wwp—m%|mw-wwwuﬂwm@>l

> oy Nl = Bl o Jull — ex

Mo + % nt + #

= W<an 5k mg ) — cofBy (0877 5k my ) — co [lul| = ¢z

ap 1
(1) o) )
Because B; — 0 and o < ap™ < i, we have I (u) — oo as k — 0o
(A7) From (AR) ,we get F(z,t) > co|t|® — c10. Therefore, for any w € Yj, with
|lw]|=1and 1 <t = pg, we have

my

I(tw) < m (/ A(z, Viw) d:v) [ 09t9/ \w|0d;v —c1o
@ Q Q

my ot
miilﬂmé P / A(z,Vw)dx — CQtG/ \w|9 dx — c19.
o ()P s o
By 6 > %aer and dimY, = k, it is easy see that I (tw) — —oc as t — +oo for

u € Yy. O
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1. Introduction and main result

The concept of capacity play an important role in the study of solutions of partial
differential equations; it permits to see that the functions in the Sobolev spaces are
defined better than almost everywhere. In the elliptic case, the notion of capacity is
related to the Sobolev spaces (see [4]). More precisely, let 2 C RY be open bounded,
for E C Q, the Sobolev p (.)-capacity of E is defined by

Co(y (B) = inf (lu"® + [Vul"®) da, 1
o @)= it () 4 [9up) do )
where

Spy (B) = {u e WHPL) (Q) 1 w > 1in an open set containing F and u > O} . (2

In the case where S, (E) = 0, we set Cp(y (E) = oco. One of the properties of
the elliptic capacity is the following: for every u € W'P() (Q) | there exists a p(.)-
quasicontinuous function v € W) (Q) such that u = v almost everywhere in Q i.e
u = v a.e. Q and for every £ > 0, there exists an open set U. C Q with C,y (U:) <€
such that v restricted to Q \ U is continuous.

The theory of capacity is an essential tool in the study of the existence and uniqueness
of the solution of some elliptic and parabolic problems with measures data. Let’s recall
that in the context of constant exponent, the authors in [3] proved that every diffuse
measure p i.e. a measure which does not charge the sets of null p—capacity belongs
to L' (Q) + W1 (Q) with p’ the conjuguate of p, that permit them to prove the
existence and uniqueness of entropy solution for the following problem.

A(u) = in Q
{u(z)O 8 on 0f), (3)
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where A is a Leray-Lions type operator.
In the context of variable exponent, a similar approach is used in [12] for the elliptic
problem
{ V.a(z,Vu)+p(u)d>p in Q 0
u=20 on 0,
where p is a diffuse measure. In [12], the authors used the ideas of [3] to prove that
for every diffuse measure p, there exists f € L' () and g € W17 ) (Q) such that
u = f+g, that permits them to prove the existence and uniqueness of entropy solution
of (4).
The notion of parabolic capacity have been introduced firstly in the quadratic case
p = 2. The thermal capacity related to the heat equation, and its generalizations have
been studied, for example, by Lanconelli [9] and Watson [18]. In the papers [1, 6, 7],
the concept of parabolic capacities for constant exponent are defined in terms of
function spaces. Droniou, Porretta and Prignet in [6], introduced and studied the
notion of parabolic capacity associated with the initial boundary valued problem
w+Aw)=p in Q=(0,T)xQ
u = ug on {0} xQ (5)
u=0 on (0,7) x 0Q.

They worked with the space
, !/
W= {u € L? (0,T; W' (Q) N L*(Q)) ;us € LP (O,T; (WOLP (Q)NL? (Q)) >} :

to get a representation theorem for measures that are zero on subsets of @) of null
capacity, more precisely they proved the following result (see [6]).

Theorem 1.1. Let i be a bounded measure on @ which does not charge the sets of null
capacity. Then there exists g1 € LV (O,T; WLy (Q)) ,92 € L (0,T; wh?(Q) N L? Q)
and h € L* (Q) such that

T T
/ iy = / (g1, 0) dt — / (g2, o0) dt + / hodudt, (6)
Q 0 0 Q

forallp € C°([0,T] x ), where (.,.) denote the duality between (W7 () N L? (Q))/
and WP (Q) N L*(Q).

In this paper, we extend the theory developed in [6] in the case of variable exponents
(see [14, 15] for the theory of PDEs with variable exponents). The paper is organized
as follows: in Section 2, we recall some basic notations and properties of Lebesgue
and Sobolev spaces with variable exponents. In Section 3, we introduce and study
the notion of p(.) —parabolic capacity. In the last section, we show the connection
between measures defined on the o-algebra of borelians of @ and the notion of p (.) —
parabolic capacity and, we prove a theorem of decomposition of measures.

2. Preliminary

In this paper, we assume that

p(.):Q — R isa continuous function such that
1<p. < py <+oo,
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where p_ := inf p(z) and p; := sup p(x).
ze z€Q

We denote the Lebesgue space with variable exponent LP() (Q) (see [4] ) as the set of
all measurable function v : @ — R for which the convex modular

Pp() (1) ZZ/ Ju"® dz
Q

is finite.
If the exponent is bounded, i.e., if p; < 400, then the expression

[[ull ) := inf {A>0:pp) (u/X) <1}
defines a norm in LP) (), called the Luxembourg norm.
The space (Lp(') Q), H.||p(.)) is a separable Banach space. Moreover, if 1 < p_ <
p+ < 400, then LP) (Q) is uniformly convex, hence reflexive and its dual space is

/ 1

isomorphic to LP' ) (), where —— 4+ —— =1, for z € Q.

p(z) p'(x)

Finally, we have the Holder type inequality

1 1
wode| < [ — + —— | ||u vl iy, 8
[ wvda] < (54 ) Tl ol )

for all u € LPM) (Q) and v € 780 Q).
Let

w0 @)= {ue L0 () : [Vul € L' ()],
which is Banach space equiped with the following norm

[ u

10y = Nl + [ Vull, ) -

The space (Wl’p(') (), ||.H1’p(.)) is a separable and reflexive Banach space.

An important role in manipulating the generalized Lebesgue and Sobolev spaces is
played by the modular p,.y of the space ) (©) . We have the following result.

Proposition 2.1. (see [8, 21]) If un,u € e (Q) and py < oo, the following prop-
erties hold true.

() [y > 1= Il < oy () <l

(i) lull g < 1= Nl < oy () < Nl

(i11) [[ull ) <1 (respectively = 1;> 1) < pp() (u) <1 (respectively = 1;> 1);
(1) lun |l ) = 0 (respectively — +00) < pp() (un) < 1 (respectively — +00) ;
(0) ooy (u/ Nully) =1

For a measurable function u : 2 — R, we introduce the following notation.
p1pcy (W) = / ulP®) da —i—/ V[P dz.
Q Q

Proposition 2.2. (see [17,19]) Ifu € WHPL) (Q) | the following properties hold true.
() gy > 1= Tl < gt (00 <

(i) [l gy < 1 = ull2 ) < pyy (@) <l

(@40) |ully ) <1 (respectively = 1;> 1) < p1p() (u) <1 (respectively =1;>1).
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Following [2], we extend a variable exponent p : Q — [1,+00) to Q = [0,T] x Q by

setting p (t,2) = p (z) for all (t,z) € Q.
We may also consider the generalized Lebesgue space

PO (Q) = {u : Q — Rmeasurable such that// u(t,2)[P™ d(t,z) < oo}
Q

p(:c)
d(t,z)<1p,

endowed with the norm

lull Loy lnf{/\>0 //‘

which share the same properties as LP(") ().

3. Parabolic capacity and measures

3.1. Capacity. In this part, we introduce our notion of capacity, following the ap-
proach developed in [6].

Definition 3.1. Let us define V = Wol’p(') (Q) N L? (), endowed with its natural
norm ||.||W01,p(_)(m + ||l 2() and the space

Wy() (0,7) = {u e 1= (0,T:V); Vu € (1) (@)Y, w € L0 (0,1 V') |
endowed with its natural norm Hu||Wp(_)(0’T) = |ullpr- 0,70y + VUl ooy +
||utHL(p*)/(O7T;V/) .

Since WO1 #() (Q) and L? () are separables and reflexives Banach spaces, it follows

that V is a separable and reflexive Banach space. Consequently, the following result
can be proved similarly to that in [5]; thus, we omit its proof.

Theorem 3.1. The space W) (0,T) is a separable and reflexive Banach space.
We also have the following result.

Proposition 3.2. i) W, (0,T) is continuously embedded in C (0,T; L (2)) .

ii) For all 0 € C*° (R x RY) and u € Wy (0,T), 6u € Wy (0,T) and there exists
C (0) not depending on u such that ||6“HWP(‘)(0,T) <C () ||uHWp(.)(07T) .

Proof. i) Since V < L*(Q) <= V', thanks to [5], W, (0,T) is continuously embed-
ded in C (O,T; L? (Q)) i.e. there exists C' > 0 such that, for all u € W),y (0,7,

ulleo,rizz@y < Cllullw, o) -

1) The fact that 6 is a smooth function implies that 6u € LP- (0,73 V) and there
exists C'(0) > 0 such that [|full o- 1.1y < C(0)lulle- 7,y We know that
V (0u) = uVO + 0Vu. Since 6 is a smooth function, there exists C () > 0 such
that ||9Vu||(Lp()(Q))N < C(b )HVUH(L;’(.)(Q))N; moreover, using Poincaré type in-

equality, one shows that ||uV0||(Lp() )" < C(0 )||Vu||(Lp() @) - Therefore, we

po@)® = GOVl g0 @)~
distributions, (6u), = uf; + Ou,. The second term belongs to L®-)(0,T; V') and

can write HV(uQ)H( . We have, in the sense of
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||0ut||L(p—)/(0,T;V’) <C (0) ”ut”L(p—)l(O,T;V’) . Since Wp() (OvT) = C (OaT7 L? (Q)) —
L(pi) (O7TaL2 (Q))7 then uet € L(pi) (03T7L2 (Q)) and ||uet||L(p*)l(O,T;L2(Q)) <

C(0) llullyy, (0,1 - We know that L* (@) = V/,s0 L2 (0, T; L* (Q)) = L*-) (0,75 V"),
which implies that

uby € LP-)(0,T; V') and [wb:ll o> (o 1y < CO) [l 0,1) u

Remark 3.1. Since L) (0,T; V') = (LP~ (0,T;V))’ (since V is a separable reflex-
ive space), and since LP- (0,T;V) = LP- <O,T; Wol’p(') (Q)) NLP=(0,T;L% (Q)) =
ENF, with ENF being dense both in E and F, we have L= (0,T;V') = E'+ F' =
Lw-) (O,T; W' (Q)) + L= (O,T;L2 (Q)) and the norms of these spaces are

equivalent.

We introduce the space ﬁ//p(,) (0,T) by

N

Wy (0,T) = {u e = (0.1 Wy (@) N L* (0,7 12 (@) s Vu € (170(Q))

w e L0 (0T w10 ()}
Remark 3.2. W7 () (Q) < V'  then Wp(,) (0,T) is continuously embedded in
Wpy (0,T).
Now, we give the definition and some properties of capacity.
Definition 3.2. If U C @ is an open set, we define the parabolic capacity of U as
Cap,,( ) (U) = inf {||uHWp(‘)(O7T) cu € Wyy (0,T),u > xy almost everywhere in Q} .
(9)

Remark 3.3. We will use the convention that inf() = +o0o and for any borelian
subset B C @ the definition of capacity is extended by setting

Cap,,(y (B) = inf {Capp(v) (U), U open subset of @, B C U} . (10)
Proposition 3.3. The set function E — Cap, (E) has the following properties.
Z) If Eq1 C Es, then
Capy, .y (E1) < Capy, (E2) . (11)
i) For E; C Q, i € N, we have

Capy(. <U Ez) < Z Capy, (Ei) - (12)

i=1

Proof. 1) Firstly, we consider the case where F; and Fy are open sets of Q.
Since Fy C E5, we have

{u € Wpy (0,T) ,u > xg, ae. Q} D {u € Wyy (0,T),u > xp, ae. Q} )
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Hence,

Capy) (E1)

inf {HuHWP(_)(O,T) cu € Wy (0,T),u > xg, ae. Q}

inf {HuHWP(_)(O’T) cu € Wyy(0,T),u > xp, ae. Q}
< C’app(,) (E2). (13)

Now, we suppose that E; and Es are two borelians subsets of Q such that E; C Es,
then we have

{U open set of Q/E; C U} C {U open set of Q/E; C U}
Then, it follows that
Cappy (E1) = inf{U open set of Q/E; C U}
inf {U open set of Q/E, C U}
Capy) (B2) . (14)

IN

<
<

i) If Z Capy(y (E;) = +00, then we have
i=1

Capy() <U Ez) = Capy(, (U {E;/E; # @}) < 400 = Z Cappy (B;).  (15)
i=1 i=1 i=1

Assuming that ZCapp(.) (E;) < oo. Let U; be open set containing E; such that
i=1

Capp(y (Us) < Capyy (E;) + ; and wu; be such that u; > xy, a.e. in @ with

£
||Ui‘|wp(_)(o,T) < Capyy (Ui) + i Then,

n
D

i=1

< Z ”uiHWp(_)(O,T) < Z Capy(.) (E;) + &
Wp(_)(O,T) =1 =1

ie. Z u; converges strongly in W) (0,7').
i=1

o0 oo
Let’s now consider u = Zui; we have u > xy a.e. in @, where U = U U, so that,

i=1 i=1
U being open,
Capy(y (U) < lullw, oy < 3 il oy € 3 Cappey B+ (16)
i=1 i=1
oo
Since U E; C U, from (16) we get (12). O

i=1

The notion of capacity can be defined alternatively using compact sets of Q). Before
that, we introduce the following density result(for the proof, we refer the reader to
the proof of Theorem 2.11 in [6]).
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Lemma 3.4. Let Q be a bounded subset of RN and 1 < p_ < py < oo. Then,
CZ ([0, T] x Q) ids dense in Wy (0,T).

Definition 3.3. Let K be a compact subset of (). The capacity of K is defined as

cap (K) = inf {Huuwp(_)(oj) cueC([0,T] x Q), u> XK}.

The capacity of any open subset U of @ is then defined by
cap (U) = sup {cap (K) , Kcompact, K C U}
and the capacity of any Borelian set B C @ by
cap (B) = inf {cap (U) ,Uopen subset of Q, B C U}.
We have the following result.

Proposition 3.5. i) The capacity cap satisfies the subadditivity property.
it) Let B be a borelian subset of Q. Then, cap (B) = 0 if and only if Cap,.y (B) = 0.

Proof. The proof is similar to the proofs of Proposition 2.13 and 2.14 in [6]. O

Now, we give a characterization of null capacity.

Theorem 3.6. Let B be a borelian set in Q . Let tg € (0,T) fized. One has
Cap,y ({to} x B) = 0 if and only if meas (B) = 0.

Proof. Assume first that Capp) ({to} x B) = 0 and let K be any compact set con-
tained in B, so that Capy,)({to} x K) = 0. Since, by Proposition 3.5, we also
have that cap ({toc} x B) = 0, then, for all & > 0, there exists a function . €
C° ([0, T] x Q) such that ||¢8HWP<,>(0,T) < e and 9. (to) > 1 on K. Since Wy (0,7)

is embedded in C ([0,77]; L* (2)) , ones has then

2 2 2
meas (K) < [ 10 () do < el sy < il o.m) < O

So, we deduce that meas (K) < Ce?, and from the arbitrariness of €, we get that
meas (K) = 0. Since this is true for any compact subset contained in B, by regularity
of the Lebesgue measure we conclude that meas (B) = 0.

Conversely, if meas (B) = 0, then there exists, for all € > 0, an open set A, such that
B C A, and meas (A;) < e.

Let us consider an £ > 0 fixed in what follows and, let K,, be a sequence of compact

sets contained in A, such that K,, C K, 41, for all n > 1 and U K, = A..
n=1

Let ¢, € C.(A.) (the space of continuous functions with compact support in A.)
be such that 0 < ¢, < 1, ¢, =1 on K, and ¢, < p,+1. Then, we consider for
to € [0,7], the problem

(Wn)e — div (|vwn|”<”0)*2 v¢n) =0 in (to,T) xQ

Vo (to) = ¢n in Q (17)

U, =0 on (tg,T) x 09,

which admits (see [20]) a unique weak solution

b € L= (10, T;Wo P (@) N C (Ito, T); 2 ()
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’ / N
and (¢,), € L®-) (to,T;W*LP ) (Q)) with Vi), € (Lp(') ((to, T) x Q)) such that
for all v € C' ([to, T] x Q) with v (.,T) =0,

T T
- / on (2) v (t, ) dz — / / Pnvydadt + / / IV, [P 72 Ve, Vodadt = 0
9] to Q to Q

(18)
holds true.
It’s not difficult to see that v, € LP~ (to,T; V) and by Remark 3.1 we have (¢,), €

L®=)" (o, T; V') hence, 1, € W) (to, T) . We know that (¢, (s),v(s)) € V? for all
s € [to,T] and V « L? (Q) < V', then thanks to [6] we have

T T T
/ / {ll)nvdxdt == / <'l/]n, U>L2(Q),L2(Q) dt = / <wn7 /U>Vl,V dt. (19)
to Q to tO

Moreover, (¢, v) satisfies the following integration by part formula

T
/ (ve, Yn)dt = (n (T),v (T)>L2(Q),L2(sz) — (¢n (to) v (t0)>L2(Q),L2(Q)

to

T
[ ) g 20)

to

Therefore, using (19), (20) and the fact that v (.,T) = 0, we can rewrite (18) as
follows.

T T
/ (¢n), vdxdt + / (Ve [P 2 W, . Vudadt = 0. (21)

to to

Since CF° ([to, T'] x ) is dense in W, (to,T'), we can choose 9, as a test function

in (21) to obtain
T T
/ /z/)n (wn)t+/ /|wn\p(“ dadt =0, (22)
to Q to Q

which is equivalent to

1 T 1
o [t [ [ [0l duit =3 [ e (23)
2 Jo to JQ 2 Jo
So,
T 1
/ / IV, [P dwdt < 3 / 2 da. (24)
to JQ Q

Therefore, using Proposition 2.1 we obtain

T P (T o
||vw||(LP(v)((t0,T)><Q)) < max (/t Vi [ dacdt) , (/t |V, [P dxdt)

0/ o/

< max {(; /Q @idx> p%, (; /Q <p,%da:> pl*} (25)
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and
T o
/ Ivels dt < /max{/ Ve [P d, </ wm(m)dx) }dt
to Q Q
T o T o
< / / Vb [P davdt + T~ 7% ( / / Ve, [P d:cdt) (26)
to Ja to JQ

then it follows that

g - 1 2 1-7= (1 2 ‘%
: ||wn||W01,p(-)(Q) dt S 5 o Qondx + T P+ 5 o Spnd'r . (27)
0
Hence,

1 2 172—_ 1 2 Zi =

In (21), we take v = YnX(z,,+) as a test function, where x, s is defined as the
characteristic function of (¢, t), t € [to, T] then, using the integration by part formula,
we get

T
1
L gt d / Vi dodt = 5 [ e, (29)
Q to JQ 2 Jo
which implies that
3 [ onCnrar< s [ e (30)
Consequently,
3
nlimorsmcon < ([ #2e) (31)

Let v € LP~ (0, T3 V) such that |[v|[ e 7,y < 1, for every k > 1,
Ay ={t€[0,T]:|jv||,, >k} and A= U Apg.

E>1
We have
meas (4) = /kdt< /||vHth< /||va dt
1 1
< 1 Il s 2l iy < 5 (32)

Hence, we deduce by letting k& — oo that meas (A) = 0.
We use (22) and the Holder type inequality to get

T
’<(¢n)t7 > (r— )(thV)L” (to,TV)’ = / <(7/}n)tav>v/7vdt

to

T
vdzdt| < Vb [P =2 Vi, . Vodadt
t
to Q

to Q
g ()-1 g ()1
N (T N R A [
A |Viby| O Vol \ |V | O

el - (33)

IN
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Since meas (A) = 0, we deduce that
T
[ Iwear=] el
to ()

[ b e+ [
A () ([to, T\ A1]

[ v elas [
A p'(.) [[to,T]\A1]

/[[to,T]\Aﬂ

which implies that

‘<(¢n)t 7U>L(p’)/(t0,T;V')>Lp’ (7507T;V)‘ = /

[[to, T\ A1]
</
([to, TT\Ax1]

T

0
1— /1 T
<(T—to) @)= /
to

96Ot < /
() ¢
Hence, we get

/ e
w7 a)
P ()
1_(/1) T
6oy i €T O (
0

Consequently, we use Proposition 2.1 to get

190aPO7H| ol at
P ()

IN

190 POH| ol at
()

IN

I N 2 (34)
()

[IwwaPO7 el at
P’ ()

‘|v¢n\p(')‘1 Hp/(() dt (35)

198707

/ i
®) dt) . (36)
()

T ( ’) T &
NN
/ H|V¢|p('>*1H ’ ’dtg/ max /\an|p($)d:v, (/ V4| )dac> £ % at
to p'(-) to Q Q
@)

T ISRy Com
< / / IV [P dadt + (T —tg) ¢+ / / IV |P) dadt . (37)
to Q to Q

Thus, we have

|| (,l/}n)t ||L(P_)/ (to,T;V")

)\ @
1 T (»")_ T o) (»")_
oo =, (@) .
<t O | [ @ dsar 7O (] 90,0 dade
tos 2 tod Q
: )\ @I-
(»")_ w)-
e 1 -5~ (1 )
<7 - §/¢id:¢+T N (2/90de>( " . (38)
Q Q
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Finally, combining (25), (26), (31) and (38), we conclude that

”an||LP(~)((tO,T)xQ)"_”wnHLPf(tO,T;WS’PU(Q))"_”wn||L°°(t0,t;L2(Q))+||(wn)tHL(pf)/(tmT;V/)
1
1 1 P— P
1 — (/1 Py 1 _r= /1 Py
< f/ oldx | + f/ o2da +—l— f/ @idm—&-Tl Py 7/ oldx '
2/ 2/ 2/ 2/a
, o)\ WI-
1 (»")_
2 -~ (1 1-7 1 v’
+</ gaidx) +7 - f/goidx—i-T )4 (/ gaidx)( = (39)
Q 2 Jo 2 Ja

Let us now construct a function 1, defined on [0, T] by setting

U = 1y in Jto, T] x ©
T (T— t(Tt_tO)> in  [0,t] x Q.
0

By (39), we have

fos

o ) ey
(LPO) ((t0,T) x ) v v )t (=) (t0,7;v7)

LP— (to,T; Wy P () H HLOO(tO,t,L2 Q)
_1

1 p_
1 2 P 2 7 -= (1 2 "
< (5o )+ (honlioy) ™ ( leallscayt T (5 ol )

o LG RNCE
T 2 G 2 v
Hloalirey + T O Glenllaa + T 7 (Flealiae) 7 | (0

-+

Since ¢, € C.(A:) and 0 < @, < 1, we deduce that ||<Pn||L2(Q) < meas (Ae) < e,
then, it follows that

+ ||¥n

(LPO((to,T)x)) ‘

fos.

)+ ]
SRR ¥n L= (to,t:L2(2))

1 P— p_
~ 1 \7- 1 1 1_P= /1 \ Pt
+H( n) H ! S 2° + et + 78+T p+ 2° +€
v tlL =) (0, 1;v7) 2 () 2 2

1
, )\ &
() SRS

1——A— 1 1—7— 1 p’
+7 - ge+ T 4 <2s>( s . (41)

Nl=

The fact that v, belongs to C ([to, T], L* (Q))7 implies that 1, € C ([to,T] x ),
~ 1
then it follows that v, € C ([to, T] x Q). Therefore, the set U,, = {wn > 2} is open.
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Since U, is open and 21;,I > xv,, we have

Capy(y (Un) < 2H¢n||wp(v)(o,T) (42)
1\ 1 1\ )\
< <2€> () + <2€—|—T1_”+ <2s> +> te?
1
, @)\ o
T 2 B NGl
+7 - 5o+ T Cn (25) : (43)

Since the sequence ¢,, is nondecreasing, we have that the sequence 1;” is nondecreasing
as well, hence U,, C Uy 41, Capy.) (Uy) is also a nondecreasing sequence and bounded
too. Let’s show that

Capy(y (Uso) = lim Capp() (Un), (44)

n— oo

where Uy, = U U,.
n=1
In fact, we have U,, C Uy, then

lim Capy) (Un) < Capp() (Uss) - (45)

n—oo

Now, we take (u,),cn € Wy (0,T) such that

. 1
Un > Xu, a-e.in @ and ||“n||wp(_)(07T) < Cappy (Un) + e

Thanks to (42) , (uy),,cy is bounded in W),y (0,T) , then we can extract a subsequence
still denoted by (uy),,cy such that u, — u weakly in W,y (0,T) and a.e. in Q. Since
U, is nondecreasing and (uy),,cy converges almost everywhere to u, we deduce that
u > v, a.e. in @, hence it follows that

Capy() (Uso) < ||UHWP(,)(0,T) < linrgior.}f ||Un||wp(_)(o,T) < HILH;O Capy() (Un) . (46)

Combining (45) and (46) , we obtain (44).
Since ¢, = 1 on K, for each n and {tg} X Ac D {to} x B then, we conclude from (44)
and (45) that

Capp(.) ({to} xB) < Capp(A) (Uss) = lﬁg C'app(_) (Un)

1
1 P_
1 \7»— 1 1 _P— /1 \ Pt
(25> ”6)””(25”1 " (2>> el

+7 - §5+T COn <2(>3>p+ . (47)

IN

Hence, letting ¢ — 0 in (47), we deduce that Cap,) ({to} x B) =0 O
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2. Quasicontinuous function.

Definition 3.4. A claim is said to hold Capy)-quasi everywhere if it holds ev-
erywhere except on a set of zero p(.)-capacity. A function u : @ — R is said to
be Cap,-quasi continuous if for every € > 0, there exists an open set U. with
Capy.) (Uc) < € such that u restricted to @ \ Uc is continuous.

In this section, we prove that every element of W),y (0, T") admits cap-quasi continuous
representative. We recall that the approach developed in elliptic case (see [4]) cannot
extend in our situation since if u € W,y (0,T), one may have |u| & W,y (0,T) (see

[6])-

Lemma 3.7. (i) Let u belongs to Wy (0,T); then there exists a function z in
Wp(i) (0,T) such that |u| < z and

1 o oy FOm Ty
I2lls%, 0. <€ ([U]f ol (o (7] A (7 o Y] A I (48)
where
2 2 (p-)
[u]* = pp() (|vu|) + ||ut||L(p*),(0,T;V’) + ||UHL°°(0,t;L2(Q)) + ||Ut||£)(p_),(0,T;V/)
el iy + el ooy oy Il e 51200 - (49)

(49) If u belongs to LP—(0, T’ W&’p(')(ﬂ))ﬂL“(Q) and uy in LP=)(0,T; W10 (Q))+
LY(Q), then there exists z € Wy (0,T) such that |u| < z and

[ <C ([u]** TN o L 1 ’+> 7 (50)
where
[ = Pp) (V) + [0l e .12 (02)) + \\Ut\|L<p (0,7 W10 ()4 L1 (Q) (51)

+ ”utHL(zsf)’(OVT;W—l,p’(.)(Q)>+L1(Q) + ||ut||L(T)7)/(O’T;W—l,pl(.)(Q))+Ll(Q) HUHLOO(Q)

and

_ 2
[2] = ||Z\|ip7( ) + | t|| 1200 0,752 + 1Vl - (52)

0,7, WP () L(" )/(0 V)

Proof. We divide the proof in two steps.
Step 1. Let us consider the penalized problem

(ue)t — Ap(yue = ! (ue —u)” in (0,7)xQ

o) (53)
u: (0) = u™ (0) on
ue =0 on (0,7) x 0.

According to [11], we can prove that this problem admits a nonnegative solution u.
in € ([0,7]; L% (Q)) N LP- (o,T; wlre) (Q)) .
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Taking u. — u as a test function in (53) then, for every ¢ in [0, 7] we have

/Ot<(u5—u)t,u€— d8+//|Vu5|p dzds = = // e —u) (ue —u)dzds

/ / |Vu. |p(r) ? Vu..Vudzds —/ (ug, ue — u) dds.

0

By integration by parts formula and the fact that (ue —u)  (ue —u) <0, we deduce

that
1 t t
f/ [ (t)dx—i—/ /|Vu5|p(w) dﬂcdsg/ /|Vu5\p($)_2VuE.Vudxds
2 Ja 0 Jo 0 Jo

1 t
+7/ |uc (0) fu(0)|2dx7/ (ug, ue — u) dzds;
2 Ja 0

which implies that

1 ¢ ¢ _
§/Q|u5|2 (t)dx—i—/o /Q|vu5|1’<w> dxdsg/o /Q|Vu€|p(75) 1|Vl deds
1 5 ¢
+§ |u(0)|” dx + lue ()] |u(t)] de — (ug, ue —u) ds.
Q Q 0

Now, we use the Young inequality to obtain

t 1 t
/ / |Vu5|p(ac)fl |Vu|dedt < or" / |Vu|17(:v) dzdt + 5/ / |Vu€|p(ac) dzds
0 Ja Q 0 Ja

and
1 2 2
[ tutolde < § [ uoP dos2 [ o) s

/ lue|? (t) do + = / / V") dads < 2P+/ \Vul"™ deds  (54)

t
2
+§ ||U||Loo(o,T;L2(Q)) _/o (g, ue — u) ds.

Thus,

If we are in case i), u is in W) (0,7) and we have

t t
[ el < [l e - ul a
0 0
t t
g/ sl e = w0 dt+/ ol e — e (55)
0 0 0

< ||ut||L(p*)/(O,t;V/) Hue - ’LLHLP_ (O,t;Wol’p(‘>(Q)) + Hut”Ll(O,t;V’) ”uE - UHLOC(O,I‘,;L2(Q))

< ||ut||L(pf>/(O7T;V’)||u5 - U”Lp, (07t;W01’p(’>(Q)) +C ”ut||L(p7)’(O,T;V/)HUHLOO(O,t;Lz(Q)) '
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Thanks to Proposition 2.1 and Holder inequality, we have

P
[|ue — ull . (O t.Wl,p(,)(Q))

§/ max{/ IV (ue — u)[P™ dz, (/ [V (u —u)pz)dm) }ds (56)

p—

t ' 2
< / / IV (ue — u)[P®) dads + ¢1—@=/P+) (/ / IV (ue — )P dccds) "
0 Jo 0 Jo

t
Hence, if/ / IV (ue — u)[P™) dads > 1, we deduce that
0 Jo

— p7
[|ue UHLL (0 t_W1,p(.)(Q))

//|V ue — )P dads + TP~ /’”)//\V w) [P dads

< (Lert i) //(|w€|+|vu|)1’<w>dxds
0 Q

t
< (1+T1*(”*/p+)>/ /2p+*1 (1IVueP) 4 |9u”™) dads
0 JQ

t t
< (1 +T1‘(p*/”+)) 2P+ (/ / V[P d;vds—i—/ / V"™ dxds) (57)
0 Q 0 Q

Since from the Young inequality, we have

||utHL(:Df)/(07T;V/) HUE - u”LP_ (O,t;Wol’p(')(Q)> (58)

py+2 ||’U,5 - ’U’HLIL (0 t'Wl’p(')(Q))

—9 (1 4+ 71 /P+)>

||ut||L(P )/(OTV/) p++2
27 p- (1+T1 (p- /p+))

’ ||p7 1

(p_) (P4 +2) LP— (O,t;W vp(')(Q))

<9 1—(p- /m)) o ) 0
=2 (1 +T Hu HL“’ ' (0,15v7) * 20++2 (1 4 T1=(p-/p+))

flue —

t
Then, if / / IV (ue — u)|P™) dads > 1, by (57) and (58) we deduce that
0 JQ

||utHL(p*)’(O,T;V’) HUE - Iu’”Lp, (O,t;Wol’p(')(Q)) (59)
(r_) (r4+2) o o) ()
P_ p-/p+
<2 (147 )7 el o
1 p() 1 p()
+- |Vu |7 deds + — [ |Vu " dads.
4 Jo Ja 4 o
¢
If/ / IV (ue — u)|P™) dads < 1, from (56) we get
0o Ja
lite = ull o o g ey S (1 L /m))p, ; (60)



p(.) DECOMPOSITION OF MEASURES 45

which implies that
1

HutHL“"—),(O,T;V’) Hua - U”Lp (0 t; Wl p( )(Q)) (1 + Tl (p- /p+)> " ”ut”L(p—)/(O,T;V’) .

(61)
Therefore, using (59) — (61), we deduce that
||ut||L(p*)/(O,T;V' ||’Z,L5 - UHLP7 (O t-Wl’p(')(Q))
(p_) (P4 +2)
<2 (1T /p*)) e (62)

L“’ >’(0 V')
- 1
1 Tlf(P—/:DJr) P oy - v p(x) dxd =l v/ p(z) dxds.
+( + ) ||ut||L( =) (O,T;V’)+ 4 0 Q| 'U,5| €z S+ 4 Q| 'LL€| ras
Note also that, from the Young inequality, we have
C ||Ut||L(p_)/(O,T;V/) ||u — Ue HLOC (0,t;L2 (Q))

1
<C ||Ut||L(p,)’(07T;V/) ||U||Loo(o,t;L2(Q))+ 4C ||Ut||L(p,)’(o7T;V/)+ 1 ||UsHLoo(o,t;L2(Q))

2 1 2
<C ||U’t||L(p (O,T;V’) ||u||L°°(O,t;L2(Q))+ 16C* ||utHL(p*),(O,T;V’)+ TG ||u5HL°°(O7t;L2(Q))
2 1 2
< C IlutHL(:ﬂ (O,T;V/) ||’U’||L°°(O,T;L2(Q))+ 1602 ||Ut||L(p7),(O,T;V/)+ g ||u5||L°°(O,t;L2(Q)) :
Consequently,

/

(p_) (P4 +2)

: (p— ,
/0<ut,u5—u>dt’ < 2 P (1—1—T1 (p- /’”)) ” ||Ut||(Lp<;z>’(0’T;V/)

N 1 [ v
T (1 + 71=(—/p+) ) - H“tHL@—V(o vyt Z/ / |Vu€|1’( ) dads
o 0 Jo

1 z
+Z/ \Vu|P® dads + C luell ooy .y 1l oo 0,22 ()

1 2
+16C ||UtH (P ) (0,T;V") g ||u5HL°°(O,t;L2(Q)) : (63>
Combining(54) and (63), we obtain

1 2 1 2 1 [t "

£l @ e = ooy + 5 [ 190 ot
<c( [ 1vul'™ dedt + Jus|? oy + [lu? + | %2
Ve ML= 0,1v) L=(0,1522(2) TN Loy o 1ovy

Hluell gy o oy + Hut”L(P—)/(O,T;V’) ”“”LM(O,T;LZ(Q))) ’ (64)

which implies that

2 _
el oo 0,6:L2(2) T+ HUeHip,O’T;WLp(.)(Q)
<C (/Q |Vu|p(w drdt + ||Ut||L(p ) (0,757 + ||U||Loo 0,1502()) T ||ut||L(p ) (0,T5V7)

+ HutHL(P—)'(O’T;V/) + HutHL(pf)’(O,T;V/) ||u||L°°(0,T;L2(Q))> : (65)
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Now, we are in the case i7) and we prove an L™ estimate on u.. Let Gy be defined
on R by G (r) = (r — k)", where k = [ull oo () - We take G (ue) = (ue — k)t asa

test function in (53), and using the fact that G4 = (G})""), u. > 0, we obtain

1 _
/ VG (u)[P™) dadt = / G, (ue) [ Vue "™ dadt < / = (ue —u)” Gy (ue) dadt
Q Q Q¢
and since (ue — u) Gy (ue) = 0 for k = [Juf| () , then it follows that

lucll Lo (@) < Nl Ly -

Thus, writing u; = uy + u7, with u; € - (O,T;W_l’p/(') (Q)) and uf € L' (Q)

1
such that Hut HL(T,/)_ (0,75 120 (2)) +Hut HLI(Q) <2 HUtHL(L)’(O,T;W—l,p/<-)(9))+L1(Q) ’
one has
t t
2
/0<Ut7 ue —u) ds| < /OHU% ||W—1,p'(.)(Q)HU - UEHWOLP(-)(Q)dt + Hut ||L1(Q)Hu - UEHLOO(Q)
1 2
< HL("'L (0,65W 12" O () 1w = well 1o (O,t;W()l’p<'>(Q)) +2 | ||L1(Q) lull L= (@)
2
< ellon- oz sy 14 = Uellio- (ompro @) + 2 1ellzr @) Il
< 2 ||ut||L(:ﬂ (0 T;W_l’Pl(-)(Q))+L1(Q) Hu - uEHLPf (O,t;Wol’p(')(Q)>
+4 ||ufHL(p (O,T;W‘1=p/(')(ﬂ))+Ll(Q) ”uHLOO(Q) . (66)
From (62), we get
2 ||ut||L(p*)/(O,T;W‘lvp,(')(ﬂ))+L1(Q) ||u€ - U||Lp7 (O,t;Wol"P(')(Q)>
’ (p—)/
(p_) (P +2)
T — 1=(p-/p+)) P-
<2 (1 4T - ) 2%, (0w () +2(@)
+ (1 + Tli(pi/er)) - ||2utHL(p*)I(O,T;W_l*pl(')(ﬂ))-‘rLl(Q)
1/t 1 -
+ Vue P dads + ~ [ V"™ dads. (67)
4 4
0 JQ Q
Therefore, using (54) and (66)-(67), we obtain
1
i lue|® (t) da + = / / |Vue[P™) dadt (68)
Q

(x)
=¢ (/ [Vul"™ ddt + ullz o 2o + H“t”m ' (0,15W =12 O(2))+L1(Q)

+ ||ut||L(P—)'(O’T;Wfl,p'(-)(Q))JrLl(Q) + ”ut”L(p*),(O,T;W*l’p/(')(ﬂ))%»Ll(Q) ”u”LOO(Q)) )
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which implies that

2 _
el 00 0,7 L2(2) + ||Ua||lzp_ (0w (@) (69)
=C (/ VulP"™® dedt + Jull o 7220y + Hut”ﬂp ' (0,7W =10 ((2))+L1(Q)

+ ”“t”L“’J(o,T;W—1>P’<->(Q))+L1(Q) + ”“t”L(P—)'(o,T;W—Lp’<->(Q))+L1(Q) ”“”L‘”(Q)) :

Using estimates (65) or (68), we deduce that the sequence (u.) is bounded in
L>(0,T; L?(2)) and in LP- (O,T; Wol’p(')(Q)) . This implies the existence of a sub-

sequence of (ug) converging to an element w weakly in LP- (O,T; WO1 P “(Q)) and

weakly—x in L (0,T;L?(2)). As in [6], ones shows that if ¢ < n then, uc > u,.
Therefore, we conclude that (u.),. is a nonnegative decreasing bounded sequence in
L' (Q) . Consequently, from the monotone convergence theorem, u. converges to w in
L' (Q) and almost everywhere in Q.

Taking (u. —u)~ as a test function in (53), we obtain

T T 1 9
/ <(u5)t  (ue — u)7> dt+/ VP "N,V (ue — u) “dedt = f/ ‘(ue — u)f‘ dxdt,
0 0 €@

which implies that

/’ —u) ‘dmdt—&— /’ —u)" | (T)dx

:/0 <(us)t,(uE u)~ >dt+/ (Ve P2V, V (ue —u)~ dadt.

Hence, by (65) in case i) or (68) and L*-estimates in case i), we deduce that
1 2
f/ ‘(ue—u) ‘ dzdt < M,

which implies, by Fatou’s lemma that w > u and w > um since w > 0.
Step 2: In this step, one gives some estimates in Wp(,) (0,T). Thanks to [10], there
exists a unique variational solution z° € L (0, T L* (€2)) N LP~ (0, T; Wyt (Q)) of
the problem
—Zf — Ap(l)za = —QAP(.)ug in (O,T) x
25(T) = u. (T) on Q (70)
2 =0 on (0,7) x 0.
Note that —2A,yu. > (ue), — Ap()ue in the distributional sense, which implies that
25 > u,.
Taking 2° as a test function in (70) and integrating between ¢ and T and using the
Young inequality, we obtain

1 1
/(zf (t))de+f/ V2 P de < =
Q 2 Jg 2
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which implies that

2 — x 2
HZ€||L°°(O,T;L2(Q))+||ZEHI;IL (0 T'W()l’p(‘)(ﬂ))g C(/Q|VUs|p( dadt + ”uE”LOO(O,T;Lz(Q))) :

(71)
By Proposition 2.1, we have

V28| (Lo )y < max { (/ |V 2 [P dac) " , </ |V 2 [P®) da:) " } . (72)
Q Q

Hence, using (71) if we are in the case (i) i.e u € W) (0,T), then we deduce from
(64) — (65) the following estimate.

°|I? e|P- p(x)
1251 Lo 0, 7522 (0)) T 112 ||Lp_ (o.msw " @) <C (/Q [VulP dzdt
2 2 ()’
+ ”ut”L(LY(o,T;V/) el e () + ”“tHLp@,)'(O’T;V,) +lluell Looy o vy

el ooy o gy 1l o 020627 (73)

and in the case (i7) , we get from (69) the following estimate.

2 - , 2
12 Wz 0 sz ey + 127117, (013w () = </Q [Vl dedt + [l 0,7,z @

(r-)

+ HutHL(p*)'(O,T;W—lwp'(-)(ﬂ))+L1(Q) + HutHL(P_)/(O’T;W71,pl(_)(g))+L1(Q)

+ [ (74)

(=) (O,T;W*I:P'U(Q))JrLl(Q) ||u||L°°(Q)> )

For reasons of simplicity one puts

_ z 2 2 (r-)
_ /Q (V[P dwdt + ||utHL(p,)’(O)T;V,) F [l o 0,502 + ||Ut||Lp<p_y(0’T;V,)
+ ||ut||L(P—)/(07T;V/) + ||Ut||L(p_)/(O,T;V/) ||u||L°°(07t7L2(Q)) (75)
and

/ [Vl dwdt + [l e o gy + 1l (76)

L“’ ) (o,T;W—lvP'<->(Q))+L1<Q)
+ HutHL(P—) (07T;W—1,p’(-)(Q))+L1 + Hut”L(p (07T;W—1,p/(.)(9))+L1(Q) ||u||L°°(Q) :

We take ve LP~ (0,T;V) as a test function in (70), to obtain

/0T<(zf)t,v> dt

T T
§2/ H VZE”W”H Vo dt+4/ HquPW”H Vol dt
[ wsr | 190l desa [ i9up@ 19l

T
<a [ ([ Y e (77)
0 p'(-) P'()

< ’/ \VZE\p(m)_2 VZE.V’Ud:L'dt‘ + ‘2/ |Vue\p(m_2) Vu.. Vodzdt
Q Q
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Therefore, by the same method as in the proof of (38), it follows that

154
|| (Z )tHL(p*),(to,T;V,)

N\ T
p ) p’
. N

- o)
<a4p' @) / / V2 POdpdt + T s ( / stp(x)dxdt> 1)
0JQ
(»)_

11 T 1— (»") 1
+4T W(// V[ Pdedt + T ¢+ (// |V |p(xdxdt> <P9+> -
0JQ

We can rewrite (78) as follow.

H (ZE)tHL(Pf)/(tO/I';V/)

7

T (»")_ T (pl)+
<C / / (V2 [P dadt + / / (V2 [P dadt
o Jo 0o Ja
T (»")_ T ()4
+ / |Vu5\p(x) dxdt + / / |Vu5|p(x) dxdt
o Jo 0o Jo

Finally, in the case (i), i.e u € Wy (0,T), we deduce that

e (»")_ (")
n@nu@hmmmsc<w* + [u)! +>. (50)

Hence combining (72) — (73) and (80), we obtain

A
~
©

N/

L L o 3
IfM%mm<C<M§+Mf+MM*+MY)+wﬁ”> (81)
and since Wp(_) (0,T) < Wy (0,T), then
P ) @)
|wmamn30@%+wf+m&+mu-+u +> (82)

For the second case, i.e u € LP- (O, T; Wol’p(') (Q)) N L= (Q), we have

1 1
() (*')
||(ZE)tHL(P7)/(tO7T;V/) S C <[U]** + [u]** +> . (83)
Then, from ( 72), ( 74) and ( 83), it follows that

[2°] = ||=* HLoc(o ri2 ) T2 || )JF 1 e- 0.1v) + IVZl Lo )

(OTW1 QN
<cC ([u]** D+ )P [u]ii'T n [u]("})+> . (84)

According to (81), 2° is bounded in Wp(_) (0,T). Hence, there exists a subsequence,
still denoted by z® such that z® converges weakly to z in LP- (O,T; Wol’p(') (Q))
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, N
and weakly= in L (0,T;L* (Q)), Vz° converges weakly to ¢ in (L” ) (Q)) and
z; converges to Z in L) (O,T;W*I’p'(') (Q)) . Then, it follows that z; = z and

& = Vz. Therefore, z € Wp(_) (0,T) . Hence, from [16], we deduce that z° is compact
in L! (Q) . Consequently, z° — z a.e. in Q. Moreover, we have z° > u.. Then, letting
e — 0, we get

Z2>w>u" ae. in Q. (85)
Therefore, if u € W,y (0,T), we deduce from (81) that

1

c 1 o P (N @)
[E IIWP(_)«LT)SC([UEHU]* S Fa S (7] R S (T +> (86)

which implies that

1 P by ﬁ (v’l)
IIZIIWP(,)(om<C<[u}f+[u]* + [l + [uls T+ [ul *) (87)

and if u € LP- (o, T, W) (Q)) AL (Q), u € LP- (O,T; w1 () (Q)) T LYQ),
we deduce from (84) that

2] <C ([u]** + [l + [u]f:? + [u]ﬂfiT + [u]ff”) : (88)

Since we can obtain a similar result for the negative part u~, we end the proof of the
lemma by writing v = u™ + u~ O
As a consequence of the Lemma 3.7 we have the following.

Corollary 3.8. For all u € Wy (0,T),

[ul, < Cmaz{Jlullyy oz Nl o }- (89)
Moreover, there ezists z € Wp(_) (0,T) such that |u| < z and
7(:,5 (o)
el oy < Cmazd ) o2 Tulhel 0 (90)
Proof. Let’s recall that
. = by (V) + el oyt Bl ozt Nl %
+ ||ut||L(p*)/(O,T;V’) + ||ut||L(p—)/(O,T;V’) HUHL‘X’(O,t;LZ(Q)) :
We have
||ut||L(p—)l(O,T;V’) S HU’HWP(_)(O,T) (91)
and by Proposition 2.1, we deduce that
ooty (V) < max {1Vl gy 90l o)}
<l o + I - (92)

Using Proposition 3.2, we get

[ull oo 0,220y < € llullw,0.1) - (93)
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Hence, by (91)-(93), we obtain
[ul, < € (Jlul + Nl 1l oy + Nl o + Il o1
* — Wp()(O,T) Wp( )(0 T) Wp(_)(o T 144 p(. ) 0 T Wp(_)(O,T)
< cmax {[lullly oy el 0 ) - (94)

Thanks to Lemma 3.7, there exists z € Wp(i) (0,T) such that |u| < z and

1

I=lw, 0.y < C ([u]é i 4+ ™ 4 ”) ,

which implies that

1 1
o () _
Hz||Wp<.)(07T) < C'max <[u]* ul” ) .

Therefore, from (94) we obtain

P ()
E ||W<)(0T)<Cmax{||u|wmm),|| |WU<OT)} (95)

Then, we can prove the following result which gives the connection between the no-
tions of capacity and continuity.

Proposition 3.9. If u is cap-quasi continuous and belongs to W,y (0,T), then for
allt > 0,

”* (»-)
C
capyy ({Ju] > }) < Zma {nun P 1 I (96)

Proof. We consider in the first step, the case where u belongs to C. ([0,T] x Q), this
step is motivated by the fact that C. ([0,T] x Q) is dense in W),y (0,T") . Thanks to

Corollary 3.8, there exists z € W,y (0,T') such that |u| < z holds true; then, since
Wp(i) (0,T) is continuously embedding in W), (0,T") and % > 1 on the set {|u| > t},

we have

(r-)’
z C
camy (> < 7], < tmax{mnw()m el o, T>}

For the second step, we suppose only that u € W,y (0, T) and is capy,()—quasi continu-
ous. Let ¢ > 0 be fixed, then there exists an open set A, such that cap, ) (A:) < € and
| (Q\A.) is continuous, which implies that {u|\4.) >t} N(Q \ Ac) is an open set in
Q\ A.. Then, there exists an open set U C R such that {u| (Q\A.) > t} NQ\ A:) =
UN(Q\ A:). Consequently,

{lul >t} UAc = ({4, >t} N(Q\A)) UA = (UUA)NQ

is an open set.
Now, we consider the function z given by Corollary 3.8. Let w € W),y (0,T) be such
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that w > x4, and ||w||Wp(v)(0,T) < capy() (Ac) + € < 2e. Since w +§ > 1 ae. in
{Ju| >t} U A., we have

z
capp(y (Il > 1) < eapyy (lul > yu A < [ws 7|
p()\Y
1 1
< HU’HWP(,)(O,T) + n HZHWPM(O,T) <2+ n ||Z||WP(.)(O,T) (97)

Since € > 0 is arbitrary, then, we deduce that

P (p_)
c ) =
Capp(.) ({|u| > t}) < tmaX{||U|Wp<‘)(o7T) s |u||Wp(_)(O,T)} o

As in elliptic case, we have the following result of quasicontinuity.

Lemma 3.10. Any elementv of W,y (0,T') has a cap-quasi continuous representative
v which is cap-quasi everywhere unique, in the sense that two cap-quasi continuous
representatives of v are equal except on a set of null capacity.

Proof. We adapt the proof given in [6]. Since C. ([0,T] x ) is dense in W),y (0,T),
there exists a sequence (v™) C C. ([0,T] x Q) such that v™ converges to vin W,y (0,T),
as m — oo. Moreover, we have

) % (p_)'
p')_ o
> meaX{HUm“ =" lw, S0 107 - Umep(,)(o,T)} < o0.

m=1

We introduce the following subsets
wm:{’vm—&-l_vm’ >2—m}7 O — U w™.
m>r

Using the fact that v™*! — v™ is continuous and belongs to Wy (0,T), we apply
Proposition 3.9 to obtain

P ()
1 m m|| (P i i -
capy() (w™) < C2mmaX{Hv v HWP(,)(O,T) [0~ ”mep(_)(o,T)} :

By subadditivity, we get

P ()’
m m| (P)_ _
capy() () <C Y QmmaX{HU B TR RS Gl ”mepMO’T)} 7

m>r

which implies that
Tl;rgo capp(.) (2") = 0.
For any r, we have
it (z,t) ¢Q", then VYm >r, |vm+1 - (2) <27
Hence, v™ converges uniformly on the complement of each 2" and pointwise in the
complement of ﬂ Q,.

ka
Moreover,

capy(.) <ﬂ QT> <capy(y (") =0 as 7 tends to infinity,
T
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which prove that capy.) m Q"] =0.

Therefore, the limit of v™ is defined cap-quasi everywhere and is cap-quasi continuous.
Let us call v this cap-quasi continuous representative of v and assume that there
exists another representative z of v which is cap-quasi continuous and coincides with
v almost everywhere in . Then we have, thanks to Proposition 3.9,

_P— ()’
~ 1 ~ (p/)7 ~ p_
Capp(.y ({|Z — U| > k}) < CkmaX{HZ - UHWP(‘)((),T) ) HZ - UHWP(A)(()’T)} )

since ¥ = z in W,y (0,T) . This being true for any k, we obtain that o = 2z cap-quasi
everywhere, so that the cap-quasi continuous representative of v is unique up to sets
of zero capacity O

In what follows, we need the following results.

Lemma 3.11. Let (vn),cy be a sequence in Wy (0,T) which converges to v in
Wp(y (0,T), then there exists a subsequence (On,,),en Of (Un),en which converges to
0 cap-quasi everywhere.

Proof. According to Proposition 3.9 and Lemma 3.10, the proof is similar to the proof
of Lemma 2.2.1 in [6] a

4. Measures

In this part, we establish the relation between measures in () and the notion of p (.)-

parabolic capacity. We extend the results obtained in the case of constant exponent

(see [6]) to the case of variable exponent. In the rest of the paper we denote by

M, (Q) the space of bounded measure in () and M;’ (@) the subsets of nonnegative
li

measures of My, (Q). The duality between (W, (0,T)) and W, (0,T) is denoted

by ((.,.)), (Wp() (O,T))/ N M, (Q) is the set of element v € (W, (O,T))/ such that
there exists ¢ > 0 satisfying, for all ¢ € C°(Q), [((v,¢))| < cllellp~(q)- Every

v e (Wyy (0, T))/ N M, (Q) is identified by unique linear application ¢ € C° (Q) —

©dy™*** where 7™** belongs to M, (Q) . The set of v € (W, (0, T))I NM, (Q)
Q
such that 4™*** € M (Q) is denoted by (W) (0, T))/ NM;(Q).

Definition 4.1. We define
Mo(Q)={peMy(Q): n(E)=0 forevery ECQ suchthat cap,(E)=0}.
The nonnegative measures in My (Q) will be said to belongs to Mg (Q) .

Proposition 4.1. Let pu belongs to M{ (Q). Then, there exists v € (W) (O,T))/ N
M (Q) and a nonnegative function f € L' (Q,7™®) such that u = fy™*.

Proof. Let u € Wy (0,T). Since by Lemma 3.7, v admits a cap-quasi continuous
representative denoted u which is cap-quasi everywhere unique, then we can define

the following functional F' : W) (0,7) — R by F (u) = / max {@, 0} du.
Q
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The function F is convex and lower semicontinuous on Wy, (0,7") (the lower semi-
continuity follows from Fatou’s Lemma and Lemma 3.11). Since W, (0,T') is sep-
arable, the function F' is the supremum of a countable family of continuous affine
functions. Hence, there exists a sequence (), cy in (Wp(,) (O,T))/ and a sequence
(@n)pey in R such that F' (u) = sup,ey { ((An, w)) + an} -

We have F (0) = 0, which implies that a,, < 0. Then, it follows that

F (w) < supen {{(ns )} (98)
Since for every ¢ > 0 and for every u € W),y (0,T), we have
t (A, w)) +an < F(tu) =tF (u) (99)
then, we get ((Ap,u)) < F'(u); hence, by (98) we deduce that
F () = sup,ex { ((Ans )} (100)

Now, we are going to show that A, belongs to (Wp(_) (O,T))/. Using (100) and the
definition of F, we obtain

() < /Q max {2, 0} dit < [l vpp 0 191l 1 ) (101)

for all p € C2°(Q) . Since the inequality (101) remains true for —¢, we deduce that

[({Ans o] < ||MHMb(Q) H‘PHL«:(Q) , hence A, € (Wp(.) (O,T))/ NM; (Q).
For all ¢ € C2° (Q) such that ¢ > 0, we have

= (A, 0)) = (A, —9)) S F (=) =0
which implies that

0< () = / pdATS.

Then, it follows that A7"** belongs to M, (Q), that is equivalent to say that A, €
(Wy(y (0, T))/ NM; (Q). By (100), for any nonnegative ¢ € C2° (Q) we have

/ AN = (A, 0)) < / _
Q Q

then
ALt <, (102)

moreover, we can write [ A7 v o) < M1l g, ) -
We define v € (W) (0, T))/ by

Z An . (103)

— | nH(W()(OT)) Jrl)

The serie v is absolutely convergent in (Wp
we have

0 (O,T)) , moreover for all p € C°(Q),
_ = ((Ans )
ol = 3 5, v oy T

X g0 19l 0
3 9 < Nl ey o) 191 0

n=1
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which implies that v € (W) (0, T)) NMp(Q).
Thanks to (103), for all ¢ € C°(Q), we have

/;2 (pdvmeas — Z nv <P>>

n:l H n||(W<) QT)) +1)
(pdAmeaS
2 Bl oy 70 e
hence,
meas )\meas ( )
v _ 104
2l w, @y 1)

and since A;'°*® > 0, v™°*® is a nonnegative measure. For every n € N, the measure
Aeas g absolutely continuous with respect to v™°*® thus, there exists a nonnegative
function f, € L' (Q, dy™*®) such that A\™°** = f,4™°?*  Then, from (100) we get

/ @dp = sup,,ey / Fnipdy™e?, (105)
Q Q

for any nonnegative ¢ € C:°(Q). Since by (102), we have f,y™¢* = A < p,
then

/ fady™* < pu(B), (106)
B
for any borelian subset B in @ and every n € N. So we can write
[ sup i for e fih e < (), (107)
B

for any borelian subset B in () and any k > 1. Letting & tends to infinity we deduce
by the monotone convergence theorem

/B fdymes < u(B), (108)
where f = sup,,cy {fn}, hence by (104) , we obtain
/ pdp = sup,, ey / fnpdy™* < / fody™* < / pdp, (109)
B Q Q Q

meas

for every nonnegative function ¢ € C2° (Q) which implies that u = f~v and from

the fact that u (Q) < +oo, we get f € L' (Q,dy™**) D

Lemma 4.2. Letg € (Wp(_) (O,T))I. Then, there exists g1 € L) (O,T; WL’ (Q)) ,
/7 N ’

g2 € LP~- (0, T;V), F € (Lp ) (Q)) and g3 € L) (0,7 L* () such that

T T
{{g,u)) z/ (g1,u) dt+/ <ut,gg>—|—/ F.Vudzdt/ gsudxdt, Yu € Wy (0,T).

0 0 Q Q
Moreover, we can choose (g1, 92, F, g3) such that

||gl||L(p7)'(O7T;W71,p’(.)(9)) + ||92||L”— (0,T5V) + |||F|HLP'(-)(Q) + Hg?’”L(p*)/(O,T;LZ(Q))

< C”gH(Wp(})(O,T)), : (11())
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Proof. We introduce the following functional space
N ’
E =1 (0,T;V) x (LP(') (Q)) x L) (0,T; V")
endowed with the norm
1,02, v5)lp = N - .z + MeallLzscon@) + sl oy o oy

and we consider the map 1" : W,y (0,7) — E by T (u) = (u, Vu, uz) .
Since

1T (Wl = l(ue, Vu,u)ll g = llull, 0.1 - (111)

Then T is isometric from W, (0,T) to E.
Setting G = T (Wp(,) (O,T)) , then T~ is defined from G to Wpy (0,T). Now, we

take g € (Wp(_) (0, T))/ and we introduce the functional ® : G — R by ® (v1, v, v3) =

<<gvT_1 ('[)1,1)2,1}3)>> .
Since ® is a continuous linear form on G then by Hahn-Banach theorem, it can
be extended to a continuous linear form on E still denoted by ® with ||®| 5 =

||g||(Wp(.)(O,T))’ :
, N
Consequently, there exists hy € (LP~ (0,T;V))' , F = (f1, fo,--- , fn) € (Lp ) (Q))
’ /
and hy € (L(p*) (0, T; V/)) such that
O (v1,v2,v3) = (hi, 'U1>(LP—(0,T;V))',LL(o,T;V) + (F, ”2>(Lp'<->(Q))N,(LP<->(Q))N
+ <h27 U3> (L(p—)l(O,T;V/))/,L(p_)l(O,T;V/) . (]‘12)
Moreover, we have
Iallr- oy +IFNEo@ + Whell ooy iy < 195 (13
Thanks to Remark 3.1, we have

(L= (0,75V)) = 20" (0,73 w70 (@) + LO)" (0,73 2 (@)

(with equivalent norms). Then, there exists g; € L®-) (0, 7; W7 ()(Q)) and g5 €
L®=)'(0,T; L*(Q)) such that

T
<h1;'U1>(Lp_ 0,T;V)) ,LP= (0,T;V) = / <91,U1> dt + Ag3vld$dt. (114)
0
, /
Since (L(P‘) (0,T; V’)) = LP~ (0,T;V), there exists go € L~ (0,7T;V) such that

T
<h2’U2>(L(P—)/(O,T;V’))/,L(”*)I(O,T;V’) :/0 (v2, go) . (115)

Therefore, we have

T T
@(vl,vg,vg):/ (gl,m)dt—l—/ (vg,g2>dt+/ FVudzdt+/ gsvidxdt
0 0 Q Q
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with
||ngL(P+)/ (O’T;W—l,p/(_)(Q)) + ||g3||L(p+)/(O,T;L2(Q)) + ||F||(Lp’(.)(Q))N + ||92HLP_ (O,T;V)

<C (”hlﬂp—)’(o,T;vq +IE Lo or gy + ||h2(L(p_)'(01T;V,)>/>

< Cllglw,,0.m) - (116)
Then it follows that for all u € W) (0,T), we have
({g:w) = (g, T (T ()))) = © (T (u))
= /OT (g1, u) dt + /OT (ut, go) dt + /Q FVu dzdt —|—/Qggu dadt ai7)

Since for all § € C°(Q), the multiplication ¢ +— 6Oy is linear continuous from
Wp(y(0,T) to Wy y(0,T'), we can define the multiplication of an element v € (W,((0,T))’

by 6 thanks to a duality method : v € (W) (0, T))/ is defined by (0v, ) = (v, 0p) .
Then, the following result can be proved similarly to that in [6].

Lemma 4.3. Let v € (W), (O,T))/ NMy(Q) and 8§ € CF(Q). We take p, as
a sequence of symmetric (i.e p, (., —) = pn (.)) regularizing kernels in R x RN and
uw=0ve (Wp(,) (O,T))/ . Then, u € (Wp(,) (O,T))/ NMy (Q), p™e = gymess | mees
has a compact support in ) and

meas

meas meas N 4
* PnHLl(Q) < v ||Mb(Q) and i *Pp = b N (Wp(.) (O,T)) .
(118)

|12

Proof. Since § € C°(Q) and v € (W, (07T))/7 then p = 6v € (W, (O,T))/.
Moreover, for all ¢ € CZ°(Q), we have [((1, )| = [{((v,00))] < C 09|~ <
Cl10ll e ) 1€l () » which implies that p € (W (O,T))/ NM, (Q)-

For all ¢ € C2° (Q), we have

/ ™ = (41, 0)) = (v, 6)) = / Bipdi e,
Q Q

meas meas

hence p = O™ and p™**® has compact support. Therefore, p % Pp,
is well defined and belongs to C°(Q) for n large enough. Moreover, we have

™% % prll gy < ™Mty () -
Since v € (Wpy(0,T))’, then by the Lemma 4.2, there exists (g1, g2, F, g3) €

L@ (0, T; W12 0(Q)) x LP-(0,T; V) x (L (Q))N x L»-)'(0,T; L2()) such that
(o)) = (v, 00))

T T
/ (g1,00) dt + / (09), ,g2) dt + / F (0p) dadt + / gubidt
0 0 Q Q

T T T
/ (g1,00) dt +/ (¢, 0g2) dt + / (Brp, g2) dt
0 0 0

+/ AV (Oap)dxdt—k/ g3bpdt,
Q Q
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for all o € W),y (0,T). Since by the proof of the second part of Proposition 3.2, the
term ;¢ belongs to Lw-) (07 T;L? (Q)) , then we have

T
/ <9t90»92>dt=/ Orpgadxdt.
0 Q

’ ’ , N
We have g; € L) (O,T; Wt (')(Q)) , then there exists G; € (Lp ) (Q)) such
that g1 = div (G1), so that

T T T
/O (091, o) dt = / (div (G1) , o) dt — / (G1V0, ) dt.

0 0

Moreover, we have

/F.V (0p) dmdt:/ F.V9<pdxdt+/ OF.V pdxdt.
Q Q Q

Thus, for all ¢ € W) (0,T), one has

({1, 0))

T T
/ (div (0G1) , ¥) dt+/ <g0t,992>dt+/ FN0pdxdt
0 0 Q
+ /9F.V<pdmdt+/ gg&pdt—/ G1V9<pdxdt+/ Ot pgodadt. (119)
Q Q Q Q

For n large enough, supp (6) Usupp (py) is included in a fixed compact K C Q. Then
it follows that supp (u"*® * p,) = supp (dv"*°** x p,,) is also contained in K. Now, we
take & € C5° (Q) be such that £ = 1 on a neighborhood of K then for n large enough,

supp (&) Usupp (pp,) is a compact subset of Q. Since C2° (Q) < (Wp(,) (0, T))/, for all
o € Wy (0,T), we have

(U™ % pp, @) = /Q QU™ x ppdadt.
Hence, for all ¢ € C2° ([0,T] x ), we have

(™ 5 pny ) = /Q §pu™ s pndadt = /Q () * pndu™*.

We suppose that n is large enough, then supp (({¢) * p) is a compact subset of Q
and since (£p) * py, belongs to C° (Q), then by (119), we get

(W% % pry ) = ({1, (§) * pn))

T T

= | (662 €0y s pa)dt+ [ (€)% o)y B2
0 0
—l—/QF.VQ(gcp)*pndxdt—I—/QHF.V(fgo)*pndscdt—i—/QggH(fgp)*pndt

—/ G1V0 (£p) * ppdxdt + / 0192 () * prdadt.
Q Q
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According to the support of § and £ we can write

T T
(e s puoil) = [ o (06« pu) &)+ [ (60, (00) = pu)

+/ (F.V0) % pp&odxdt + / OF.N (£p) * ppdxdt + / (0g3) * ppépdxdt
Q Q Q

—/ (G1V9)§g0dacdt+/ (0:g2) * pp€pdadt.
Q Q

Now, using the fact that £ = 1 on a neighborhood of supp (6) U supp (p.) , we obtain

T T
(7 % pr ) = / (div ((0G) * pu) » ) dt + / (e, (692) * pu) dt (120)

+/ (F.V0) * pnipdzdt + / OF.N ¢ * ppdxdt + / (0g3) * pnpdt
Q Q Q
—/ (G1V0) * ppdxdt + / (0:92) * pppdadt,

Q Q

for all o € CZ° ([0, 7] x Q) , but since this space is dense in W),y (0,T") and both sides
are continuous with respect to the norm of W, (0,7, equality (120) remains true
for p € Wp(') (O,T) .

, N
We have (0G1) * p, — 606G in (L” ) (Q)) , (0g2) x p — 6Ogo in LP-(0,T;V),

, N
(F.V0) % pp — F.V0 in LP' O (Q), Vo % pp — Vi in (LPU (Q)) , (093) * pn — 0g3

in L+) (O,T;L2 (Q)) , (G1V0) * p,, = G1V6 in ¥’ (Q) and (0:g2) * pp, — 0192 in
LP= (0,T;L* (), then subtracting (119) and (120), we obtain

T
[{{u™% % pn, )| = ‘/o (div ((0G1) * pn — OG1) , ) dt

T

+/ (1, (0g2) * pn — 9gz>dt+/ ((Bg3) * pn — bgs) edxdt
0 Q

+/ ((G1V0) — (G1V0) * p,,) pdzdt +/ ((B:g2) * pn — 0:92) pdxdt
Q Q

+/ ((F.V0) x p,, — F.NV0) pdxdt + / OF. (Vo * pn — Vi) dxdt
Q Q

< (H(eGl) * Pn — 9G1||(Lp’(.)(Q))N HV()OH(LP(.)(Q))N + H(992) * P — 992”[}’— (0,T;V)

X ”sDtHL(p*)/(O,T;V’) + ||(993) * Pn — 093”L(D+)/(07T;L2(Q)) ||§D||LP+(O,T;L2(Q))
+1G1VO = (G1V0) * pull oy (@) 1€l Loy (@) + 1(8292) * o — 0192l 1o (0. 7.12(02))
X ”(p”L(”*)'(O,T;L%Q)) =+ ||(FV9) * Pn — F'VQHLP/(-)(Q) HQOHLP(-)(Q)

10PN gy 199 n = Tl
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€ (106G * o0 = 6l 0, gy +11032) = 0l
1009) * P = 09310, 0 1,120y + 1F-T0) 5 b = EVO v

+ |G1VO = (G1V0) * pull 1oy () + 1(6292) * pr — 0192l 1o (o 7,12 Q))) lellw, ., 0m

+0F ~ [V * pn — Vo

L' ()(Q)) (LP(-)(Q))N )

meas

which implies that * pp, converges to u in W) (0,7) 0

Theorem 4.4. Let € Mg (Q) then there exists g € (W, (O,T))/ and h € L* (Q)
such that p = g+ h in the sense that

/gpdu— /hgodxdt (121)
Q

for all p € C° ([0, T] x Q).

Proof. Since p belongs to Mg (Q) , then by Hahn Banach decomposition of 1 we have
ph o uT € Mo (Q), so we can assume that u € M (Q) . Hence, from the Proposition
4.1, there exists v € (Wy(,) (O,T))/ N M7 (Q) and nonnegative Borel function f €
L' (Q, dy™**) such that

wu(B) :/ fdy™e*  for all Borel set B in Q.
B

Since y™*** is a regular measure and C2° (Q) is dense in L' (Q, dy™***) , then there ex-

ists a sequence (f,, )nen in C°(Q) such that f,, converges strongly to f in L*(Q, dy™e?*).

Moreover, we have Z 1fn = fr-1llp1(Q,aymeas) < 0.
n=0
Defining vy, by v, = (fn — fa-1)7y € (Wp(.) (O,T))/, then by Lemma 4.3 we get

v e Wy, (O,T))/ N M, (Q) and Zl/;"ws = Z (fn — fa—1)7™°* strongly con-
n= n=0
verges to p in My (@) . Therefore, we can consider p as compactly supported mea-
sure. Using the Lemma 4.3, we deduce that p; * v,'**® strongly converges to v,
in (Wp(,(0,T )) hence we can extract a subsequence still denoted by [ such that
1
- V”H( W) O TS

meas

oo vy

Let us rewrite now E v %% as follows
k=0

n n n

meas __ meas m€a9 meas
E Vg = E P ¥V T+ E = pu, * V). (122)
k=0 k=0 k=0

In the following, we denote respectively by m,,, h, the first and second term in (122)
n

and we define the sequence g, by g, = Z( — pi, * VL °*), so my, is a measure

k=0
with compact support, h,, is a function in C2° (Q) and g, belongs to (Wp(i) (0, T))/ .



p(.) DECOMPOSITION OF MEASURES 61

n
We have g, = Z (vt — pp, % v°*®) . Taking 6, in C2° (Q) be such that § = 1
k=0

n
on a neighborhood of (supp (fo) U - -+ Usupp (f,.)) Nsupp (Z ol * V,’c”eas> , then we
k=0
can write g, = 0,9n.
Since all terms in (122) has compact support, we can use p € C2° ([0,7] x Q) as test
function in (122) to obtain

/gpdmnz/ hnpdzdt + ({gn, ©)) (123)
Q Q
since
/ pdg, " = /Q Onpdgn ™ = ((gn, 0np)) = ({gn, ) -
We have

oo o0
HhHLl(Q) < Z llpu,, * Vl?wasHLl(Q) < Z ||VIZ”6“S||Mb(Q) < 09,
= k=0

which implies the existence of a subsequence of (hy,), .y converging to an element h
in L' (Q). We have

oo

meas 1
||gn||<ZHVk_plk*V H p()(OT)/ Zzik o0,
k=0 =0
hence (hy,),,cy converges strongly to an element g in (W) (O,T)) . Then it follows
that
((gn, ©) / hnpdzdt — ((g, ¢ / hodxdt, (124)

for every ¢ € C° ([0,T] x Q).

Now, we prove that pdm,, converges to / wdp. For that, we recall the following
Q

Q
linear and continuous injection

My (@ = (C(Q))
m = m defined by m(f) = [, fdm.

We know that m,, strongly converges to p in My (Q), 1y, strongly converges to m
and since ¢ € C (Q) , we have

/ dimn = i () — 17 () = / odp. (125)
Q Q

Combining (123) — (125), we get (121) O
As consequences of Theorem 4.4 and Lemma 4.2, we have the following decomposition
theorem which is the main result of this part.

Theorem 4.5. Let 1 € Mg (Q) then there exists (f, F,g1,92) such that f € L* (Q),
/ N ’ /
F e (Lp ) (Q)) , g1 € L) (O,T; w—bp'G) (Q)) ,g2 € LP= (0, T;V) such that

T T
/(pdu:/ f(dedt+/ F.Vudxdt+/ (91, %) dt—/ (¢, g2) dt,
Q Q Q 0 0
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Yo € C ([0,T] x Q). Such a triplet (f, F, g1, g2) will be called a decomposition of p.

Notice that the decomposition of u € Mg (Q) given by the previous theorem is not
unique, however as in [6] the following result can be proved.

Lemma 4.6. Let u € Mo (Q) and let (f, F,g1,92), (f,F,gl,gg) be two different
decompositions of p according to Theorem 4.5. Then we have

/OT<(92—§2)t780>dt:/Q(f_f) et | (7 F) Yotz [ 61—

(126)
forall € C ([0,T] x Q). Moreover, go—g» € C ([0, T] Lt (Q)) and (g2 — g2) (0) =
0.

Proof. We have

T T
/(pd,u:/ fgodxdt—i—/ F.V(pdmdt—i—/ (g1,¢) dt—/ (o1, g2) dt (127)
Q Q Q 0 0

and
3 ~ T T
[ vau= | Fedsat+ | PNpasitr [aodi- [ ongan  2s)
Q Q Q 0 0
for all ¢ € C2° ([0,T] x Q) , then subtracting (126) and (127), we get

| (F =) etries | (P ) Sednar | R T S

(129)
which is equivalent to say that

/Q (F 1) pdadt+ /Q (F=F) Vododes | o e = / o= ).

0
(130)
for all p € C°([0,T] x Q).

Since go — go € LP- (0, T, Wol’p(') (Q)) , applying Theorem 1.1 in [13], we deduce that

92— G2 € C ([0, T]; L' () .
Since, by the integration by part formula, we have

/OT <sot,gz—52>dt+/:<<gz—g2>t,so>dt—/ﬂso<o> (92— G2) (0) da,
for all p € C° ([0,T] x Q) , such that ¢ (T) = 0, then, from (129), we obtain
¢ @) ©d -0
Choosing ¢ = (T — )¢ with v € C (), we get
T/Q (9o — 32) (0)bdz =0 forall 4 € C(Q),

which implies that (g2 — g2) (0) = 00
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A Quasi-Uniformity On BC(C-algebras

S. MEHRSHAD AND N. KOUHESTANI

ABSTRACT. We introduce a quasi-uniformity ¢ on a BC'C-algebra X by a family of ideals of X.
If T(U) is the topology induced by U, we study some conditions under which (X, T'(U)) becomes
a (semi)topological BCC-algebra. Also, we show that bicompletion of the quasi-uniformity U
can be considered a T'(U*)-topological BCC-algebra which contains X as a sub-dense space.

2010 Mathematics Subject Classification. 06F35, 22A26 .
Key words and phrases. BCC-algebra, (semi)topological BC'C-algebra, filter,
Quasi-uniforme space, Bicompletion.

1. Introduction

In 1966, Y. Imai and K. Iséki in [13] introduced a class of algebras of type (2,0)
called BCK-algebras which generalizes on one hand the notion of algebra of sets whit
the set subtraction as the only fundamental non-nullary operation, on the other hand
the notion of impliction algebra. K. Iséki posed an interesting problem whether the
class of BCK-algebras form a variety. In connection with this problem Y. Komori in
[14] introduced a notion of BCC-algebras which is a generalization of notion BCK-
algebras and proved that class of all BCC-algebras is not a variety. W.A. Dudek in [9]
redefined the notion of BCC-algebras by using a dual form of the ordinary definition.
Further study of BCC-algebras was continued [3, 6, 7, 8]. In 1937, André Weil in [17]
introuduced the concept of a uniform space as a generalization of the concept of a
metric space in which many non-topological invariants can be defined. The study of
quasi-uniformities started in 1948 with Nachbin’s investigations on uniform preordered
spaces. In 1960, A. Csaszar introduced quasi-uniform spaces and showed that every
topological space is quasi-uniformizable. This result established an interesting analogy
between metrizable spaces and topological spaces. quasi-uniform structures were also
studied in algebraic structures. See for example [15]. In this paper, in section 3,
we use of ideals of a BCC-algebra X to define a quasi-uniformity &/ on X. We show
that (X,U) is precompact but it is not 77 and Th. We prove that for each cardinal
number « there is a Ty quasi-uniform BCC-algebra. In section 4, by using of regular
ideals we make the uniformity &* on X and show that (X, T(U*)) is compact semi
topological BCC-algebra, where T'(U*) is induced topology by U* on X. Finally, we
obtain U*- Cauchy filters and then construct a bicompletion BCC-algebra ()? ,Zjl) of
(X,U) and prove that (X,T(U)) is a topological BCC-algebra which has X as a
sub-dense-BCC-algebra.

Received June 4, 2015.
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2. Preliminary

2.1. Topological Space. Recall that a set A with a family 7 of its subsets is called
a topological space, denoted by (A, T), if T is closed under finite intersections and
arbitrary unions. The members of U are called open sets of A and the complement
of A €U, that is A\ U, is said to be a closed set. If B is a subset of A, the smallest
closed set containing B is called the closure of B and denoted by B (or cl,B). A
subfamily {U, : « € I} of T is said to be a base of T if for each x € U € T there
exists an « € I such that z € U, C U, or equivalently, each U in 7 is the union
of members of {U,}. A subset P of A is said to be a neighborhood of x € A, if
there exists an open set U such that x € U C P. Let U, denote the totality of all
neighborhoods of z in A. Then a subfamily V, of U, is said to form a fundamental
system of neighborhoods of z, if for each U, in U,, there exists a V,, in V, such that
V. C U,. Topological space (A, T) is said to be compact, if each open covering of A
is reducible to a finite open covering, locally compact, if for each z € A there exist
an open neighborhood U of z and a compact subset K such that z € U C K. Also
(A, T) is said to be disconnected if there are two nonempty, disjoint, open subsets
U,V C A such that A = U UV, and connected otherwise, totally disconnected if each
nonempty connected subset of A has one point only, locally connected if each open
neighborhood of every point x contains a connected open neighborhood of z. The
maximal connected subset containing a point of A is called the component of that
point [2].

2.2. Quasi-Uniform Space. Let A be a non-empty set and ) # F C P(A). Then
F is called a filter on P(A), if for each Fy, Fy € F :
(i) F; € F and F; C F imply F € F,
(’LZ) FiNF, e F,
(iii) O & F.
A subset B of a filter F on A is a base of F iff, every set of F contains a set of B. If
F is a family of nonempty subsets of A, then we denote generated filter by F with
fil(F).

A quasi-uniformity on a set A is a filter @ on P(X x X) such that
(i) A={(z,z) e Ax A:x € A} C ¢, for each ¢ € Q,
(i4) For each ¢ € Q, there is a p € Q such that pop C ¢ where

pop={(zr,y) e Ax A:3z€ A st (x,z2),(zy) €p}.

The pair (A, Q) is called a quasi-uniform space. If @ is a quasi-uniformity on a set A,
then ¢~! = {qg~! : ¢ € Q} is also a quasi-uniformity on A called the conjugate of Q.

It is well-known that if a quasi-uniformity satisfies condition: ¢ € @ implies ¢~* € Q,
then @ is a uniformity. Also @ is a uniformity on A provided

VgeQIpeQstp lopCay.
Furthermore, Q* = Q V Q™! is a uniformity on A. A subfamily C of quasi-uniformity
@ is said to be a base for @ iff, each ¢ € @) contains some member of C. The topology

T(Q)={GC X :Vx e G3IqgeqQ s.tq(x) C G} is called the topology induced by the
quasi-uniformity @ [11].

Proposition 2.1. [11] Let C be a family of subset of X x X such that
(i) A C B, for each B € C;
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(#i) for By, Bs € C, there is a B3 € C such that B3 C By N By;

(91) for each B € C, there is a C € C such that C o C' C B.

Then there is the unique quasi-uniformityld ={U C X x X :3IBe€C: B CU} on
X for which C is a base.

Definition 2.1. [11] (¢) A filter G on quasi-uniform space (A, Q) is called Q*-Cauchy
filter if for each U € @, there is a G € G such that G x G C U.

(#) A quasi-uniform space (4, Q) is called bicomplete if each @*-Cauchy filter con-
verges with respect to the topology T'(Q™).

(#i1) A bicompletion of a quasi-uniform space (A4, Q) is a bicomplete quasi-uniform
space (Y,V) that has a T'(V*)-dense subspace quasi-unimorphic to (4, Q).

(iv) A Q*-Cauchy filter on a quasi-uniform space (4, Q) is minimal provided that it
contains no Q*-Cauchy filter other than itself.

Lemma 2.2. [11] Let G be a Q*-Cauchy filter on a quasi-uniform space (A, Q). Then,
there is exactly one minimal Q*-Cauchy filter coarser than G. Furthermore, if B is a
base for G, then {q(B) : B € B and q is a symetric member of Q*} is a base for the
minimal Q*-Cauchy filter coarser than G.

Lemma 2.3. [11] Let (A,Q) be a Ty quasi-uniform space and A be the set of all
minimal Q*-Cauchy filters on it. For each q € Q, let

G={GH) eAxA:3GcGand He M st Gx H C ¢},

and Q = fil{q : q € Q}. Then the following statements hold:
(i) (K, @) is a Ty bicomplete quasi-uniform space and (A, Q) is a quasi-uniformly
embedded as a T((Q*))-dense subspace of (A, Q) by the map i: X — A such that, for
each x € A, i(x) is the T(Q*)-neighborhood filter at x. Furthermore, the uniformities
(Q)* and (6:) coincide.
(i) Any Ty bicomplete of (A, Q) is a quasi-unimorphic to (;1,@)

In Lemma 2.3, (A, Q) is Tp if (2,y) € (gee B and (y,x) € (Ngee B imply z =y,

for each z,y € A. Also (A, Q) is Ty quasi-uniform space if and only if (4,7(Q)) is a
Ty topological space.

2.3. BCC- Algebra. A BCC-algebra is a non empty set X with a constant 0 and
a binary operation * satisfying the following axioms, for all z,y,z € X :
(1) ((xxy)*(zxy)) *(x*x2) =0,
(2) 0xz =0,
(3) %0 =num,
Dz *xy=0and y*xx =0 imply z = y.

A non empty subset S of BCC-algebra X is called subalgebra of X if it is closed
under BCC-operation. For a BCC-algebra X, we denote z Ay = y * (y * =) for all
z,y € X. On any BCC-algebra X one can define the natural order < putting

r<y&scxy=0

it is not difficult to verify that this order is partial and 0 is its smallest element.
In BCC-algebra X, following hold: for any x,y,z € X

(5) (wxy)*(zxy) <@z,

(6) z <yimpliesz* 2 <y*xzand zxy < z*z,
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(11) (z*xy) xx = 0. [§]

Definition 2.2. [4] Let X be a BCC-algebra and () # I C X. I is called an ideal of
X if it satisfies the following conditions:

(12) 0 € I,

(13) zxy el and y € I imply z € I.

If I is an ideal in BCC-algebra of X, then [ is a subalgebra. Moreover, if x € I
and y < x, then y € I. An ideal [ is said to be regular ideal if the relation

c=ly<=oxyyxzel

is a congruence relation. In this case we denote z/I = {y : x =! y} and X/I = {z/I :
x € X}. X/I is a BCC-algebra by z/I xy/I = (z*y)/I.

3. A quasi-uniformity in BCC-algebras

In this section we let X be a BC'C-algebra and n be an arbitrary family of ideals
of X which is closed under intersection.

Definition 3.1. Let 7 be a topology on a BCC-algebra X. Then:

(i) = is continuous in (first)second variable if z xy € U € T, then there is a (V)
W e T such that (x € V) y € W and (V xx CU) W C U. In this case, we also
say (X, *,T) is (right) left topological BCC-algebra.

(79) (X, *,7T) is semitopological BCC-algebra if it is left and right topological BCC-
algebra, i.e. if x xy € U € T, then there are VW € T such that z € V,y € W and
z«W CU and Vxy CU.

(#91) (X, *,T) is topological BCC-algebra if * is continuous , i.e. if zxy CU € T,
then there are two neighborhoods V, W of x,y, respectively, such that V « W C U.

Definition 3.2. A quasi-uniform BCC-algebra is a BCC-algebra endowed with a
quasi-uniformity.

Theorem 3.1. Let X be a BCC-algebra. The set C = {Iy, : I € n} is a base for a
quasi-uniformity U on X, where I, = {(z,y) € X x X :yxx € I}.

Proof. Let I € 5. Then A C I, because for any x € X, x xz =0 € I. Now we prove
that Iy, o Iy, C Iy. Let (x,y) € I, o I;,. Then there exists z € X such that (z,2) € I,
and (z,y) € Ir.. Hence z*x and y*z are in I. Since ((y*z)*(z*x))*(y*z) =0 € I and
yxz € I, (yxx)*(z*xx) € I. Again since zxx € I, we get that yxx € I. This implies that
(z,y) € I and so I, oI, C Iy. Since 7 is closed under intersection for each I,J € 1,
IrnJd,=({InNJ)g €C. Thus, C satisfies in conditions (4), (it), (¢4¢) from Proposition
2.1. Hence C is a base for the quasi-uniformity {U € X x X : 3l en st Iy CU}L. O

Notation. From now on, U is the unifomity in Theorem 3.1 and T(U) = {G C X :
Ve € G A €y s.t I (x) C G} is induced topology by it.
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Example 3.1. Let X = {0,1,2,3} be a BCC-algebra with the following table:
£]0 1 2 3

— O
o O

W N = O

wW N

w =

w o oo
[

Then obviously I1 = {0},I; = {0,1,2} and Is = X are ideals of X. Clearly,
(Il)L =AU {(L 0)7 (27 O)a (3,0)7 (23 1)}a
(IQ)L =AU {(13 0)7 (27 O)a (37 O)a (2a 1)7 (Oa 1)) (07 2)}
and (I3)p = X x X. Therefore, by Theorem 3.1, B = {(I;) : i = 1,2, 3} is a base of
the quasi-uniformity U = {U C X x X : Ji € {1,2,3} s.t (I;) C U} on X. Moreover
(11)(0) = {0}, (1) (1) = {0,1} and (1)L (3) = ([2)(3) = {0,3}. Also,
(12)2(0) = (I2)L(1) = (I)£(2) = (I2)(2) = {0,1,2},

(I13)2(0) = (I3)L(1) = (I3)2(2) = (I3)L(3) = X,
Therefore T(U) ={U C X x X : Ve e U Fi € {1,2,3} s.t (I;)r(x) CU}.

Recall subset I of BCC-algera X is called BCC-ideal if 0 € I and (x*y)*z € I,y € I
imply « x z € I. In a BCC-algebra any BCC-ideal is an ideal. [7]

Lemma 3.2. For any I € n and x € X, define IL(z) = {y € X : yxx € I}. Then
following holds:

(i) 0 € I (x),

(11) if x <y, then I (x) C IL(y),

(#31) if y € I.(x), then Ir(y) C Ir(z),

() if x € I, then I (x) =1,

(v) ify €I, then I (x xy) C I (x) for each x € X,

(vi) if I is a BCC-ideal and x € I, then for anyy € X, I (x *xy) C I (y).

Proof. (i) Since 0 =0xx € 1,0 € I(z).
(7i) Let z € I,(z). Then zxx € I. Since x < y, by (2), z*y < z*xz. Hence z*xy € I,
which implies that z € Iy (y).
(791) Let z € Ir(y). Then zxy € I. Since y € Ir(zr), y*x € I. Now from
((zxz)* (y*x)) * (2+y) =0 we conclude that z*x € I and so z € I (x).
(iv) Since x € I,

yel(v)e (zy) el s yxzeclsyel.
(v) Let z € IL(x xy). Then z* (z*xy) € I. By (9), (z %) xy < z* (z *y). Therefore
(zxx)xy €. Since y € I, zxx € I. Hence z € I (x).

(vi) Let z € I, (z*y). Then (z*z)*y € I. Since z € I and [ is a BCC-ideal, zxy € I.
Hence z € IL(y). O

Theorem 3.3. T(U) is the smallest topology on X which includes n and (X, *,T(U))
is a right topological BC'C-algebra.

Proof. By Lemma 3.2 (ii4), it is easy to prove that I (z) € T'(U), for each 2 € X and
I €n. Nowlet z,y € X and x xy € G € T(U). Then there exists I € n such that
In(zxy) CG. Let z € I,(z). Since zxx € [ and ((z*y) * (xxy))*x (zxx)=0€ I,
(zxy)*(xxy)isin I and so zxy € I (x*y). Hence I (x)xy C I (xz*y). This implies
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that * is contiuous in first variable. Now suppose 7T is a topology on X such that =
is continuous in first variable and n C 7. We show that T'(/) C 7. For this, given
x € G € T(U*). Then there exists I € nsuch that I (z) C G. Sincezxx =0l €T,
there exists V € T such that x € V and Vxx CI. If 2 € V, then z*xz € I and so
z€ I (x). Hence x € V C I (z) CG. Thus T(U) C T. O

Recall a non zero element a € X is called an atom of a BCC-algebra if x < a
implies = 0 or = a. It is easy to see if a # b are atoms, then a * b = a. [6]

Proposition 3.4. If all non zero elements of BC'C-algebra X are atoms, then:
() for each I €n and x € X, I (z) =1,

(i1) (X,*,T(U)) is a topological BCC-algebra,

(#31) (X,U) is a uniform space,

Proof. (i) The proof is obvious.

(#i) Let ,y € X and xxy € G € T(U). Then there exists I € n such that I (z*xy) =
I C G. Now

zxy €lp(x)«I(y)=I+xICICQG.

1it) Let U € U. Then there exists, I € n such that I, C U. We claim that
I;Y oI, CU. Let (2,y) € I;' o I. For some a z € X we have (z,2) € I;' and
(z,y) € I,. Hence x x z € I and y x z € I. Since xz,y are atoms, z,y € I. Therefore,
(x,y) eI, CU. O

Recall that a quasi-uniform space (A, Q) is said to be precompact if for each ¢ € Q
there exist x1, Z2, ..., zn, € A such that A = U q(x;). [11]

Proposition 3.5. Let X be a BCC-algebra. The following conditions are equivalent:
(i) the topological space (X,T(U)) is compact,

(i3) the quasi-uniform space (X,U) is precompact,

(#i1) there exists S = {x1,x2,...,xn} C X such that for alla € X and I € n, axx; € I,
for some x; € S.

Proof. (i) = (i) it is clear.

(ii) = (iit) Let I € n. Since (X,U) is precompact, there exist x1, za, ..., z, € X such
that X = U I (z;). If a € X, then there exists z; such that a € I (z;). Therefore
axx; €1.

(#i1) = (i) Let X = UneqGa, where each G, is an open set of X. Then for any x; € S
there exists a; € ) such that x; € G,. Since G, is an open set, there exists I € n
such that Iy (z;) C G,,, For any a € X by hypothesis a x z; € I for some z; € S.
Hence a € I(x;) C Gg,. Therefore, X = U Ip(z;) C U G,,. So (X, T(U)) is
compact. U

Proposition 3.6. Let n = {I}. Then:

(1) if I€ is a finite set, then topological space (X, T(U)) is compact,

(49) the set I is compact in topological space (X,TU)),

(#30) for any x € X, IL(x) is compact set in topological space (X, T(U)).

Proof. (i) Let {G, : @ € Q} be an open cover of X and I¢ = {x1, 23, ..., 2, }. Then
there exist ag, oy, ..., o, € Q such that 0 € Gy, 21 € Gy, 22 € Gy, ...y € Go,,. By
(3), I =IL(0) CGyp,80 X =TUI*C GoyUGq,... UG,, .

(ii) Let I € |J,eq G, where each G, is an open set of X. Since 0 € I, there is a € 2
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such that 0 € G,. Then I = I(0) C G,. Hence I is a compact set in topological
space (X, T(U)).

(#i1) Suppose z € X and {G,, : a € Q} an open cover of I, (z). Since x € I, (x), there
exists o €  such that € G,. Hence I (z) C G,. O

Let (A,Q) be a quasi-uniform space and C be a base for it. Recall (4, Q) is
said to be T; quasi-uniform space if A = (|z.o B and Tp quasi-uniform space if
A =Npgec B~1oB. [11]

Proposition 3.7. quasi-uniform space (X,U) is Ty space iff, {0} € n. But it is not
T, and Ty space.

Proof. Let (z,v), (y,z) € ﬂIEWIL. Hence z xy € I,y*xx € I, for all I € 5. Since
{0} en, zxy=yxx=0.By (4), z = y. Hence (X,U) is Ty space. Conversely, let
(X,U) be Ty. Let x € ﬂ1€n I. Then for each I € 5, x *0 = x and 0 * x = 0, both,
are in I. So (z,0),(0,z) € N, I Since (X,U) is Ty, x = 0. Hence (¢, I = {0}.
Since 7 is closed under intersection, {0} € 7.

For any y € X, (y,0) € ¢, Ir. Hence (o, U # A which implies that (X,U) is
not 17 and T5. O

Proposition 3.8. Let for anya € X, l, : X = X by l,(z) = a*x be an open map.
Then (X, T(U)) is a Ty space.

Proof. Let z,y € X and z # y. By (iv) of Lemma 3.2, [ is in T (), so x I and y* I
are open neighborhoods of z,y, respectively. We claim that y ¢ I or « ¢ y « I.
Ify € xxI and = € y * I, then there exist z1,20 € I such that x = y * 2; and
y=x*xz. By (8),z<yandy <z Soxxy=y*xx=0. By(4),x =y. Thisis a
contradiction. O

Proposition 3.9. The following conditions are equivalent:

(1) (X, T(U)) is a Ty space,

(i1) for every 0 # x € X there is I € ) such that x € 1,

(33) for each 0 # x € X there exists U € T(U) such that x ¢ U.

Proof. (i = i) Let 0 # x € X. Since (X, T(U)) is To, there is an open neighborhood
G of 0 such that x ¢ G. As 0 € G, there is I € n such that 0 € I C G. Clearly = & I.
(79 = 4ii) Because for each I € n, I belongs T'(U), the proof is obvious.

(iit = i) Let z,y € X and  # y. Then z xy # 0 or y x x # 0. Without the lost of
generality, suppose zxy # 0. By hypothesis there exists G € T'(U) such that xxy ¢ G.
Since 0 € G, there exists I € n such that I = I,(0) C G. Since (X, *,T(U)) is right
topological BCC-algebra and 0« = 0, there is J € 7 such that J(0) xz C I. Let
K =1nJ We claim that ¢ Kr(y). If € Kr(y), then x xy € K C I C G.
This is a contradiction. Hence (X,T(U)) is a Ty space. Conversely, Let 0 # = € X.
Since (X, T(U)) is a Ty space and each open set in (X, T(U)) contains 0, there exists
U € T(U) such that x ¢ U. O

Let (A,Q) and (A*, R) be quasi-uniform spaces.The map f : (4,Q) — (A", R)
is called quasi-uniform continuous if for each r € R there exists ¢ € @ such that
(z,y) € ¢ implies (f(z), f(y)) € r. [11],[16]

Proposition 3.10. Let X be a BCC-algebra and a € X. The mapping rq : (X, U) —
(X,U) given by ro(x) = x * a for all x € X is quasi-uniform continuous.



A QUASI-UNIFORMITY ON BCC-ALGEBRAS 71

Proof. Let U € U. Then there exists I € n such that I, C U. Let (x,y) € Ir,. Since
yxx €l and (y*a)=* (x*xa) < (y=*x), we get that (y*a) * (x*xa) € I and so

(ra(2),7a(y)) = ((z * a), (y *a)) € I, C U O

Theorem 3.11. For each n > 4, there exists a quasi uniform BCC-algebra of order
n.

Proof. Let (X, *,0) be a BCC-algebra and 7 be a family of ideals in X which is closed
under intersection. By Theorem 3.1, there is a uniformity & on X. Suppose a ¢ X
and X’ = X U{a}. Then X’ is a BCC-algebra by

zxy ifzx,yeX
_ a ifr=a,y=0
TOY= 0 fx=ay#0 (1)
z fzeXy=a

We prove that for all T € 5, I’ = I U {a} is an ideal of X’. Clearly, 0 € I'. Let
z@yel’andy e I'. If x,y # a, then xxy € I. Since I is an ideal in X and y € I, we
getthat re ICI'. Ifx=a,clearlyx e I''Ifr € X andy=a,thenz =22y € I'.
Thus ' = {I' : I € n} is a family of ideals in X’ which is closed under intersection.
By Theorem 3.1, there is a uniformity &’ on X'.

By Example 3.1, there is a quasi-uniform BCC-algebra of order 4. If (X, *,0,U) is
a quasi-uniform BCC-algebra of order n, then by the above paragraph there is a
quasi-uniform BCC-algebra of order n + 1. O

Corollary 3.12. For each n > 4, there is a right topological BCC-algebra of order n.
Proof. By Theorems 3.11 and 3.3, the proof is obvious. O

Theorem 3.13. For each n > 4, there is a Ty quasi-uniform BCC-algebra of order
n.

Proof. Let (X,*,0) be a BCC-algebra and a ¢ X. Then X = X U {a} is a BCC-
algebra by
rxy ifx,ye X
TRY = 0 ifreX,y=a (2)
a fr=ayeX

First we show that every ideal in X is an ideal in X’. Let I be an ideal in X, z®y € I
and y € I. © # a because axy = a ¢ I. Since zxy € I, z,y € X and I is an ideal
in X, we get that x € I. Hence if n is a family of ideals in X which is closed under
intersection it is in X’ so. By Theorem 3.1, there are quasi-uniformities I/, U on
X, X', respectively. By Proposition 3.7, (X,U) is a Ty quasi-uniform space iff {0} € 7
iff (X',U'") is Ty quasi-uniform space.
Now by Example 3.1, (X,U) is a Ty quasi-uniform BCC-algebra of order 4. Let
(X, *,0,U) be a Ty quasi-uniform BCC-algebra of order n. Then by the above para-
graph, we can find a quasi-uniform BCC-algebra (X /,Z/l/) of order n+1. (]

Theorem 3.14. Let a be an infinite cardinal number. Then there is a Ty quasi-
uniform BCC-algebra of order c.
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Proof. Let X be a set with cardinal number «. Consider Xy = {xg = 0,21, 22,...} a
countable subset of X. Define
[0 ifi=j
x*‘”f{x if i j. (3)
Then (X, *,0) is a BCC-algebra. Let 1 be a collection of ideals in Xy which is closed
under intersection and contains {0}. Then by Theorem 3.1 and Proposition 3.7, there
is a quasi-uniformity Uy on X such that (Xo,Up) is a Ty quasi-uniform BCC-algebra.
Now, define the binary operation ® on X by
zxy ifx,ye Xy
0 ifze Xo,y ¢ Xo
TRY = z ifz ¢ Xo,y € Xo (4)
0 ife=y¢ Xy
x ifx#y xyé¢ Xo.
It is routine to check that X is a BCC-algebra of order . Let I € n and z,y € X
such that r®y € I and y € I. Then y € Xj. If z € Xy, then since [ is an ideal in X
and zxy=2xQy € I, we get that z € I. If = ¢ Xy, then 2 = x ® y € I. This proves
that 7 is a collection of ideals in X which is closed under intersection and contains

{0}. Hence by Theorem 3.1 and Proposition 3.7, there is a Ty quasi-uniformity & on
X. O

Corollary 3.15. If a is a cardinal number, then there is a Ty right topological BCC-
algebra.

4. The bicompletion of topological BCC-algebra

In this section, we let X be a BCC-algebra and 7 be an arbitrary family of regular
ideals of X which is closed under intersection and prove that for T, quasi-uniform
BCC-algebra (X,U), the bicompletion ()~( ,Z] ) admits the structure of a topological
BCC-algebra such that X is a T'({/)*-dense sub BCC-algebra of X.

Proposition 4.1. Let I be a regular ideal of BCC-algebra X. Define I;' = {(x,y) €
XxX:(y,x) €I} and IT =1, N IL_l. Then following holds:
(7) Iil—{(w y) e X x X:xxyel}
(1) I, () {lye X :xxy eI},
(44d) Iy H0) =X,
(WHL—waeXxX'w—yL
(v) I (z) ={y e X :a ="y} =2/,
(vi) zf:z:GI then I7(z) =1,
(viz) I} (I7(0)) = I7(0),
(viii) IT(GxH) =1I5(G) « I} (H).
Proof. The proofs (i), (47),(iv), ( ) and (viii) are easy. To prove (ii4), let z € X. Since
Oxx=0¢I, by (i), z € I;'(0). So X C I;(0).
(vi)
zelj(z)ez=lvorsxzelzxzclezel.
(vii) By (iv) we have

o)== {yecX:Jxeclsty='a}={yeX:yel}=I=15(0). O
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Theorem 4.2. There is a uniformity U* on X such that (X, T(U*)) is a completely
regular topological BCC-algebras, where T(U*) is the induced topology by U* on X.

Proof. Let B = {I} : I € n}. As the proof of Theorem 3.1, we can show that B is a
base for the quasi-uniformity U* = {U C X x X : 3] € n s.t I} C U}. We prove U*
is a uniformity. For this we must show U~ € U*, for all U € U*. Let U € U*. Then
If C U for some I € n. Since I3 = (I3)~!, (I3)~' C U andso I3 C U~'. This implies
that U~ € U*. Now suppose T(U*) = {G C X : Vo € G I € n st I5(z) CU}
is the induced topology by U* on X. We will prove that * is continuous. For this,
suppose x *y € G € T(U*). Then there exists I € n such that I7(z*y) C G. Let
z € It (z) * I} (y). Then z = a x B, for some « € I} (x) and B € I} (y). Since a =l z
and f = y and =’ is congruence relation, z * y = a * f = z. This implies that
z € IT(x *y) and so I} (z) = I7(y) C I} (x *y). Finally, since T'(U*) is the induced
topology by uniformity U/*, it is completely regular on X. O

Example 4.1. Let (X, *,0) be as BCC-algebra in example 3.1. It is easy to see that
I, 1 and I3 are regular ideals of X. Hence (I1)} = A,

(IQ)Z =AU {(0’ 1)> (1’ 0)’ (07 2)’ (2a 0)7 (17 2)1 (27 1)}
and (I3)% = X x X. Therefore, U* = {U C X x X : i € {1,2,3} s.t (I;); CU}.

Example 4.2. Let X = [0,00). Then X is a BCC-algebra with the following opera-
tion
_J 0 ifzx<y

x*y—{x if x> y. (5)
Let I,, = [0,n], for each n > 1. We show that I, is a regular ideal. Let (x*xy)*z € I,
andy € I,. f y <z, then x %z = (xxy) *z € I,. If y > x, then = € I,. Since x * z
is ¢ or 0, we get that x x z € I,,. Thus, I,, is a BCC-ideal and so is a regular ideal.
Moreover,

I ={(z,y) e XxX:zxyyxx<n}={(zr,y) e X x X :z,y € I,} = I, x L.

Now let n = {I,, : n > 1}. Then 7 is a family of regular ideals which is closed under
intersection. By Theorem 4.2, U* ={U C X x X :In>1s.t [, x I, CU}.

A topological space A is connected if and only if it has only A and @ as closed and
open subsets.

Proposition 4.3. The space (X, T(U*)) is connected if and only if n = {X}.

Proof. Let X # I € nand x ¢ I. It is clear that I} (x) € T(U*). We show that
I7(z) is closed in this space. Let y € I} (x). Then there is a z € I} (y) N I} (x).
Hence y = 2z =! 2 which implies that y € I} (x). Obviously, I} () is nonempty. If
I} (x) = X, then 0 is in it and so z =! 0 which implies that = € I, a contradiction.
Thus, I} (x) is a nonempty proper subset of X which is closed and open. Hence
this space is not connected. Conversely, let n = {X}. Then T(U*) = {0, X }. Hence
(X, T(U*)) is connected. O

Recall quasi-uniform space (A, Q) is totally bounded, if for each ¢ € @ there exist
sets S1, 99, ...,.5, such that A = U?Zl S; and for each 1 <i <mn, S; x S; C ¢.[11],[16]
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Proposition 4.4. The following conditions are equivalent:
(t) for each I € n, X/I is finite,

(1) (X,U) is totally bounded,

(791) (X, T(U*)) is compact.

Proof. (i = i) Let for each I € n, X/I be finite. We prove that (X,U) is totally
bounded. Let I € 7. Since X/I is finite, there are z1,xo,...,z, € X such that
X =i, xi/I. For each 1 <i <n, x;/I x 2;/I C I, because if (x,y) € x;/I x z;/I,
then z =! z; = y and so (z,y) € I,. This proves that (X,U) is totally bounded.

(i = 1) Let (X,U) be totally bounded and I € . There exist sets S1, S2, ..., Sp, such
that U?:lsi =X and foreach 1 <i<mn, S;xS; CI;,.Let 1 <i<mnandzxvy€S;.
Since (z,y) and (y,z) are in I, we get x =’ y. This proves that S; C z;/I, for some
x; € S;. Now to prove that (X, T(U*)) is compact let X = J,cq Ga, where each G,
is in T(U*). Then there are G, ..., G,, such that x; € G,, for each 1 <i < n. Now
suppose x € X, then x € x;/1, for some 1 < i <n and so x € I} (x;) C Gy, . Therefore
X C Ui, Ga,, which shows that (X, T(U*)) is compact.

(14 = i) Let I € n. Since {I}(z) : € X} is an open cover of X in T(U*),
there are x1, 2, ...,x, € X such that X C (JI_, I} (z;). Now it is easy to see that
X/I={x1/I,...,x/1}. O

Theorem 4.5. Let (X,x,T) be a semi topological BCC-algebra. If n C T, then
TU*)CT.

Proof. Let (X,#*,7T) be a semitopological BCC-algebra which includes 7. Given z €
G € T(U*). Then there exists I € i such that I7(z) CG. Sincezxx=0€I€T,
there exists U € T such that x € U and axU,Uxx CI. If 2z € U, then x*z,zxx € I
and so z € I7(z). Hence x € U C I} (z) C G. Thus T(U*) C T. O

Lemma 4.6. Let B be a base for U*-Cauchy filter G on quasi-uniform BCC-algebra
(X,U). Then the set {I}(B) : I € n, B € B} is a base for a unige minimal U*-
Cauchy filter coarser than G.

Proof. By Lemma 2.2, the set {U(B) : B € B, U € U*} is a base for the unique
minimal U*-Cauchy filter Gy coareser than G. Let U € U* and B € B. Then for
some I € n, I CU. So I;(B) C U(B). Now it is easy to prove that the set
{I}(B): I €n, B e B} is a base for G. O

Lemma 4.7. 7 is a base for a minimal U*-Cauchy filter  on quasi-uniform BCC-
algebra (X, U).

Proof. Let C = {S C X : 3] € n s.t I C S}. It is easy to prove that C is a filter
with base 7. To prove that C is a U*-Cauchy filter , let U € U. There is a I € n such
that I, CU. If 2,y € I5(0), then z =! y and so (z,y) € I} C I;, C U. This proves
that I7(0) x I7(0) C U. By Proposition 4.1(vi), I x I C U. Hence C is a U*-Cauchy
filter. By Lemma 2.2, the set {I}(I7(0)) : I € n} is a base for the unige minimal /*-
Cauchy filter Z coareser than C. But by Proposition 4.1 (vii), I5(15(0)) = I7(0) = I.
Therefore, 7 is a base for Z = C. O

Lemma 4.8. Let G and H be U*-Cauchy filters on X. Then G« H ={G*xH : G €
G, H € H} is a U*-Cauchy filter base on X.
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Proof. Let I € n. Since G and ‘H are U*-Cauchy filters, there are G € G and H € ‘H
such that G x G C Iy and H x H C I;. We show that G« H x G« H C Ij.
Let g1,92 € G and hy,he € H. Then, (g1, 92), (92,91), (h1, ha), (ha, h1) are in Ij,. So
g1 =" go and hqy = hy. Since =7 is congruence, g1 * hy =’ g9 * ho, which implies that
(g1 % h1,92 % ho) € IF. U

Theorem 4.9. There is a quasi-uniform space ()?,Zj{) of minimal U*-Cauchy filers
of quasi-uniform BCC-algebra (X,U) that admits a BCC-algebra structure.

Proof. Let X be the family of all minimal U*-Cauchy filters of quasi-uniform BCC-
algebra (X,U). Let for each U € U,

—{(GH) eXxX:3GeG, HeH st Gx HCU}.

If i = fil{U : U € U}, then (X,U) is a quasi-uniform space of minimal ¢/*-Cauchy
filters of (X,U). Let G, H € X. Since G,H are minimal U*-Cauchy filters on X, then
by Lemma 4.8, G « H is U*-Cauchy filter base on X. We define GxH as the minimal
U*-Cauchy filter contained G * H. By Lemma 2.2, the set {I;(G*xH): Ge€ G, H €
H, I € n}is a base of G¥H. But by Proposition 4.1 (viii), I; (G« H) = I} (G)« I} (H),
so the set {I;(G)*I;(H): Ge G, HeH, Ien}isa base ofit. Now we will prove
that ()? %) is a BCC-algebra. For this, we have to prove that:

(1) ((GFH)*(K¥H))*(G*K) =

(i) IxG =1

(iii) G¥T = G

() GiH=H¥G=T=G=H

where G, H, K € )~(, and Z is minimal U*-Cauchy filter in Lemma 4.7.

(i) Let G, H,K € X. By Lemma 4.6, the set S; defined by

(L (I3 (I (GuHy )Ly (Ko Ho) )+ I3y (GoxK2)) < I €, Gy € G, Hi € H, K € K}
is the base of minimal U*-Cauchy filter ((G¥H)*(K¥H))*(G*K) and by Lemma 4.7, n
is the base of minimal J/*- Cauchy filter Z. Let I}, (I3, (I3 (G * Hy) = If; (K1 % Ha)) *
IgL(GQ*KQ))651 Putl—ﬂ jL,G G1NGy, H=H{NHy and K = K1 NK5>.
Then
I (T (TG + H) + T (K = H)) + T3 (GLK))

is a subset of

I (I (I3 (G x Hy) + I (Ko o+ Hp)) x I5 (G + K2)) € Sh.

Now since ((g*h) * (k+h))*(g+k) =0, foreach g € G, h € H and k € K, it is easy
to prove that

tULUL(G * H) * IL (K « H)) x I7 (G K)).
)%( G*K). Minimality ((G¥H)*(K*H))*(G*K) implies that
= ((GFH)*(K+H))#(G*K).

(73) The sets S; = {IZ(IE(O) xG):Ien,GeG}andn={I;(0):Iecn} are bases
of minimal U*-Cauchy filters Z%G and Z, respectively. But for each I € n and G € G,
by Proposition 4.1 (viii),

1L(I7(0) * G) = IL(I7(0)) * I1(G) = I7(0) * I1(G) = I1(0+ G) = I1(0).

13(0) € I}
Hence Z C ((G¥H)*(K¥H)
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So S1 =mn and Z = 7xG.
(233) The sets {I;(G*I;(0)) : G € G, I € n} and {I}(G) : G € G} are the bases of
G*Z and G. For each I € n and G € G, by Proposition 4.1 (viii),

13(G + 173(0)) = IL(G) * I (I7(0)) = I7(G) x I7(0) = I7(G + 0) = IL(G).

So S; = S5 and hence G = G*Z.

(tv) The sets S1 ={I;(G) : I en, Ge G}, S ={I[;(H): I en, HeH},
Ss={I}(GxH):Ien,GeG, HeH}, Sy={I[;(H+xG):ITen,Geg, HeMH}
and n = {I;(0) : I € n} are the bases of G , H , G¥H , H*G and Z respectively. Let
IT(G") € S;. Since G¥H = H*G =T, J5(Go *x Hy) = K;(Hy * G1) = I7(0) = I for
some J,K €. Let G = G NGyN Gy and H = Hy N H;. Now for each ¢ € G and
heH,

gxheJi(g)«Ji(h)=Ji(g*h) CJ(GxH) C J;(Go* Hpy) =1.

Hence g * h € I. With the similar argument we have hx g € I. So I} (g) = I} (h).
Therefore, I7(H) = I} (G) C I} (G’). Hence I} (G’) € H. So G C H. By minimality,
H=4G. O

Theorem 4.10. If quasi-uniform BCC-algebra (X,U) is a Ty, Then
(1) (X,U) is the bicompletion of (X,U).

(13) X is a sub BCC-algebra of X.
(#i1) (X, T(U*)) is a topological BCC-algebra.

Proof. (i) By Lemma 2.2 and Lemma 2.3 | ()?,Z]) is the unique Ty bicompletion
quasi-uniform of (X,U) and the mapping ¢ : X — X defined by
i(x) = {W C X : W is a T(U*) — neighborhood of x}
is a quasi-uniform embedded and clT(a;)i(X )=X.
(ii) Let x,y € X. We shall prove that i(z)%i(y) = i(z *y). By Lemma 2.3, the set

S={I;(Wy*«Wy):Ien, Wp Wy are T(U*) — neighborhoods x,y}

is base for i(x)%i(y). Since I} (x xy) C I} (WoxW,) and If(z xy) € i(x *y), we
deduced that filter i(x)%i(y) is contained in the filter i(z * y). Since they are minimal
U*-Canchy filters, i(z)%i(y) = i(z * y). Hence X is a sub-BCC-algebra of X.

(iii) By Lemma 2.3, (U)* = U*. Hence

TU*)={SCX:¥GeSIenstI(G)CS}

We prove that ()?,T(a;)) is a topological BCC-algebra. Let G¥H € }E(g;%). We
show that I7(G)*IF(H) C I5(G*H). Let Gy € I3 (G) and Hy € IF(H). Then, there
are G € G,G1 € G1,H € H and H; € H; such that G x G; C I} and H x H; C I7.
By Lemma 2.3, I7 (G« H) € G¥H and I} (G * Hy) € G1¥H;. We have to prove that
Gi1¥H, € TEJ(Q%H). For this, it is enough to show that I7(G* H) x IT(Gy* Hy) C I7.
Let y € I;(G+ H) and y; € I} (Gy* Hy). Then, y =! gxh and y; =! g1 * hy for some
g€ G,g1 € Gi,h € H hy € Hy. Since (g,91), (h, k1) are in I, we get gxh = gy % hy.
Hence (y,y1) € IF. O
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5. Conclusion

In this paper on a BCC-algebra of X we introduced the quasi-uniformity & induced
by a family n of BCC-ideals of X. We studied some properties of topological space
(X,T(U)). Next researches can study the following assertions:

(1) separation axioms on (X, T(U)) and (X, T(U*)),

(2) quasi-uniform continuouty of the operation of X in quasi-uniform space (X,U),
(3) quasi-uniform continuous homomorphisms on (X,U),

(4) quasi-uniform quotient BCC-algebras.
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New approach to the calculation of fractal dimension of the
lungs
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ABSTRACT. In the present work, using a new approach, we will calculate the fractal dimension
of the lungs, through a precise technique of mathematical simulation. Note that the main
objective of this study is to contribute to further confirm the idea of the fractal structure of
the lungs; structure permitted by the phenomenon of self-similarity.
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1. Introduction

The lungs are essential organs of respiration. Located in the rib cage, they provide
the necessary gas exchange between air and blood. Man has two lungs, a right lung
comprises three lobes and the left lung has two lobes and a location on its inner
face which corresponds to the place of the heart. The lungs are enveloped by the
pleura, thin membrane which prevents the friction against the chest wall. The pleura
is constituted by two sheets separated from one another by a small amount of serous
fluid that allows the lungs to move during breathing. Below the lungs, there is the
diaphragm, which separates the rib cage and the abdomen which is a very important
muscle in breathing.

The air that reaches the lungs passes through the pharynx, larynx and trachea
extending into the lungs by two bronchi, one right and one left, which in turn are
divided into bronchi increasingly small, like branches of a tree.

The smallest bronchi, namely the bronchioles lead to tiny bags that are filled with
air, the pulmonary alveoli. The lungs of an adult are provided with an average of 600
millions alveoli, which represent a gas exchange surface of about 140 m? [12].

Breathing helps both to bring the blood oxygen which live cells and ridding the
blood of carbon dioxide contained therein.

On the inspiration (see Figure 1), the diaphragm contracts and descends, the chest
expands, the outside air, full of oxygen enters the lungs and fills the cells (flow). It is
through tiny vessels that form the capillary network that will make exchanges between
alveoli and blood: the oxygen of the air contained in the alveoli passes into the blood
to reach the red blood cells and heart which sends it throughout the body.

Upon expiration, the diaphragm rises, thorax decreases in volume and air, charged
with carbon dioxide is expelled to the trachea (ebb). In fact, the carbon dioxide of
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7

FIGURE 1. Variations in lung volume during inspiration-expiration.

blood takes the opposite route passing from the blood to the alveoli and thence to
the outside air.

A particularity in the lungs; the oxygen-rich blood sent from the heart to all
the tissues of the body passes through the arteries (the red blood ), and the blood
responsible for carbon dioxide returns to the heart through the veins (the blue blood).
In the lungs it is the opposite: the carbon dioxide-rich blood goes from the heart to
the lungs through the pulmonary artery, the oxygen-rich blood from the lungs goes
to the heart through the pulmonary vein.

Lung actually allows gas exchange by the combination of several factors such as
tissue elasticity, fluid mechanics, the diffusion through the membranes, etc. The
complexity of these phenomena entails the coordination of sometimes contradictory
effects in appearance [14]. We don’t necessarily know all the experimentally measured
quantities desired, and we cannot repeat the experiments to infinity to refute or
confirm certain assumptions. Hence it would be very wise to model [5]. It is therefore
obvious that mathematical modeling of these phenomena would be very useful for an
accurate approach. This is exactly the great interest of fractal geometry. Indeed, the
Euclidean geometry is powerless in solving such problems; it is applicable only in the
case of smooth and regular shapes. Thus, a point has a dimension equal to zero, a line
has a dimension one, a plane has a dimension two and a volume has a dimension equal
to three. In contrast, fractal geometry, meanwhile, deals with non-integer dimensions
[1], [19], for example ranging between one and two and between two and three, etc.
The fractal dimension is actually the size of irregular curves [7], [8]. And it is this
specificity that opens huge horizons in vast areas and in the medical field in particular.

What means the word ”fractal”? The fractals are mathematical objects sufficiently
broken and irregular. Another property of the term ”fractal” is self-similarity: the
fractal objects have the same information at different scales, i.e. similar and identical
reproductions at scales smaller and smaller.

The main tool in the study of fractals is the notion of fractal dimension, in its
many forms. Given the diversity and complexity of these fractals, there are several
definitions of fractal dimensions and which do not always coincide. Among others, the
Hausdorff dimension, the box dimension and the dimension of self-similar sets. They
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are used mainly to measure "the degree of irregularity” or ”filling rate” for example,
in the plane of a fractal curve. It will stick in the present paper to the self-similarity
dimension.

The pulmonary anatomy has a branching tree structure. This tree, shown in Figure
2, has a self-similar phenomenon in large structures like small. The small sizes of trees
are similar to those of the larger size. Therefore, the lung has a fractal structure,
allowing optimization (compromise) and thus a mathematical modeling of the lungs
and the respiratory function [15], through fractal analysis [11].

FiGURE 2. The fractal appearance of the bronchial ramifications.

The objective of this work is to determine a modeling technique in order to estimate
the fractal dimension of the human lungs. So, after a brief overview on the pulmonary
anatomy and respiratory physiology in the first section, we will attempt in Section 2
to show and highlight the fractal structure of the lungs. Thereafter and in Section
3 we will, by a new approach, calculate the fractal dimension of the lungs using a
modeling technique based on one of the variants of the Von Koch curve. We will close
this paper with the conclusions and discussions.

2. Fractal dimension and fractal structure of lungs

2.1. Fractal dimension. To evaluate the fractal dimension, several methods are
proposed in the literature. We will use in this work the self-similarity dimension.
This method applies to fractal curves and figures with the property of self-similarity,
such that the various component parts are constructed by successive iterations with
a same reduction factor ¢q. According to Sapoval [18], the self-similarity dimension
corresponds to the logarithm of the number of pieces needed to cover the object,
relative to the logarithm of the report of enlargement by aligning the pieces with the
initial object.
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More generally, according to Gouyet [4] and Falconer [2], this fractal dimension
Dy is given by the following relation:
log N
Dp = -2, (1)
0gq
where N is the decomposition factor and ¢ is the single reduction factor from one

stage to another (which can be also written as Dy = llzi ]f , where 1/q is the report
q

of enlargement).
Note that the position of the elements in the set is not involved. Only count their
numbers and their relative sizes. Different shapes may have the same dimension.

2.2. Fractal structure of lungs. The role of the bronchial tree is driving the am-
bient air, rich in oxygen and low in carbon dioxide, to the exchange surface with
the blood within the acini. Figure 3 shows the molding of a human lung (according
to Weibel [22]). In yellow, there are the airways, in red, the pulmonary veins and
in blue, pulmonary arteries. The complexity of the structure is striking. One can
observe the tree geometry of the lung, and specifically, that this tree is almost di-
chotomous. This observation allows us to consider it as a succession of generations,
see Figure 4 (according to Weibel [22]). The first generation is the largest branch,
the trachea. It has a diameter of about two centimeters. The latter is located at
the bottom of the acinus, at the twenty-third generation; it has a diameter on the
order of half a millimeter. The number of branches of this tree is roughly 224, i.e.

)

more than sixteen millions. The bronchi and bronchioles, until the 17th generation

F1GURE 3. Molding of human lung.

of the tree, are structures whose the only role is to ensure the air conduction to the
latest generations. Rather asymmetrical at first, especially because of the presence of
the heart on the left, dichotomous bifurcations become quickly practically homothetic
from one generation to the next [21].

The lower ducts, from the seventeenth generation, correspond to the breathing zone
of lung, where gas exchange with blood held. Over there, we find neither cartilage
nor smooth muscle. They are grouped into acini in number approximately 30000 by
lung, dichotomous sub-trees, to six generations which the alveolar bags cling. These
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FI1GURE 4. The different functional zones of lung airways.

bags are like clusters of alveoli and form the last generation of the lung. In fact, the
channel diameter is constant in this region [21].

In the human adult, the gas exchange surface is of 140 square meters, which is the
equivalent of half a tennis court. The area occupied by the lungs is small compared to
the surface which allows gas exchange. The bronchial tree; which is a fractal structure,
allows to increase the gas exchange area in a very significant way. Although the surface
of the lungs involved in gas exchange is not infinite, it is considered the lungs and
their self-similarity as a natural example of fractal. It enables major gas exchange on
a yet reduced lung volume. This impressive gain of surface and space is proof of the
interest of a fractal organization adopted by nature. The major advantage of these
mathematical structures is that they allow a computer modeling of the lungs, and
therefore a real quantification of the exchange zone [14].

3. Numerical simulation and results

3.1. Modeling technique. Lung bronchi are hollow tubes that branch like the
branches of a tree, to distribute air evenly to both lungs. The trachea which leads
air to the lungs falls within the thorax to be divided into two main bronchi, one
for each lung. By phenomenon of self-similarity, bronchi then divide about 23 times
(see Figure 4) to get the air to the alveoli [13]. The lung is a real fractal structure.
We can mathematically model this fractal structure of the lung, using one of the
variants of the Von Koch curve [2], [10]. The construction of this curve is based on
the basic principle illustrated in Figure 5. Let [AB] be a line segment of unit length.
The transformation consists in removing the segment [C'D] and replacing it by the
other tow sides of the isosceles triangle based on the removed segment (see Figure
5). Obtaining the points C, E, D from the points A and B is based on the following
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E
is transformed to
A B A c B
FIGURE 5. Principal and technique of modeling.
formulas: 5 6

such that AC = CE = ED = DB and that (CD,CE) =«
Express the two equalities of equation (2) in cartesian coordinates :

5 5
6
rp = g(xc—xA)-i-fBA and yDZg(yC_yA)"’yA'

Now, to be able to trace this fractal curve, we need to determine the coordinates of
the point F. For this, we express CFE in terms of C'D. In fact, we have

CD=AD - AC = %AC.

However, in length AC' = C'E, which allows to assert that CE = 5CD. It follows that
CE is the image of 5C'D by rotation R(C, «). Therefore, the coordinates of point F
are:

zp =5[(zp — zc) cos(a) — (yp —yc) sin(a)] + z¢

yg =5[(xp — z¢) sin(a) + (yp — ye) cos(a)] + yo.
In the other hand, it is possible to give an approximate value of a.
Indeed CD = ﬁ then %CD = 2—12 So, we can apply trigonometric formula to get:

1CD 1

2CE  10°

Then, an approximate value in radians of « is a = 1,47rad.

Thus, it is possible to carry out the iterations of this fractal representing the structure
of the lung (see Figure 6).

I" J U][L_ %ﬁh
| .
| JIJLL leu T A

cos(a) =

FIGURE 6. Modeling curve: construction steps.

The fourth iteration corresponds to the function of the air sacs composed of lung
alveoli for gas exchange.
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3.2. Results. The main artery divides into two and then the following arteries di-
vide into two as well. This process is repeated 23 times. In the end, we get about
223 separations of arteries, i.e. 8388608 arterioles, namely the equivalent of sixteen
millions of branches.

Alveoli have a diameter L,; = 0.2 mm. For the calculations, we use a cube of side
I = L, to represent alveoli. On this cube, five faces will be allocated to the exchange
surface while the last face cannot be used because it is necessary that the air enters
the alveoli. Thus, we can estimate an exchange surface S,; by alveoli as

S =5x(0.2)2 =2x 10" em?. (3)

From an anatomical point of view, there are 2!6 acini in lungs, i.e. 65536 acini.

Knowing too that the total exchange surface of the lungs is about 140m? [12]. Then,
the exchange surface S,. for each acini can be calculated as
140 x 10*

ac:7:217 2' 4
S SEE0 36 cm (4)

On the other hand, the pulmonary volume of a man is about 5 liters. It follows that
the volume of each acini is

5 x 103 3
Vac = m = 0,076 cme. (5)
Hence, from equation (5), the size L, of each acini is approximately equal to:
Ly = /0,076 = 4,23 mm. (6)

To calculate the fractal dimension Dp of the lungs, we proceed as follows:

For each acini, stacking the alveoli on a fractal of dimension Dp, to get a total
exchange surface S,.. So, the number N of small cubes stacked on each acini is given
by the relation

Sac
Sal N (7)

Replacing the values obtained from equations (3) and (4) in equation (7), we deduce
that

N =

N = 10680. (8)
On the other side, from equation (6), the reduction factor ¢ is expressed as
Ly 0,2
1= T~ 4,23 ©

Then, the factor ¢ is approximately equal to 0,04. The fractal dimension Dp is

expressed as
log N

logq’
Consequently, the value of Dg can be calculated as follows:

_log(10680)
~ log(0,04)

The fractal dimension of the lungs is therefore

Dy = 2,88. (11)

(10)
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4. Conclusions and discussions

According to the calculations and mathematical simulation used in this work, we
arrive at a value of the fractal dimension of lungs of 2.88. This value is indeed a
non-integer dimension (non-Euclidean) and therefore confirms the fractal structure of
the lungs. The literature cited others values of fractal dimension of lungs, different
from ours, but always non-integer.

In [16], Nelson and Manchester found that the fractal dimension Dp of the lungs
varies between 2.64 and 2.76, this using the airway lengths as the measuring stick.
As for Nelson, West and Goldenberg [17], from experimental data, leaded to values
slightly lower. Indeed, they found D = 2.4, based on power scaling of the airways’
length and Dy = 2.26 when the basis was the airways’diameter. Afterwards, Weibel
[20] achieved a value Dy = 2.35, based on scaling of the average airways’diameter.

This heterogeneity of the results is directly related to the different experimental
methods used and the choice of mathematical modeling type. But nevertheless, all
these values share non-Euclidean property and confirm all ”fractality” of the pul-
monary system. Note that this fractal property of the lungs occurs very early, even
when the formation of the lungs during the fetal stage. This fractal structure gives
the lungs very advantageous properties, all working for a fundamental objective: an
area of maximum gas exchange in a very small volume.

If have used the geometry of a sphere (Euclidean geometry), for example, to in-
crease the surface, it would increase the radius. However, the lungs are in a closed
and limited environment (rib cage). Counting the gas exchange surface of a human,
there are approximately 140 square meters. Note that for the case of a sphere, the
radius of the lung should measure a gigantic value of 3.3 meters !

The surface of lungs is tiny relative to the gas exchange surface as possible. Conse-
quently, fractals allow living beings and for man in particular to have a very efficient
respiratory system, while having a realistic volume.

It would be ideal and very wise to find a unified value of fractal dimension of lungs,
which would do a ”biological constant.” Such an outcome would be very useful in the
medical field and especially in the pulmonary diseases include among others asthma,
emphysema, respiratory failure, amputation of lung lobes (case of cancers), ... More-
over, such a value would have a major impact in the sporting field, including moni-
toring and evaluation of performance of athletes high levels.
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obtain the existence of at least three nontrivial solutions.
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1. Introduction

In recent years, various mathematical problems with variable exponent growth
condition have been received considerable attention (see [5, 10, 16]). The interest in
studying such problems arise from nonlinear elasticity theory, electrorheological fluids
(cf. [19, 22]) and image processing (cf. [4]). We point out that, this kind of problems
have been the subject of a large literature and many results have been obtained. We
can cite, among others, the articles [1, 2, 3, 9, 13, 17, 21] and references therein for
details.

Here, we are concerned with the following fourth-order quasilinear elliptic equation
with Robin boundary conditions

A2 yu = M, u) + pgle,w), in ©,
(M

0
|Au|p(z)_2—u + m(x)|[ulP 20 =0, on O,
v
where Q ¢ RY is a bounded domain with smooth boundary 99, g—:j is the outer

unit normal derivative on 99, p € C(Q) with p(z) > 1 for all z € Q, AZ(a;

=
A(|Au|P®)=2Au) is the p(x)-biharmonic operator of fourth order, f, g: Q@ x R —
R are Carathéodory functions, A, > 0 are real numbers and m € L*(f2) with
essinfream(z) = mo > 0.

Precise that elliptic equations involving the p(z)-biharmonic equations are not
trivial generalizations of similar problems studied in the constant case since the p(x)-
biharmonic operator is not homogeneous and, thus, some techniques which can be
applied in the case of the p-biharmonic operators will fail in that new situation, such
as the Lagrange Multiplier Theorem.

Received January 14, 2016.
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To our best of knowledge, there seems few results about multiple solutions to p(x)-
biharmonic equation. Although a natural extension of the theory, the problem ad-
dressed here is a natural continuation of recent papers. In [15], for the p(z)-laplacian
Neumann problem, authors have obtained at least three weak solutions, which gen-
eralizes the corresponding result of [12]. In [6], the authors show the existence of
at least three solutions to a Navier boundary problem involving the p(z)-biharmonic
operator.

Motivated by the above papers and the ideas introduced in [15], the purpose of this
work is to extend the results of [15] to the case of p(z)-biharmonic equation with Robin
boundary condition. Our technical approach is an adaptation of variational method.
More precisely, we assume f(z,u) and g(x,u) satisfies the following conditions:

(f1)
|f(z,8)| < a1 + ag|s|*™~!, VY(z,s) € Q xR,

(g1)
lg(2,8)] < by +ba|s|" 71, V(z,s) € A xR,

for some «, 8 € C () with a™ < p~ and a;, b; (i = 1,2) are positive constants,
where

Cy(Q) = {p cC@): plx)>1vee ﬁ}
and

h™ =minh(z), h" =maxp(z) for any € C. ().
€N e

‘f(.’E,S)| <07 for s € (0730)7
|f(z,s)] > M >0, fors e (sg,+0),

where M and sg are positive constants.
Using the three critical points theorem of Ricceri [18] which is a powerful tool to
study boundary problem of differential equation (see, for example, [3, 14]), we prove
that problem 1 has at least three weak solutions for A sufficiently large and requiring
w small enough.

The paper consists of three sections. In the the second section, we list some well
known definitions, basic properties, recall some background facts concerning gener-
alized Lebesgue-Sobolev spaces and introduce some notations used below. In third
section, we recall Ricceri’s three critical points theorem at first, then prove our main
result.

2. Preliminaries and main result

For completeness, we introduce some theories of Lebesgue-Sobolev space with vari-
able exponent. The detailed description can be found in, for example, [7, 8, 11, 20, 21].

For any p € C,(Q), as in the constant exponent case, define the generalized
Lebesgue space by

Lp(””)(Q) = {u : Q — R measurable and / \u(m)|p(w)dx < oo}.
Q
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Equipped with the so called Luxemburg norm
[ulp(zy = inf {v >0 / \@Vm)dag <1}
Q

the space (LP(®)(€2), | |,()) becomes a separable and reflexive Banach space.
For any positive integer k, the generalized Sobolev space W#P(®)(Q) is defined as
WEPE)(Q) = {u € LPD(Q) : D% € LP™(Q), |a] < k}.

Endowed with the norm

[ullip@) = > D" ulp),
|a| <k

WkrE)(Q) is also a separable and reflexive Banach space.
For any x € Q and k > 1,

pi(2) = N_Zp(ac) if kp(x) < N,
00 if kp(z) > N,

denote the critical exponent. Obviously, p(z) < pi(z) for all z € Q

Proposition 2.1. [7] For p,r € C+(2) such that r(z) < pj(z) for all x € Q), there
is a continuous and compact embedding WP (Q)) into L™*)(1)).

Define "
=i ol=) <
)l = inf {r >0 p(y) <1} forueX,
with
pm(u) = / |AulP®) dz + / m(x)|ulP®do,  for u e X,
Q a0

where do is the measure on the boundary 9. In view of mg > 0, it is easy to see
that ||.||,,, which will be used, is a norm equivalent to the norm ||.|2 (). Moreover,
similar to [7, Theorem 3.1], we have

Proposition 2.2. The following statements hold true:
(1) o (/b ) = 1.
2) ullm <1(=1,>1) <= pn(u) <1l(=1>1).
3) ullm < 1= ullt, < pm(u) < ullf, .
@) Nllm > 1= ulls, < pm(u) < [lulb, .
Here, problem (1) is stated in the framework of the generalized Sobolev space
X := W2P@)(Q). A function u € X is said to be a weak solution of problem (1) if

/ \Au|p(x)_2AuAvdx+/ m(x)|ulP® " 2uvdo = )\/ f(sr:,u)vdac—&—u/ g(x, u)vde,
Q o9 Q Q

for all v € X.
Now, we can state our main result as follows.

Theorem 2.3. If (f1), (f2) hold and 5 < p~. Then, there exist an open interval
A C (0,400) and a positive real number p > 0 such that each A € A and every function
g: Q@ x R — R which satisfying (g1), there exists § > 0 such that for each p € [0, 9]
problem (1) has at least three solutions whose norms are less than p.
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3. Proof of main result

Throughout the sequel, the letters a;,7 = 1,2, ..., denote positive constants which
may vary from line to line but are independent of the terms which will take part in
any limit process.

To prove the existence of at least three weak solutions for each of the given problem
(1), we will use the revised form of Ricceri’s three critical points theorem stated as
follows.

Theorem 3.1. [18] Let X be a reflexive real Banach space. ®: X — R is a continu-
ously Gateaux differentiable and sequentially weakly lower semicontinuous functional
whose Gdteauz derivative admits a continuous inverse on X' and ® is bounded on each
bounded subset of X; W: X — R is a continuously Gateauz differentiable functional
whose Gateaux derivative is compact; I C R an interval. Assume that
(i) lm)g)ot0o(®(x) + A¥(2)) = +00,  for all A >0,
(i) there exist r € R and ug,u; € X such that ®(ug) <1 < ®(uy),
(i) it w > (20 D) V) + (= Suo))) )
u€d=1((—o0,r]) P (u1) — P(uo)

Then, there exists an open interval A C (0,00) and a positive real number p with the
following property: for every X € A and every C functional J: X — R with compact
derivative, there exists & > 0 such that, for each p € [0, 8] the equation

&' () + ANV (z) + pJ' (z) =

has at least three solutions in X whose norms are less than p.

Let H : X — R be the energy functional corresponding to problem (1) defined by

H(u) = ®(u) + AV (u) + pJ(u), (2)
where
= [ L Aur@ gy m@) o) g,
00 = [ gl et [ S e )

U(u) =— /Q F(z,u)dz, (4)
J(u) = f/QG(:c,u)da:, (5)

where F(x,u) fo f(x,s)ds and G(z,u) fo (z, s)ds.
It is well known that oV, Jel 1(X R) with the derivatives given by

’

(P (u),v) :/ |Au|p($)*2AuAvd;U+/ m(x)|ulP® 2uvda,
o9

(v /fxuvdx

<ﬂww_—4¢mmm

for any u,v € X.
Arguments similar to those used in the proof of [1, Proposition 4.2], we have the
following
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Proposition 3.2. X > X isa
1. continuous, bounded, of type (S)* and strictly monotone operator,
2. homeomorphism.

Now, it is enough to verify that ®, ¥ and J satisfy the hypotheses of Theorem 3.1.
Obviously, by proposition 3.2, (<I>/)_1: X' = X exists and continuous. Moreover, in
view of (f1) and [11], ¥',J : X — X are completely continuous, which imply ¥
and J' are compact. Thus, the precondition of Theorem 3.1 is satisfied. It remains
to verify that the conditions (i), (ii) and (iii) are fulfilled.

First, we claim that condition (i) is satisfied. In fact, by Proposition 2.2, we have

1 m(x) 1
®(u :/ 7Aup(””)dx+/ —|uP@do > —||ul?, , 6
(u) Qp(x)l | mp(x)l | pe —[lullh, (6)

for every uw € X with ||ul|, > 1.
On the other hand, due to the assumption (f1), we have

|F(z,s)] < 22 s ), aexeQVseR.
a(z)
Therefore
/F (x,u)dx > —al/ |u|dz — ag/ |u|dz®)
a(z)
_ " _
2—%%%——:/0%”+WP)W=—MMM—MWM++M&)
a’ Ja

Since X is continuously embedded in L®" () and L (), it follows

)
(lllg + llullg, ) (7)

®(u) = —as||ullm — as
So, combining the two inequalities (6) and (7), for any A > 0 we obtain

1 - 1 ot o
(u) + AV (u) > Z;lluﬂfn - AGSElluHm = Aas ([[ullf, + lullf, ),

for u € X with ||ul[;, >1. As1<a™ <p~,onehas lim ®(u)+ A\¥(u) = oo and

lwflm—o0
the condition (i) is verified.

Secondly, we will verify the conditions (ii). Precise that, from assumption (fa2),
F(z,t) is increasing for ¢ € (sg,1) and decreasing for ¢ € (0, sg), uniformly with
respect to x. Moreover, F(z,t) — 0o as t — 00, so, there exists a real number § > sq
such that

F(u,t) > 0= F(u,0) > F(u,s), YueX,t>4d,s¢e(0,so).

Furthermore, since § < p~, there is a continuous embedding of X into W7 (Q)
which is continuously embedded in C(2). Then, there exists a constant & > 0 such
that

ulloo == sup |u(z)| < kllullm, YueX. (8)
EASY)
Let choose A and B two real numbers such that 0 < A < min{tp,k} and B > §
satisfying
p~, if B>1,

+
B fmlrony > 1, where 57 ={ P> D7
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Thus, for t € [0, A], we have F(z,t) < F(z,0) which implies

/suprtdx</FxO (9)
Qtef0,A
Since B > §, we can get fQ (z, B)dx > 0 and so,

AP*

@FEFK?WLBMI>Q (10)

Next, consider ug,u; € X with ug(z) = 0 and u;(x) = B for any = € Q. Obviously,
D (ug) = ¥(up) =0 and
1 B’ 1 1 /A\e
S(u)= | ——m(x)B*@de > = >—>—(—)
() = | —sm(@) B s > S mluson > > (5
p+
Consequently, if we put r = p% (%) , it follows

D(ug) <r < P(uy),
which ensures the condition (7).
Finally, we will show the condition (iii). A simple calculation yields
_(@(ul) —T))\Il(uo)+ (r—@(uo)))\ll(ul) B U(uq)

D(uy) — ®(uo) = Sy
Jo (x B)dx
faQ % x) BP0 d

P
Now, let u € ®71((—o0,r]). Then, I,,(u) < rpt = (%) < 1 which, by Proposition

>0 (11)

3.2, implies [|ul|,,, < 1. Consequently,

1 +

ol < ®(w) <r.
Therefore, by 8, we infer that

1/p*
[u(@)| < flule < kllulln < k(rp*) " =4, Veeq,
for all u € X with ®(u) < r. The above inequality shows that

- inf U(u) = sup —U(u) < / sup F(z,t)dz <0.
u€P 1 ((—o0,r]) ued—1((—o0,r]) Q tef0,4])

From (11), we deduce that

fQ (z, B)dz

_ inf U(u) <7 (@) Bz

wEP—1((—o0,r])

faQ p(ac)
that is,

. " (@(u1) — 7)) ¥ (uo) + (r — ®(uo))) ¥(ur)
uE‘P_l((f—oo,r]) \I]( ) - <I>(u1) — (I)(Uo)

which means that condition (iii) holds. At this point, conclusion follows from Theorem
3.1.
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On the existence of positive solutions for boundary value
problems with sign- changing weight and
Caffarelli-Kohn-Nirenberg exponents
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ABSTRACT. In this paper we consider the existence of positive solutions to the singular infinite
semipositone problems with sign-changing weight. We use the method of sub-supersolution to
establish our existence result.
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1. Introduction

The study of positive solutions of singular partial differential equations or systems
has been an extremely active research topic during the past few years. Such singular
nonlinear problems arise naturally and they occupy a central role in the interdisci-
plinary research between analysis, geometry, biology, elasticity, mathematical physics,
etc.

In this paper, we are concerned with the existence of positive solutions to the
boundary value problem

{ —div (|| =P [VulP72Vu) = Na| =) (f(u) - 35), €9,

-

u=0, ’ x € 082, (1)
where Q is a bounded smooth domain in RY with 0 € Q with smooth boundary,
l<p< N, 0<a< =2 ~¢ (0,1), A, B are positive constants, g(z) is a C!
sign-changing function that maybe negative near the boundary and be positive in the
interior and f : (0,00) — (0,00) is a C! nondecreasing function. Elliptic problems
involving more general operator, such as the degenerate quasilinear elliptic operator
given by —div(|z|~*P|Vu|P~2Vu), where motivated by the following Caffarelli, Kohn
and Nirenberg’s inequality (see [3, 15]). The study of this type of problems motivated
by it’s various applications, for example, in fluid mechanics, in newtonian fluids, in
flow through porous media and in glaciology (see [1, 4]). So the study of singular
elliptic problems has more practical meaning. We refer to ([11, 6, 2, 7]) for additional
result on elliptic problem, we study problem (1) in the semipositone case. See [10],
where the authors discussed the problem (1) when g ~ 1, « = 0 and f =p = 2.
In [9], the authors extended the study of [10] to the case when p > 1. In [12], the

Received February 23, 2016.
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prpblem in [9] was studid with weight function g(x). Here we focus on futher ex-
tending the study in [12] for quasilinear elliptic problem involving singularity. Due
to this singularity in the weights, the extensions are challenging and nontrivial. Our
approach is based on the method of sub-supper solution (see[5, 8, 13]). In this pa-
per, we denote Wy (€, |2|~?), the completion of C§°(€) with respect to the norm
lull = (fq |x|’ap\Vu|pdx)%. To precisely state our existence result, we consider the
eigenvalue problem

—div(|z| 7P|V [PV ) = Na|~(FVPHPlgP2¢, 1z € Q, @)

Let ¢ be the eigenfunction corresponding to the first eigenvalue A; of (2) such that
d(x) > 01in Q, and ||¢|lec = 1.
Let m, 0,9 > 0 be such that

o< <1, x e Q—Qy, (3)
_ p o
o (1- 22|Vl > 0 4
ol (1= o )IVer 2 m, e, @)
where Q5 = {z € Q | d(z,00Q) < §}. This is possible since |V¢| # 0 on 9Q while
¢ =0 on dN. We will also consider the unique solution e € Wy * (9, |z|~*") of the
boundary value problem
—div(|z|~P|Ve[P2Ve) = |z|~(@tVr+8 2 € Q,
e=0, x € 01,

Oe
to discuss our existence result. It is known that e > 0 in Q and — < 0 on 9.

on

Here we assume that the weight function g(x) takes negative values in Qg, but
require g(x) be strictly positive in  — Q.

To be precise we assume that there exist positive constants a, b such that g(x) > —a,
on Qs and g(z) > b on Q — Q.

2. Existence result

A non-negative function 1 is said to be a subsolution of problem (1), if it satisfy
1 > 0 on 0N and
1
/ 2| =P |V P2V - Vwda < / Az|~(@FDP+8g (1) [f(w) - %}wdaz Yw € W,
Q Q
where W = {w € C§°() : w >0 for all z € Q} (see [14]).
A function z is said supersolution of (1), if it satisfy z > 0 on 952, and

1
/ |z|~*P|V2|P~2V 2 - Vwdz > / A~ (@ PHB g () [f(z) - —]wdz, Yw e W.
Q Q 2

Then the following result holds:

Lemma 2.1. (see [8]). If there exist a sub-solution ¢ and supersolution z such that
P <z in Q then (1) has a weak-solution u such that ¥ < u < z.

We make the following assumptions:

(H1) f:(0,00) = (0,00) is C* nondecreasing function.
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(H) Tim L)

s—oo §P— 1 =0
(H3) suppose that there exist € > 0 such that

g f<€ﬁ(p;l+wa) g (eplla(pp— 1+’y))7}

T M (p—1479) me
i) < —
a» af (757)
1
A —1(p—1 2l
iid) o < — e where N = f(© (p +7)") - (=2 )
b “f<€”j) p emTo(p—1+7)

iv) Let n > 0 be such that n > max |z|~(@+P+8 in Q5.
We are now ready to give our existence result.

Theorem 2.2. Let (Hy) — (Hs) hold, then there exists positive weak solution of (1)
for every A € [Ai(€), \*(¢)], where

me

)\*naf<€pll) and)\*max{

Remark 2.1. Note that (Hs) implies A, < A*.

E’Y:pl )\1( 71+,Y)7 ﬂ
ap? "Nb |-

Proof. Now we construct a positive sub-solution of (1). For this, we let

p—1+7y
p

1/}f €EP— 1¢p 1+w
Let w € W. Since Vi = eTi1¢P:jrv V¢, then a calculation shows that
/ 2| P |Vep|P~2Ve) - Vwda = e/ 2|~ ap P |V¢|p V¢ - Vwdz
— e [ el ivop2vo[viet T w) - V(as“*pw)w} dr
Q
- 6/ || ~P Vo2V - V(g w)de — € / [P | V[PV - V(61 5 wda
Q Q
_ —(a+1)p+p STiEs AP —ap p P
= e/|x| A1¢7—1+7 pPwdx —e/|x\ (1 )qb =1 |V¢|Pwdz
N 6/ [la] = (w8 g7t — \wl“"”(1 iy )¢ 5 [V lP | wde.
Q

147
First we consider the case when z € Q5. We have |z|~P (1 — %) IVolP >m
and g(x) > —a. Hence since A < \* = Lﬂ, we have
naf(er=t

—|g:‘70‘p5(1— p 1+ )¢)p 1+~r|v¢|p < mequ e < —me
< “Xanf(erT) < —Aa\ml*“*”p”f(%eﬁqsm),
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at+p—1
p—1 )\ —1 Y
and since A > A\, = € 1(197 +1) , we have
ap
» —(a+D)p+B g7 —(at+1)p+p
o e g < 2 L AR

ﬁ%@—1+ﬂ7_(gkﬂﬁ5¢ﬁ%ﬁw
D

By combining (5) and (6) we see that

6[|x‘7(o¢+1)p+5¢1)—$)\1 _ |l,‘fo¢p(1 _ P >¢—%‘vw|p]
p—1+vy
< Ma| @t etBg(z) | p—1 +16ri1¢ﬁ - 1 .
- — 14y L, P R
(%61’*1 (bp*lJr'v)

p
On the other hand, on 2 — Qs, we have g(z) > b and o < ¢P — 147 < 1. Thus for

A
A> A > jv—;),we have

—(a+)PHB =55 N P — ||~ (1 — P\ =52 P
(jal e (R e I )

< |x‘7(a+1)p+ﬁ€/\l¢p*% < |x|f(a+1)p+ﬁe)\1 < |x|f(a+1)p+ﬁ/\bN

-1 1 1
§|x‘*(a+1)lﬂ+ﬁ)\b[f(u)aeﬁ, ” - ’y}
p ((¥)06p71)
_(a p—1+vy 1 _» 1
S |£L" ( +1)p+5>\g(x) |:f<7’y€p_l¢p_l+w) - 1 1 2 ’Y:|
p ((%)eﬁqﬁ)flﬂ)
1
_ —(a+1)p+8 I
Al o) [fw) - 55
Hence
/ (2] |V P2V - Vwda
Q
< —(e+D)p+B) (P~ 1) — |z|~ P (1 — p — 515 |V P | wd
<c [ [ (@7 = ol (1=~ Yo Vol wde
_ — 14+~ 1 P 1
< A (a+1)p+8 p—1+7 T AP—1F — d
e e e
1

_ —(a+1)p+p8 I

| il (@) 1) = 7 Jwda.

So % is a sub- solution of (1) for A € [A., A*].
Now we will construct a supersolution of (1). For this, we let z := ce and w € W.
Since Vz = cVe then a calculation shows that

/ 2]~V 2V 2 - Vwde = ! / (e P [P Ve - Vs
Q Q

= —cP7! [, div(|z|~P|Ve|P2Ve)wdr = cp_l/ || =T VP By,
Q
By (H2) we can choose c large enough so that
(cllell)?~ (Mllg(@)llcllelle) ™ = flellelloo)-
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Hence

& 2 Mgl) e F(elell) = Ag() f(ce) > Ag(a) [Flee)— | = Ag(w) [ ()= ].

Thus we have
/ 2| 7P|V 2|P2V 2 - Vwdz = P! / \$|_(O‘+1)p+6wdm
@ Q

> o a2 (0) [ £(ce)~ iy e = [ Jol TP g(a) 1)~ .
Q

So z is a supersolution of (1) with z > ® for ¢ large. Thus, there exist a positive
weak solution u of (1) such that ¥ < u < z. This completes the proof of Theorem

2.2. O
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ABSTRACT. In this paper, we study the existence of three solutions to the p(x)-Kirchhoff type
equations in RY. By means of nonsmooth three critical points theorem and the theory of the
variable exponent Sobolev spaces, we establish the existence of three critical points for the
problem. Moreover, we study the existence of three radially symmetric solutions for a class of
quasilinear elliptic inclusion problem with discontinuous nonlinearities in RY. Our approach
is based on critical point theory for locally Lipschitz functionals due to Iannizzotto.
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1. Introduction

In this paper, we are concerned with the following nonlinear elliptic differential
inclusion with p(z)—Kirchhoff-type problem

M ([ 5oy (VP = [l @) ) [ Aoy = [l -2]
€ —\OF(z,u) — poG(x,u) in RN (1)

u=0 onRY,

where p(z) € C(RY) is continuous function satisfying

1<p™ = inf p(x)<p(r) <p" = sup p(z) < 4o,
TzERN zERN
and \, > 0. F,G : RN xR — R is a function in which F(-,u) is measurable for every
u € R and F(z,-) is locally Lipschitz for a.e. z € RY. 9F (z,u) and 0G(z,u) denotes
the generalized Clarke gradient of F(z,u) and G(z,u) at u € R.

Let X be real Banach space. We assume that it is also given a functional x :
X — RU {+oc} which is convex, lower semicontinuous, proper whose effective do-
main dom(x) = {z € X : x(z) < 400} is a (nonempty, closed, convex) cone in X.
Our aim is to study the following variational-hemivariational inequality problem:
Find u € B (it is called a weak solution of problem (1)) if for all v € B,

1
——(|VulP™ — p() p(2) -2 @) —2
M(/RN p(x)(lvul lu(z)| )dm) /RN(|Vu| VuVv — |ul wo)da
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—A FO(z,u;v)de — p GY(z,u;v)dz > 0, (2)
RN RN

where B is a closed convex subset of X = W3 *)(RY), and F°, G° are the generalized
directional derivatives of the locally Lipschitz functions F, G.

The operator Apyu = div(|Vul[P®~2Vu) is the so-called p(z)—Laplacian, which
becomes p—Laplacian when p(xz) = p is a constant. More recently, the study of
p(z)—Laplacian problems has attracted more and more attention (cf. [2]).

The problem (1) is a generalization of an equation introduced by Kirchhoff (cf. [20]).
The study of Kirchhoff model has already been extended to the case involving the
p-Laplacian (cf. [8], [10]) and p(z)—Laplacian (cf. [6], [15]).

Applications of problems involving the p(x)-Laplace operator is applied to the
modeling of various phenomena such as elastic mechanics, thermorheological and
electrorheological fluids, mathematical mathematical biology and plasma physics (cf.
[10], [30], [31]). In recent years, differential equations and variational problems have
been studied in many papers, we refer to some interesting works (cf. [27], [28]).

Many authors investigated variational methods to a class of non-differentiable func-
tionals to prove some existence theorems for PDE with discontinuous nonlinearities.
In [33] author studied a priori bounds for a class of variational inequalities involv-
ing general elliptic operators of second-order and terms of generalized directional
derivatives; in [4], authors studied variational-hemivariational inequalities involving
the p-Laplace operator and a nonlinear Neumann boundary condition; in [1], authors
studied variational-hemivariational inequality by using the mountain pass theorem.

However, authors appeared some technical difficulties for studying problem on un-
bounded domains (cf. [3]). Therefore, to resolve this issue the space of radially
symmetric functions was introduced. For instance, the existence of radially symmet-
ric solutions for a class of differential inclusion problems was considered by many
authors. In [32] author studied infinitely many radially symmetric solutions for a
class of hemivariational inequalities with the Cerami compactness condition and the
principle of symmetric criticality for locally Lipschitz functions; in [24] author studied
the existence of infinitely many radial respective non-radial solutions for a class of
hemivariational inequalities; in [18] authors studied the existence of infinitely many
radially symmetric solutions for a class of perturbed elliptic equations with discon-
tinuous nonlinearities under some hypotheses on the behavior of the potential.

More recently, the study of the three-critical-points for nonsmooth functionals was
investigated. In [23] authors studied the existence of three critical points which ex-
tends the variational principle of Ricceri [29] to nonsmooth functionals. In [19] author
studied three-critical-points theorem based on a minimax inequality and on a trun-
cation argument which extended to Motreanu-Panagiotopoulos functionals. In [34],
authors studied the existence of at least three critical points for a p(x)-Laplacian
differential inclusion based on the nonsmooth analysis.

The purpose of this paper is to prove the existence of at least three solutions for a
variational-hemivariational inequality depending on two parameters in I/VO1 P (w)(RN ).
In fact, the existence result for p(z)—Kirchhoff-type problem with locally Lipschitz
functions under special hypotheses on F' and G is investigated. Also, for the second
part under further additional assumptions, the quasilinear elliptic inclusion problem
is considered. A major problem is that the compact embedding for VVO1 P (x)(RN ) into
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L>®(RM) is required. Hence, we overcome this gap by using the subspace of radi-
ally symmetric functions of Wy (RY), denoted by Wolf(w) (RM), can be embedded
compactly into L>(RY).

The paper is organized as follows. We prepare the basic definitions and properties
in the framework of the generalized Lebesgue and Sobolev spaces. Besides, some basic
notions about generalized directional derivative and hypotheses on F, G are given.
Next, we give the main results about the existence of three solutions in theorem 3.7.
The final part of this paper is concerned with the existence of three radially symmetric
solutions in theorem 4.5.

2. Preliminaries

We recall some basic facts about the variable exponent Lebesgue-Sobolev (cf.
[11],[13],[16]).
The variable exponent Lebesgue space is defined by

LPORN) = {u:RY — R: / lu(z)|P®de < oo}
RN
and is endowed with the Luxemburg norm

lullpy =inf {A>0: /RN |@|p(w)dx} <1}
Note that, when p = Const., the Luxemburg norm ||- ||,y coincides with the standard
norm || - ||, of the Lebesgue space LP(RY).
The generalized Lebesgue-Sobolev space WLP() (RN) for L = 1,2, ... is defined as

WEPO®RY) = {u € LPORY) : D € LPO(RY),|a| < L},

glel

Foroaes. With @ = (a1, a9, - -, an) is a multi-index and |af =

where D%u =
Zf\[:lozi.
The space WP (RY) with the norm
lellwe.or (RY) = 37 1D ullyc,
la|<L
is a separable reflexive Banach space(cf. [12]).
The space WOL’p(') (R™) denotes the closure in WP (RN) of the set of all W E-P()(RY)

-functions with compact support. Hence, an equivalent norm for the space WOL P0) (RN)

is given by
||UHWOL’:D(')(Q) = Z ||Dau||17()
|a|=L

If Q ¢ RY is open bounded domain, let p7 denote the critical variable exponent
related to p, defined for all x € £ by the pointwise relation

Np(z)
% N—I[)/p(w) Lp(x) < N7
pr(z) = 3)
+o0 Lp(x) > N.

For every u € WOL P (')(Q) the Poincaré inequality holds, where Cp, > 0 is a constant
[ull Loy (@) < CpllVullLeer )
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(see (cf. [17])).

Proposition 2.1. (¢f. [16]) Let p’ be the function obtained by conjugating the
exponent p pointwise, that is ﬁ + ﬁ =1 for all x € Q, then p’ belongs to C (Q).
For any u € LPO)(Q) and v € Lp/(')(Q), the following Hélder type inequality valid,

1 1
/ fu(@)o(@)ldz < (= + Yl ol e
Q p p

where LPC)(Q) is the conjugate space of LP) ().

Proposition 2.2. For ¢(u) = [ox [|Vul[P® — |u(z)P®]dz, and u,u, € X, we have
(@) lull < (=>)1 & o(u) < (=>)1,

.. + -
(@2) flull <1 = ul” < ¢(u) < ul/”,

- +

(#id) [lull = 1= [lul” < d(u) < [ul”,

(10) ||un|| = 0 < ¢(un) — 0,

(V) lunl|l = o0 & P(uyn) — .

Proof is similar to that in (cf. [16]).
Proposition 2.3. (¢f. [16],[21]) For p,q € C+(Q) in which q(x) < p}(z) for all
x € Q, there is a continuous embedding
wEPO(Q) — LIO)(Q).

If we replace < with <, the embedding is compact.
Remark 2.1. (i) By the proposition (2.3) there is a continuous and compact em-
bedding of Wol’p(')(Q) into L20)(Q), where q(z) < p*(x) for all z € Q.

(i4) Denote by

Jull =int{3 >0+ [ (1SEPE - F@lde < 1),

RN )\ )\

which is a norm on Wol’p(')(RN).

Here, we recall some definitions and basic notions of the theory of generalized
differentiation for locally Lipschitz functions. We refer the reader to (cf. [5], [7], [25],
[26]).

Let X be a Banach space and X* its topological dual. By || - || we will denote the
norm in X and by < -,- >x the duality brackets for the pair (X, X™*).

A function h : X — R is said to be locally Lipschitz continuous, when to every z € X
there correspond a neighborhood V,, of x and a constant L, > 0 such that

|h(2) — h(w)| < Ly||z — wl|, Vz,w € V.

For a locally Lipschitz function h : X — R, the generalized directional derivative of
h at u € X in the direction v € X is defined by

RO(u;y) = limsup hlw +ty) = h(w)

w—ru,t—0t t
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The generalized gradient of h at u € X is
Oh(u) ={z* € X* : <a*,y >x< h(u;7), ¥y € X},

which is non-empty, convex and w*—compact subset of X*, where < -,- >x is the
duality pairing between X* and X.

Proposition 2.4. (¢f. [7]) Let h,g : X — R be locally Lipschitz functionals. Then,
for any u,v € X the following hold:
(1) h%(u;-) is subadditive, positively homogeneous;
) Oh is convex and weak® compact;
3) (—h)° (us v) = hO (u; —0);
4) the set-valued mapping h: X — 2X" s weak* w.s.c.;
) hO(u;v) = max,,- con(u) < U,V >;
) O(Ah)(u) = MNOh(u) for every A € R;
) (h+9)°(usv) < W (us0) + g% (u;v);
) the function m(u) = min,epp() Vx~ evists and is lower semicontinuous; i.e.,
liminf,, ., m(u) > m(ug);
(9) O(u;v) = max,-conu) (u”,v) < Lijo].

(2
(
(
(
(
(
(

5
6
7
8

Proposition 2.5. (c¢f. [7])(Lebourg’s mean value theorem) Let h : X — R be a locally
Lipschitz functional. Then, for every u,v € X there exists w € [u,v], w* € Oh(u)
such that h(u) — h(v) = (w*,u — v).

Definition 2.1. (cf. [26]) Let X be a Banach space, T : X — (—o0, +00] is called a
Motreanu-Panagiotopoulos-type functional, if Z = h + x, where h : X — R is locally
Lipschitz and x : X — (—o00, +00] is convex, proper and lower semicontinuous.

Definition 2.2. (cf. [19]) An element u € X is called a critical point for Z = h+ x if
RO (u;v — u) + x(v) — x(u) >0, Vo€ X.
The Euler-Lagrange functional associated to problem (1) is given by
— 1
T(u) = M(/ (V@ — |u|p<m>)da:) - / Flz,u)de — | G(x,u)da,
RN P(x) RN RN

where M fo 7)dT and M (t) is supposed to verify the following assumptions:
(M) There exist m1 and mg in which m; > mg > 0 and for all t € RT, mg <
M(t) < my;

(M,) For all t € R*, M(t) > M(t)t.

Denote ® : Wol’p(')(RN) — R, as follows

1
O(u :/ ——[|VuP® — |uP®))dz
(u) RNp(x)H | Ju "]
The next lemma characterizes some properties of ® (cf. [14]).

Proposition 2.6. Let ®(u) = [on = ol [[Vul[P®) — |uP@)|dz. Then
(i) ®: X > Ris sequentzally weakly lower semicontinuous.

(i7) " is of (S+) type.
(i4i) @' is a homeomorphism.
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Proposition 2. 7 (cf [7 ]) Let F G RY x ]R —> R be locally Lipschitz function and

set F(u) = [pn F (x))dx = [en G x))dzx. Then F, G are well-defined
and
FOu;0) S/ FOu(z);v(x))dz, G°(u;v) S/ G (u(z);v(x))dx, Yu,v € X.
RN RN

3. Three solutions for a differential inclusion problem

For the reader’s convenience, we recall the nonsmooth three critical points theorem.

Theorem 3.1. [19] Let X be a separable and reflexive Banach space, A a real interval
and B a nonempty, closed, convex subset of X. ® € C*(X,R) a sequentially weakly
l.s.c. functional and bounded on any bounded subset of X such that ®' is of type
(S) 4+, suppose that F : X — R is a locally Lipschitz functional with compact gradient.
Assume that:
(7) lim\lul\—>+oo[q> — AF] =400, VAEA,
(49) There exists po € R such that

sup inf [(I> + Apo — F(u))] < inf sup[® + A(pp — F(u))].

AEA UEX u€X \ecA
Then, there exist A1, 2 € A (A1 < A2) and o > 0 such that for every A € [, A2
and every locally Lipschitz functional G : X — R with compact derivative, there exists
1 > 0 such that for every u €0, py[ the functional ® — AF + uG has at least three
critical points whose norms are less than o.

Let us introduce the following conditions of our problem.

We assume that F : RN x R — R is a Carathéodory function, which is locally Lips-
chitz in the second variable and satisfies the following properties:
(F1) €] < K(|s["®)=1 4 |s]*®)=1) for all ¢ € 9F(x,s) with (z,5) € RY x R
(1<p <plz)<pt <27 <z(x) <zt <t™ <tlx) <ttt <p*(x));
(Fy) |F(x,s)] < H(|s|*® +s|°®) for all (z,5) e RN xR (H >0, 1 <a~ <a(z) <

T <BT <Bx) < BT <p” <pla) <pt <pa))
(Fs) F(x 0) = 0 for a.e. # € RY and there exists 4 € Wol’p(')(IRN) such that
Jan F(z,0)dz > 0 for a.e. x € RY;
(G) €] < K'(1 4+ |s|"®~1) for all £ € IG(z,s) with (z,5) € RN xR (1 < p~ <
plx) <p* <r” <r(x) <rf <p*()).

We need the following lemmas in the proof of our main result.

Lemma 3.2. If (Fy) holds, then F : X — R is locally Lipschitz functional with
compact gradient.

Proof. First we prove that F is Lipschitz continuous on each bounded subset of X.
Let w,v € B(0,M) (M > 0) and ||u|,|lv|]] < 1. From proposition 2.5, the Hélder
inequality and the embedding of X in L!®)(RN) and L*®)(RN)

[ F(u) = F(v)] < /RN |F (2, u(x)) = F(z,v(z))|d

< / K (Ju(@)|"® = 4 o(@)| 7+ Ju(@) 97+ o@) 2O u() — v(e)|de
]RN
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< K([[[u(@)[" 71 + [o(@) D7) o @ It = vl oo @)
FE (| [u(@) 7+ @) PO e @y e = vl oo @y
< 2K(01M’27—1 + C2Mt7_1)||u -,

where ¢y, ¢y are positive constants.
We prove that OF is compact. Let {u, } be a sequence in X such that ||u,| < M and
choose u}, € OF (uy,) for any n € N. From (F}) it follows that for any n € N, v € X,

<Up,v> < / IUZ(Jf)Hv(I)IdIS/ K (Ju(@)|"S 7" + Ju(@) ) o() |de
RN RN

< (esM' M+ eM® Y|,

where c3, ¢4 are positive constants.
Consequently,
HU:LHX* S (C3Mt_71 + C4MZ_71).
The sequence {u)} is bounded and hence, up to a subsequence, u} — u*.
Suppose on the contrary; we assume that there exists € > 0 for which [Ju} —u*||x« > €
(choose a subsequence if necessary). For every n € N, we can find {v,} € X with
[lvn] < 1 and
(ul —u*,v,) > e (4)

Then, {v,} is a bounded sequence and up to a subsequence, v,, — v, ||v,,~v|| Lt () =
0 and [|v, — v| =) () —+ 0. Hence,
€

Y

*_*, <
[, =, 0)| < 5

€
[ o = )] < 5,
€

Up — U z) < _
H n HLN ) 4KC4M27_1

€
IKes Mt 1 [vn — vl 2@ <

It follows that,

(uy, —u*,v,) < (ul,vp — )+ (u) —u* v) + (U, v — vy)
< / |un (@)[[on(2) = v(@)|de + (uy, —u®,0) + (W, v = vp)
RN
< K(Cth_ilnvn — || pe + C4Mz_71 lvn — v f2)
+(uy, —u*,v) + (U, v —v,) =0,
which contradicts (15). O

Lemma 3.3. Let G be satisfied. Then G is a locally Lipschitz functional with compact
gradient.

The proof is similar to lemma (3.2).
The next lemma points out the relationship between the critical points of Z(u) and
solutions of Problem (2).

Lemma 3.4. Every critical point of the functional T is a solution of Problem (1).

Proof. Let u € X be a critical point of Z(u) = ®(u) — AF(u) — uG(u) + x(u). Then
u € B and by definition 2.2

(®"u,v —u) + MN=F)(w;v —u) + pu(=G)°(u;v —u) >0, YveX.
Using proposition 2.7 and proposition 2.4, we obtain the desired inequality. O
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Lemma 3.5. (c¢f. [19]) Let (Fy) and (F3) be satisfied. Then, there exists G € B such
that F(ii) > 0.

Lemma 3.6. If (Fy) holds, then for any A € (0, +00), the function ® —A\F is coercive.
Proof. For u € X such that ||ul| > 1

Flu) = / F(z,u)ds < / H (jul ) 4+ u]P@)de < H (a0 ey 0l s )
RN RN
By the embedding theorem for suitable positive constant cs, cg it implies that
at +
Flu) < Hesllull %+ eollull)-
Consequently, by using proposition 2.2, for any A > 0,

1 - + +
() = AF(w) =l — Hies|lull + col|ull% )-

Since p~ > min{a™, g1}, it follows that
lim [® — AF] =400, Yue X, \e (0,+00).

llull—+oc0

O

Theorem 3.7. Let Fy, Fy, F5 are satisfied. Then there exist A1, Ao > 0(A1 < A2) and
o > 0 such that for every A € [A1, \a] and every G satisfying G, there exists p; > 0
such that for every p €)0, u1[ problem (1) admits at least three solutions whose norms
are less than o.

Proof. Due to Lemma 3.4, we are going to prove the existence of a critical point
of functional Z. First, we check if 7 satisfies the conditions of the nonsmooth three
critical points theorem 3.1. It is clear that Lemma 2.6 shows that & satisfies the
weakly sequentially lower semicontinuous property and ®’ is of type (S5 ). Moreover,
according to Lemma 3.2, the functional F is weakly sequentially semicontinuous.
Since Lemma 3.6, implies that ® — A\F is coercive on X for all A € A =]0, +o0], so,
the assumption (i) of theorem 3.1, satisfies.

Case 1. Let us assume that ||Jul| < 1.
Set for every r > 0,

01(r) = sup{F(u);u € X, %Hu“’r <r},

we indicate that

lim 210

r—0t 7

=0. (5)
From (F}), it is follows that for every e > 0, there exists c¢(e) > 0 such that for every
z€QueRand € € OF(x,u)

€] < e 7 4 e(e)ulF71 (6)

Applying Lebourgs mean value theorem and using the Sobolev embedding theorem
for every u € X, there exist suitable positive constants c¢; and cg

xT zZ\x + Z+
Flu)= [ Fleudr < / Rl 4 [l ) < Kl gy + 005 o )

n
1[4

t+ 2t %
< Ker([lully +[lully ) < Kes(re= +re™).
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It follows from min{¢t*, z*} > p~ that

0
tim 20
r—0t T
From Lemma (3.5), @ # 0. Hence, in view of (5), there is r € R in which
m ~ - 9 T }-’[L

0<r< P, 0< 8l < :%HE”LH)P"
Choose pg > 0 such that

rF (U

01(r) < po < m1|1§||1))7
=

especially, pg < F(a).
We claim that

sup iné[@(u) + Mpo — Fu))] <.
AEAUE

It is obvious that the mapping

A — sup in%[@(u) + AMpo — F(u))]
)\EA“‘G

is upper semicontinuous on A and

lim inf [®(u) + A(po — F(u))] < lim [%naup‘ + Mpo — F())] = —oo.

A—+oo ueB A—+oo

Therefore, there exists A € A in which

sup inf [®(u) + A(po — F(u))] = 32%[%”””’)7 +AMpo = F(u))]-

AeA UEB
We cogsider two cases:
(I) If Apo < r, we obtain
m

inf 71 P \ _ < Y .
I [ lull” 4+ Mpo = F(u))] < Apo <7

(II) If Apo > 7, from (7) we obtain

oM - mi, - < .
[l Ao = Fu))] < Tl + Ao — F(i) <
M1 ap— r N
< —al)? + —(po—F(u)) <r.
Pl + Lo = F (@)
We claim that

inf sup[®(u) + A(po — F(u))] > r.
u€B N A

Infact, for every u € B there are two cases:

(I) If ]:(’LL) < po,

sup[®(u) + A(po — F(u))] = +o0.
AEA

(I1) If F(u) > po, by (7)

sup|@(u) + Apo — F(u))] = 2(u) 2 %Ilullp* -

From (8), (9) and the assumption (4i) of Theorem 3.1, this case verified.
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Case 2. Assume that ||u| > 1.
Similar to case 1:
Set for every r > 0

O2(r) = sup{F(u);u € X, %Hu”p+ <r}
We claim that
0
lim 2(7)

r—0t T

—0. (10)

In order to Proposition 2.3, for every u € X by continuous and compact embedding,
it implies the existence of cg and c1g such that

F = [ Plwde < [ K + " )de < Kl wn + el o)

+ +
< Keo([Jullx + llullk ) < Keio(re™ +727).
It follows from min{¢t*, 2"} > pT that

im 20 g
r—0t 7
Using Lemma 3.5 4 # 0, therefore, due to (10), there is some r € R such that
0 F(u
0<r< Myapt, o< T
p r Sllalr
Let po > 0 such that
rF(u
02(r) < po < o) (11)
prllalr
We claim that
sup inf [®(u) + A(po — F(uw))] < r. (12)

AEA ueB

Because of the mapping

A = sup infB[fI)(u) + Apo — F(u))]
AEA UE

is upper semicontinuous on A, so

. _ i (M ale ~ Fa)] = —
Jim (@) + Ao — F)] < lim 22" + Moo ~ ()] = —oc.

Therefore, there exists A € A

sup inf[(u) + Apo ~ F(w)] = inf[" Jul”" + Xpo ~ F(u))]

We cogsider two cases:
(I) If Apo < r, we obtain

. my + < -
f[—|lul||P Apo — F < Apo <.
[Pl + Alpo — F(u))] < Ao < r
(II) If Apo > 7, from (11) we obtain

nf I wulPt - N e — < MalP" £ X oo — Fla) <
=l 4 Apo = F(w)) < =@l + AMpo = F(@)) <
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1 + T
< —lalf? + —(po — F(a)) <.
e R A)
Next, we claim that
inf sup[®(u) + A(po — F(u))] > r. (13)
ueB xen

For every u € B two cases can occur:
(I) If F(u) < po we have

sup[®(u) + A(po — F(u))] = +o0.
AEA

(I1) If F(u) > po we have by (11)

sup[®(u) + A(po — F(u))] = (u) = ijIIUHP > 7.
AeA p

For function G which satisfies (G), it follows from Lemma 3.3, that the functional G :
X — R is locally Lipschitz with weakly sequentially semicontinuous. From Theorem
3.1 there exist A1, Ay € A (without loss of generality we may assume 0 < \; < Ag)
and o > 0 with the following property that, for A € [A;, o] there exists p; > 0 in
which: for every py €]0, u[, the functional ® — AF — puG admits at least three critical
points ug, u1, uz € B with ||u;]| < 0. So by Lemma 3.4 ug, uy, us are three solutions of
the problem (1). O

4. Three radially symmetric solutions for a differential inclusion problem

In this part we apply Theorem 3.1 to show the existence of at least three radially
symmetric solutions for a variational-hemivariational inequality. The main difficulty
in studying our problem is that there is no compact embedding of Wy ™) (Q) to
L>®(RYM). However, the subspace of radially symmetric functions of WO1 P (m)(RN ),
denoted by Wol,’fu)(]RN ) can be embedded compactly into L>(RY) whenever N <
p~ <pt < oo

Choosing X = W&’f(')(RN ) and applying the nonsmooth version of the principle
of symmetric criticality we consider the differential inclusion problem

{ —A Ut |u|P@) =2y € Xa(z)F(x,u) + pob(x)G (z,u) on RN

(14)
u(z) — 0 as |z| — oo,

where A, i are positive parameters and F,G : R — R are locally Lipschitz functions.
a,b € L>®(RY), are radially symmetric and a,b > 0.

Let O(N) be the group of orthogonal linear transformations in RY. We say that
a function [ : RV — R is radially symmetric if I(gx) = I(x) for every g € O(N) and

x € RY. The action of the group O(N) on Wol’p(')(RN) can be defined by (gu)(x) :=
u(g~tx), for every g € O(N) and u € Wol’p(')(RN). We can define the subspace of
radially symmetric functions of VVO1 »() (RN) by

WP (RY) = {ue Wy P (RY) 1 gu = u,Vg € O(N)}.

Proposition 4.1. [9] The embedding Wol’f(')(]RN) — L®(RYN), is compact whenever
N <p™ <pt < +c0.
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The energy functional Z : Woly’f (')(RN ) — R associated to problem (14) is given by

T = ®(u) — AF(u) — pG(u) + x(u)
such that

Flu) = / a(@)F(z,u)de,  G(u) = / b(2)G(z,u)dz, vu e Wy PORY),
RN RN

where x(u) is the indicator function of the set B.

By the principle of symmetric criticality of Krawcewicz and Marzantowicz (cf. [22]),

)

Lemma 4.2. Assuming (Fy) satisfies, F : X — R will be locally Lipschitz functional

and sequentially weakly semicontinuous.

u is a critical point of Z if and only if u is a critical point of Im= I|W1,,,(.)(RN
0,r

Proof. By similar argument of Lemma 3.2 we show that F is Lipschitz continuous
on each bounded subset of X. Let u,v € B(0,M) (M > 0), and ||ul],||u| < 1. From
proposition 2.5 and thanks to proposition 2.3

[ F(u) = F(v)] S/ |a(z)(F(z, u(x)) = F(z,v(z)))|dz

RN
< [, Ka@ (@)™ + (@) + @O + o@) 0
X|u(z) — v(z)|dx

< Klallllu = vl [ u@[ @ o+ [ Jo(a) e
RN RN

[ @ e [ @) e
RN RN
< K all ool — oo (et + Nollocd + izt + ol
< Klall ol — vllx (s = + ol =+ ulle =+ ol )
S 2K||u — U”X(CllMt_il —+ ClgMZ_il)
where c11, c12 are positive constants.
We show OF is compact. Let {u,} be a sequence in X such that |ju,| < M and

choose u}, € OF (un) C [on a(2)0F (x,un(x))dz for any n € N. From (Fy) it follows
that for any n € N, v € X,

<uw> < [ @@l < [ Kla@](u@) O + @O o)l

Kllallpe (c1sM* ~" 4 craM® ~H)|Jo]],

where cy3, c14 are positive constants.
Therefore,

IN

gl < Kllallie (eaM* ~ + eradt 1),
The sequence {u’} is bounded and hence, up to a subsequence, u}, — u*.

Suppose on the contrary; there exists € > 0 for which |Ju} — u*||x« > € (choose a
subsequence if necessary). For every n € N, we can find v, € X with [jv,] < 1 and

(uy, —u*,v,) > €. (15)
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Then, {v,} is a bounded sequence and up to a subsequence, {v,} be a sequence in
W:,’(f(')(Q) which converges weakly to v € W:ﬁ’é’(')(ﬂ). By proposition 4.1, v, — v
strongly in L (). Therefore,

(s —u*,v)| < =, (U, op—v)| < =, | < < a—
4 4 2K ||a||pee (s Mt —1 + g M= 1)

|’Un7’U||Loo

It follows that,

(ury, —u*,v) < (uy, v, —v) + (uy —u*,v) + (U, v —vy,)
S/ [ (2)[Jon () — v(@)|dz + (uy, — u*, 0) + (W70 — o)
RN

< Kllafzo (cisM' ~1 + cpaM* 7)oy — ]| oo
+<U:’ - U*,’U> + <U*7U - Un,> - O,

which contradicts (15). O

Lemma 4.3. If G satisfies, then G is a locally Lipschitz functional with compact
gradient.

The proof is similar to Lemma (4.2).
Lemma 4.4. If (Fy) holds, then for any A € (0,400), the function ®—AF is coercive.

Proof. For v € X such that |lu|| > 1

Fu) = /RN a(z)F(x,u)dx < /RN H|a(x)\(|u\a(1) + |U,‘ﬁ(z))d$

IN

+ +
Hall o (el gy + 100 5o, )-
By the embedding theorem for suitable positive constant cis, c16
+ +
Fu) < Hljall = (ersull & + exllullx ).

Hence, from Proposition 2.2, for any A > 0,
1 - at +
P(u) — AF(u) = EIIUII% — Hllal| > (cas|[ull % + easllullk )-

Since p~ > min{a™, 8T}, it implies that

lim [®—AF] =400, YueX, Xe (0,+00).

llull—+o00

O

Theorem 4.5. Let a,b € L>(Q) be two radial functions and Fy, Fy, F5 are satisfied.
Then there exist A1, A2 > 0(A\1 < A2) and & > 0 such that for every A € [A1, \2] and
every G satisfying G, there exists p1 > 0 such that for every p €]0, u1[ problem (14)
admits at least three distinct, radially symmetric solutions whose norms are less than

ag.
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Proof. Case 1. Let us assume that |Jul| < 1.
Put for every r > 0,

01(r) = sup{F(u);u € X, %nuuff <r},

we prove that

lim 6r(r)

r—0t T

=0. (16)
In view of (F}), it is follows that for every € > 0, there exists c(e) > 0 such that for
every € RV, u € R and ¢ € OF (z,u)

€1 < elul @7 4 e(e)ul* (17)

Applying Lebourgs mean value theorem and using the Sobolev embedding theorem
for every u € X, there exist suitable positive constants c¢17 and c;g

Flu) = / F(z,u)dz < Ka(z)(Ju]'® + u)*@®)dz
RN RN
t+ z+
< Klallzee ([[ull o) may + [ull7 200 @)
s + it =t
< Kla|lp=ecir([Jullx + lullk ) < Klla||pscig(re™ +727).

By using min{¢*, 2%} > p~ we conclude that

lim O0(r)

r—0t T

=0.

The remainder proof for the existence of three radially symmetric solutions of problem
(14) is similarly to Theorem 3.7. O
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Lukasiewicz Implication Prealgebras

ALDO V. FIGALLO AND GUSTAVO PELAITAY

ABSTRACT. In this paper we revise the Lukasiewicz implication prealgebras which we will
call Lukasiewicz I—prealgebras to sum up. They were used by Antonio Jesis Rodriguez
Salas on his doctoral thesis under the name of Sales prealgebras. These structures are a
natural generalization of the notion of I—prealgebras, introduced by A. Monteiro in 1968
aiming to study using algebraic techniques the {— }-fragment of the three-valued Lukasiewicz
propositional calculus. The importance of Lukasiewicz I —prealgebras focuses on the fact that
from these structures we can directly prove that Lindembaun-Tarski algebra in the {—}-
fragment of the infinite-valued Lukasiewicz implication propositional calculus is a Lukasiewicz
residuation BCK-algebra in the sense of Berman and Blok [1]. This last result is indicated
without a proof on Komori’s paper ([8]) and it is suggested on his general lines on the Rodriguez
Salas thesis.

2010 Mathematics Subject Classification. Primary 03G25, Secondary 06F35.
Key words and phrases. Lukasiewicz implication prealgebras, I—prealgebras, Lukasiewicz
residuation BC K —algebras.

1. Introduction and preliminaries

In 1982, A. Torgulescu said that she came up with the idea of the I —prealgebras af-
ter reading about preboolean sets in [11, 12] and about Nelson algebras and Lukasiewicz
algebras in [10], on one side, and about I—algebras [13]. For details please go to [7].

On the other hand, in 1980, A. Monteiro introduced a particular class of I-
prealgebras. In this paper, we will use Monteiro therminology.

In 1930 Lukasiewicz considered the matrix L,11 = (Chy1,—,~,D) and L =
([0,1], =, ~, D), where:

(i) Chy1 = {0, %, %, cee ”T_l, 1}, n is a positive integer and [0, 1] is the real interval;
(ii) If p,q € Cpy1 or p,q € [0,1], then the implication, —, is defined by the formula
p—qg=min{l,1 —p—+q}, the negation, ~, by ~p=1—p; and
(i) D = {1} is the set of designated elements.

For the ones interested in focusing on the many algebraization of the Lukasiewicz
propositional calculus, we recommend reading the important book [2] indicated in the
references section.

In the following, we will denote with (n + 1)—IL, n > 1, and with w—IL to the
propositional calculus determined by the implicative parts of L,, 1 and L respectively.

In 1956, Rose [16] indicated an axiomatization of the w—IL, where he proved the
substitution rules, the modus ponens and the axioms:

(C1) p— (¢ = p),

Received April 3, 2016.
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(C2) p—q) = ((g—1)—=(p—1)),
(C3) ((p—=4q) = a) = ((g—=p) > p),
(C4) (p—q) = (¢ —p) = (a2 D),
are sufficient. On the same article adding the axiom scheme:
(C5) ((x =ny) = x) =z,
determined an axiomatization of the (n + 1)—IL, where
(Abl) p—0g=q and p—pr1¢=p— p—ngq),forn=0,1,2....

In [9] Monteiro, with the purpose of studying the 3—IL with algebraic techniques,
introduced the concepts of Is—prealgebras and 3-valued Lukasiewicz implication alge-
bra. The results obtained by this author were exposed in 1968 in a course given at
Universidad Nacional del Sur but they have not been published yet.

On this work, we take our research based on the algebraization method proposed
by Monteiro, who has shown his excellent studies on many propositional calculus. To
begin with, we consider the I-prealgebras and then the I,,,1—prealgebras, as general-
izations of the Is—prealgebras of Monteiro and we redo some proofs of the properties
needed for the rest of the work exposed here, indicated by Monteiro in [9]. In particu-
lar, we concentrate on those properties in which the axiom referring to the n-valence,
of the Definition 4.1, does not take place here.

2. Lukasiewicz I—prealgebras

Definition 2.1. The system (A, —, D) is a Lukasiewicz implication prealgebra (or
Lukasiewicz I—prealgebra) if we verify:
(i) (A, —) is an algebra of type 2,
(ii) D is a non-empty subset of A such that for every p,q,7 € D the conditions are
verified:
(R1) p— (¢ —=p) € D,
R2) (p—=q) = (g—r)—=(p—r)) €D,
(R3) (pvq) = (¢Vp) €D,
(R4) (p =)V (¢ = p) € D, where (Ab2) pVg=(p—q) = q
And the modus ponens rule:
peD,p—qeD

q )

(MP)

Example 2.1.
(i) If (A, —) is an algebra of type 2, then (A, —, A) is an Lukasiewicz I—prealgebra.
(ii) The matrix (Cp41,—,{1}), n > 1, and ([0, 1], —, {1}) are Lukasiewicz I— pre-
algebras.
(iii) If (For(G),—) is an algebra of type 2 absolutely free and T is the set of the
thesis of the w—IL, then (For(G), —,T) is an Lukasiewicz I—prealgebra.

Throughout this section A is the underlying set of the I—prealgebra (A, —,D).

Definition 2.2. Let (4, —, D) be a Lukasiewicz I-prealgebra. Let p,q € A, we say
that p X qif p > g€ D.

Lemma 2.1. Let (A, —, D) be a Lukasiewicz [-prealgebra. Then the following prop-
erties are verified:
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If p<qand g <r thenp <r.
Ifde D andp € A, then p <d.
(g—=p)—=rp—=r.

pP=qVp.

q=qVp.

(q\/r)—)s%q—>s
—sp=r)=qg—(p—r).

p—=(g—=r)=(¢gvr)—=(p—r).

p=(g—r)qg—=(p—r).
(110) p—>(¢—=p) Z2qg—(p—=p).
(I11) ¢ = (p — p)-
(I12) p < p.
I13) g—=r=<(p—>q) = (p—r).
(I14) If g < r, thenp —q=<p—T.
Proof. (11):
(1) p—q€D [hip.]
(2) ¢g—rebD [hip.]
3)p—rebD [(1), (2), R2, MP]
4) p=r [(3), Definition 2.2]
(12):
(1) de D and p € A, [hip.]
(2) d— (p—d) €D, []
()P%dED [(1), (2), MP]
(4) p= [(3), Deﬁmtlon 2.2]
(13):
(1) p—(¢—p) €D, [R1]
2 p—=(@—p)—=((g—=p) —r)=(p—r)eD, [ 2]
(3) ((g—=p)—=r)—=>(p—r)€D. [(1), (2), MP]
4) (g—=p)—>r=p—>r. [(3), Deﬁmtlon 2.2
(14):
(1) p—((¢—=>p) > p) €D, [R1]
(2) p—(qVvp) €D [(1), Ab2]
(3) p=qVp [(2), Definition 2.2]
(15):
(1) p=<qVp [(14)]
(2) qVp=pVyq [R3, Definition 2.2]
(3) p=pVa (1), (2), (11)]
(16):
(1) (g—=(gvr)—=(((gvr)—s)—(¢g—s)) €D, [R2, Definition 2.2
(2) ¢ —(qgVvr) €D, [(15), Definition 2.2]
(3) ((qvr)—s)— (¢g—s) €D, [(2), (1), Definition 2.2, R2, MP]
(4) (qVr) > s=qg—s. [(3), Definition 2.2
(In:

- (((g=r)=r)=>(p—or)eD,

<(gVvr)—=(p—r).

[(1), Ab2,

[R2]
Definition 2.2]
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(
p—=(@—r)=2((gVvr)) = (p—r),
(gvr) = (p—r)2qg—(p—r),
( )p—>(q—>r)jq—>(p—>r)-
We get this result substituting r for p in (19).
(111):
(1) (p—=(@—p)—(@—=(—p)eED,
(2) ¢ = (p—p)eD.
(112):
(1) = (@—p)—@—p €D,
(2) p—>peD.

9):
1)
2)
3)
10

— e~~~ p—

(=9 —=WUg—=r)=>@—=1) = (g—>r1)—>
19

q) = ((g—=r)—=(p—r)) €D,
r) = (p—q —@—r1)eD.

Theorem 2.2. (A, <) is a quasiorder set.
Proof. The proof is followed by (I1) and (112).

[Definition 2.2, (110)]
[(1), R1, MP]

[(T11)]
(1), R1, MP]

(p—q — (»—r1)) €D,

[R2]
[(2), (1), MP]

[hlp]
[(1), (113), MP]
[(2), Definition 2.2]

O

d

Definition 2.3. Let (A, —, D) be a Lukasiewicz [-prealgebra. Let p,q € A. We will

say that p =q if p < q and q < p.

Theorem 2.3. The relation = has the following properties:

(i) p=2qand g=r implyp < r,
(ii) p = q and p = s imply s < q,
(iii) p X g, p=s and g =r imply s < r.

Proof. The proof is followed by (I1).

Theorem 2.4. The relation = is compatible with the operation — .

(i) fp=gthenp—>r=q—r:
(1) p—qeD,
2) p—=a)—=(g—r)—=(—r)) €D,
B3) (g—=r)—=(—r)eD,
(4) g—=r=2p—r,

In an analogous way, we can prove that:

B)p—or=q—r.

(ii) p=gthenr - p=r = ¢
(1) p—qeD,
2) p—q = ((r—=p) —(r—q)eD,
(3) (r—p)—=(r—q) €D,
4)r—=p=2r—gq

[hip.

]
[ 2]
(1), (2), MP]
[(3), Deﬁmtlon 2.2]

[hip |

[(113)]

[(1), (2), MP]

[(3), Definition 2.2]
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Similarly, we show that:
B)r—=qg=r—p.

Theorem 2.5. Ift € D then [t]| = D, where [t ={p€ A:p=t}.

(i) D C [t]:
Indeed, let d be an element of D, then
(1) t e D, [hip.]
(2) de D, [hip.]
(3) d—>te D, (1), (12)]
(4) t —deD, [(2), (12)]
(5) d=t, [(3), Definition 2.2
(6) t=d, [(4), Definition 2.2]
(7) d=t, [(5), (6), Definition 2.3]
(8) delt, [(7)]
(9) DC[t, [(2), (8)]
(ii) f) S D
Indeed
(1) pelt], [hip.]
(2) p=t, (1]
B)t—op=t—t [(2), Theorem 2.4 (ii)]
(4) t—peD, [(3), (112)]
(5) te D, [hip.]
(6) pe D. [(5), (4), MP]
(7) [t D. [(1), (6)]

3. Lukasiewicz [—prealgebras of the Lindenbaum-Tarski algebras

As a consequence of Theorem 2.4 we can explain the quotient set. If [p] — [¢] =
[p — ¢] and D =1, then (A/ =,—,1) is an algebra of type (2,0).

Definition 3.1. The algebra (A/ =, —,1) is called the Lindenbaum-Tarski algebra
of the Lukasiewicz I—prealgebra (A, —, D).

With the intention of indicating important properties of the Lindenbaum-Tarski
algebra we previously noted a list of additional properties valid in every Lukasiewicz
I—prealgebra:

Lemma 3.1. Let (A, —, D) be a Lukasiewicz I—prealgebra. Then the following prop-
erties can be verified:

(I15) gVg=gq

(I16) (g —=7r) = (p—1)) 2 (V)= (¢Vr)
I17) p—>qg=(pVr)—=(qgVr)

(I18) p—=r=<(pVq) — (rvq)

(I19) p—=qg=<(rvp — (rvq

(I120) g > r X (rvgqg) = (rvr).

Proof. (I15):
(1) ¢— ((¢ = q) —q) €D, [R1]
(2) ¢ = (qVvaq) €D, (1), Ab2]
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3) (¢—q)— (¢g—q Vq) €D, [(I5), Definition 2.3]
(4) (¢—=aq) = ((g—q) = (¢—q)Va)eD, K)(H
(5) (4= ) VaeD, (4), (112), MP)
(6) ((g—=4q)—q) —q€D, [(5), Ab2]
(7) (aVa) =~ q€D, [(6), Ab2]
(8) ¢Vvg=q. [(2), (7), Definition 2.3]
(116):
M) (@) > @)= (=) =) = (g=r) =) €D, R2)
2) ((g=r)=(@—=r) = (pVvr)—(¢Vr))eD. [(1), Ab2]
((3) )(q —r)=>(p—=r)=(pVvr)—=(¢Vr). [(2), Definition 2.2]
117):
W p—=qg=(gq—r)—=(p—r), [R2, Definition 2.2]
() (pvr) = (qvr) €D, R3]
(3) (g—1) = (p—7) < (pVr) = (V7). [(2), (I2), Definition 2.2]
(1) p— g = (pVr) = (qVr) (1), (3), (11)
(118):

Comes from (I3) replacing ¢ by r and r by g.
(119):
(1) pVr=rvVp, [R3, Definition 2.2, Definition 2.3]
(2) gVr=rvy, [R3, Definition 2.2, Definition 2.3]
B)p—=qg=(g—r)=>—r), [R2, Definition 2.2]
4) (g=r)=p-or)=2((pVvr)—=r)=>(g—r)—>71), [R2, Definition 2.2]
(5) p—=q=(pVr)—=(qVr), [(3), (4), (I1), Ab2]
(6) (pvr)—=(gvr)=(rVp) — (qVr) [(1), Theorem 2.4]

=(rvp) — (rva), [(2), Theorem 2.4

(M) p—=qg=(rVvp) = (rVyg). [(5), (6), Theorem 2.3]
(120):

Results from (I19) substituting p for ¢ and ¢ for r. O

Now we can analyze the order given by the algebra A/ =. For that we give some
results.

Definition 3.2. Let p, ¢ € A; [p] < [q] if and only if p < q.

The pair (4/ =, <) is an ordered set which has the properties mentioned in Theo-
rem 3.2.

Theorem 3.2. (A/ =,<) is an ordered set with a last element 1. Besides, it is a
join-lattice where the greatest of the elements [p] and [q] is [p]V [¢] = [p V q].

Proof. (i) <isan order: It is a consequence of Theorem 2.2 and the Definition 2.3.
(i) [p] <1, for every p € A: Let p € A, then:

(1) It exists t € D, [Definition 2.1 |

(2) p—teD, [(12), Definition 2.2]

B)p—@p—t)eD, [(2), (I2), Definition 2.2]

(4) p—tl= [(2), Theorem 2.5]

(5) [p) < 1. [(3), (4), Definition 2.2, Definition 3.2]
(iii) [pV q] is the supremum of [p] and [g]: Indeed, we can verify

(s1) p=pVyg, [(15)]
(s2) ¢ = pVy, [(16)]
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(s3) p=rand ¢ <rimply pVgq = r:

(1) p=r, [hip.]
() g=r hip.
(3) pvg=<rvy, [(1), (I18), Definition 2.2, MP]
(4) rvg=rvr, [(2), (120), Definition 2.2, MP]
(5) rvr=r, [(T1)]
(6) pVag=r. [(3), (4), (5), (I11), Definition 2.2, Theorem 2. 3]

On the other hand, we verify:

Theorem 3.3. The Lindenbaum-Tarski algebra of the Lukasiewicz I—prealgebra
(A, —, D) satisfy the properties:

(W1) 1 5z =z,

(W2) 2 — (y = 2) =1,

(W3) (z —=y) = ((y—2) = (x = 2)) =1,
(W4) (x = y) »y=(y =)=,

(W5) (z—=y) = (y—2) = (y—2)=1

This is, the Lukasiewicz I—prealgebras of the Lindenbaum-Tarski algebras are the
algebras that satisfy the identities W1, ..., W5.

From the third of Example 2.1 and the Theorem 3.3 we get a proof that the
Lindenbaum-Tarski algebra of the w—IL is a Lukasiewicz residuation algebra [1].

4. Lukasiewicz I, —prealgebras

In this section, we will analize a particular class of Lukasiewicz I—prealgebras.

Definition 4.1. A Lukasiewicz I—prealgebra (A, —, D) is a Lukasiewicz I, 41— pre-
algebra if for every p, ¢ € A the following property is verified:
(R5) (p—=nq)VpeD.

Onwards, to sum up, we write
(AD3) p—=q=p—nq
The operation +—, which we will call weak implication, defined in (Ab3), has the
following properties.

Theorem 4.1. In very Lukasiewicz I,,11—prealgebra (A, —, D) we verify:
(DR1) p (¢ —=p) €D,
(DR2) (p= (g = 7)) = ((p—=q) = (pr>7)) €D,
(DR3) ((p—q) = p)—rpeD.

The proof of the Theorem 4.1 is a consequence of the following properties:

Lemma 4.2. For every Lukasiewicz I, +1—prealgebra (A, —, D) the following prop-
erties are verified:

(@) p=(g—=r)=q—=@(@—r)

(b) p— (g p)€D.

(c) p= (g p)€D.

(( ; (prq) —p=p.

e) (p—q)—p=p.
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(f) (p—=q) —p —peD.

@ p—=—a=p—q

(h) p=>(p=ra)=p—q

() p=(g—=r)=qg—=> (@)

() p=(g=r)=q—(p—=r).

k) p—=qg=prrgq

Dp—=@g—=r)(p—=q — (p—r).

W) p—=(g—=r)2(p—=qg — (p—r).
m) p=(g=r) 2 (=g = (7).
Proof. (a) The proof is adjacent to (I9) and the Definition 2.3.
(b)

(1) p—=(g—p)c [R1]
2 4 (5o (4 1)) € D, (1), (12)]
(3) p—(a— (g p) €D (2), (19). MP]
(4) p— (¢ —2p) €D. [(3), Abl]
If n = 2, the proof is done. On the contrary:
(5) ¢ = (p— (¢ —2p) €D, [(4), (12)]
(6) p— (¢ — (¢ »2p) €D, [(5). (19), MP]
(7) p— (¢ —3p) €D. [(6), Abl]
Repeating the process, we obtain:
p—(¢g—p)€D.
(c) It is a consequence of (b) and of Ab3.
(d)
(1) ((p—q) = p) —>peD, [R5, Ab3, Ab2]
(2) p—= (P q) —p) €D, [R1]
((i;) (p—q) > p=p. [(1), (2), Definition 2.2]
(1) (p—a)—=p=p [(d)]
2) p=a) = ((p—a)—=p)=(@—aq) —p, (1), Theorem[? ‘ﬂ
=p
(3) 0 q) 2 p=p. (2), Ab3]
If n = 2 the proof is finished, if n > 3 repeating the process we get to:
() (p—a) 2np=p,
(jﬁ) (p=a)—=p=p. [(4), Ab3]

f

W) pora) > p=p )]
(2) (p—=q)—p)—=p=p—p, [(1), Theorem 2.4]
3) (p—q)—p) = peD, [(2), (I12), Definition 2.2
() (p—=aq)—=p) = ((p—aq)—p) —p) €D, [(3), (12)]
(5) ((pr+ ) = p) 22 p € D. (4), AD3]

If n = 2 the proof is finished. If not, repeating the process we get to:
1) (p—=q) —p)—npeD,
(lzrl)) ((p—~q)—p)—peD. [(1), Ab3]

g

(1) ((p—4q)—=p) = peD, [R5, Ab2]
2) (p—=(p—=9)—(p—q €D, (1), R3, MP]
B)p—=>p—q p—yg, [(2), Definition 2.2]



LUKASIEWICZ IMPLICATION PREALGEBRAS 123

(4) p=aq=2p—=@—a), [R1, Definition 2.2]

((5)) p—= (=g =p—q [(3), (4), Definition 2.3]

h

(Hp=(—=a=p—g [(2)]

2)p—=>p@—=@—q)=p—(—q [(1), Theorem 2.4]
=P [(8)]

B)p—2p—ag=p—q [(2), Abl]

If n = 2 the proof is finished. If not, repeating the process, we get to:
G p—=nlp—ra=p—aq

(jEL;) pe(p—>q) =p—q [(j), Ab1]
(HDp—=(@g—=r)=qg—(@—r), [(a)]
2)p—=pP—=(@=r)=p—=(@q—={@—r)) [(1), Theorem 2.4]

=q—=>@—=>@—=r1), [( )]
B)p—=2l@g—=r)=qg—(p—2r). [(2), Abl]
If n = 2, from (3) and Ab3 we obtain
4)p=(@g—=r)=qg—(p—r).
If n > 2, repeating the process we obtain:
D p—=nl@g=r)=q¢—(p—ar),

(lzr)l) p(g—=r)=q— (pr). [(k), Ab3]
J
(1) g—=(p—r)=p—(¢g—r1), [(3)]
2)g—=@—=p—r)=q¢q—=>@—(g—r)) [(1), Theorem 2.4]

=p— (¢ (a—7)), [()]
() g—=(a—r)=q—r, [(2)]
4) g—2 (p—=r)=p—=(g—71). [(2), (3), Theorem 2.4, Ab1]
If n = 2, we obtain:
(5) g—=> (p=r)=p—(g—r). [(4), Ab3]
If n > 2, repeating the process we obtain:
D g=np=r)=p—(g—r1)

(lzrl)) g (p=r)=p=(ge). [(1), Ab3]
k
) p—=>qg=p—(p—9q), [R1, Definition 2.2]
(2) p—=qg=p—agq. [(1), Abl]
If n = 2, the proof is over. On the contrary, repeating the process we get:

i) p—=a=2p—nyq,

(ia)l) pP—=q2prq. [(i), Ab3]
(1) ¢g=2(g—r)—r, [(15), Ab2]
(2) p=rg=2p—=((g—=r)—=r), [(1), (I14), Ab3]
B)p—=qg=2(g—r)—=(p—r), [(2), B)]
4) (p—q) = {(¢g—r)—= (p—r)eD, [(3), Definition 2.2]
(5) (g—=r)—=((p—q) = (p—r) €D, [(4), (19), Definition 2.2]
6) g—=r=<(p—q) = (p—r), [(5), Definition 2.2]
(M p—=(@—=r)p= (=9 = (1)), [(6), (114), Ab3]
@) p=(g—=r)= (=9 = @—>@—r1), [(7), (1))
@) p=(@—=r)2(p—q) = (1), [(8), (g)]
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(1)

) p=(g—=r)2(p—q) = (), ()]

2)p=>—=(@—or)2p=>(p=q = (p—=r), (1), (114)]

(@pH@—W%ﬂpr—Nw+@Hﬂ) [(2), (19), ()]

Jﬂphﬂmﬁﬂiwhw%+@H)) [(3), (8)]

(D) p—=(g—=r)=p—(¢g—(@—n_71)) [Abl, Ab3]

For n = 2, we verify:

2)p= (@) (=9 = @ (@—=n-11), (1), ()]

B)p—=(q@—nar)=p—(¢—r) [n = 2]

2(p—=aq) = (=), [(2)]

(@@7%%@HWWAW5@H®%wH®%@HMLWVH%
2.4 (ii

(5) (p—ra) = (= (@—=p-17) 2(p—=q) = (pr=r), [(4), n=2, Abl, Ab3, (g)]

6) p=(g—=r)2(p—>q) = (prr). [(2), (5), (11)]

For n = 3, we have:

(M p=(@—=(@=nar) 2 (=q) = (P (@ n-17)), [(3)]

8) p—=(q—n-17r)=p— (¢ = (¢ =n-2a1)) [Ab1]

2p—a) = (= (@ —=n-27)), [(3)]

9) p= (g —=n—2r)=p—(¢—7), [n=3]

(10) p=(q =n—2r) 2 (pr>q) = (Pr>7), [(4), ()]

HU@??—Mw+@%wﬂﬁﬁ@ewéﬂw+®%@Hﬂ%K&Tme
2.4(ii

(12) p= (g =p17) 2 (P> q) =2 (P> 1), [(4), (11), (I1), Ab1]

(B)gjw—NWﬁ@%wﬂﬂiwﬁw—m@Hﬂ, [(12), Theorem 2.4(i),
bl

(14) p=>(g=r) 2 (=g = (po). (1), (7), (13), (I11), Ab3, n = 3]

For n > 4 we proceed in an analogous way. O

An interesting result to remark is the following.

Lemma 4.3. If A = (A, —,D) is a prealgebra which verifies R1 to R5, then the
following conditions are equivalent:

(i) A verifies the modus ponens rule,

D D
(ii) A verifies the weak modus ponens rule (MPD) pelhprqc ,

q
(MP) = (MPD):
(1) pe D, [hip.]
()quGD [hip.]
(3) p— (p—n1 a) € D, (2), Abl]
(4) p—n1q€D, (3), (1), (MP)]
if n = 2 the proof is done. On the contrary, repeating the process, we get
to:
() p—qeD,
(7+1) g€ D. (1), (), (MP)]
(MPD) = (MP):
(1) pe D, [hip.]

(2) p—=qeD, [hip.]
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5. Lindenbaum-Tarski algebras of the Lukasiewicz I,,;; —prealgebras

Theorem 5.1. If A = (A,—, D) is a Lukasiewicz I,,11—prealgebra, then the algebra
of Lindenbaum-Tarski (A] =,—,1) of A is a Lukasiewicz residuation algebra that
verifies the additional identity:

(I16) (z =ny)Va=1.

Proof. Tt is consequence of Theorem 3.3, (R5) and Theorem 2.5. O

That is to say, the Lindenbaum-Tarski algebra of the Lukasiewicz I,, {1 —prealgebras
are (n 4+ 1)—valued Lukasiewicz residuation algebras.
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ABSTRACT. In this work, we are going to present the concept of generalized ring-groupoid.
Also, we are going to investigate some characterizations about the generalized ring-groupoids.
We are going to introduce the concept of generalized subring-groupoid. So we construct the
category of generalized ring-groupoids. Furthermore, we are going to discuss a new class of
the generalized ring-groupoids, which we will say it ” M-ring-groupoid”. In the end of the
paper, we are going to give the product of generalized ring-groupoids.
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1. Introduction

The concept of generalized ring was first defined by Molaei [13] in 2003. Later,
some algebraic properties of the generalized ring which is a new concept in literature
have been studied in [7]. There is the concept of generalized group in the structure
of generalized ring. The concept was again defined by Molaei [12] is an interesting
generalization of groups. While there is only one identity element in a group, each
element in a generalized group has a unique identity element. With this property,
every group is a generalized group.

Another algebraic notion covered in the present study is groupoid which was defined
by Brandt [1] in 1926. But, in the category theoretical approach, a groupoid is a small
category whose every morphism is an isomorphism. After introducing of topological
and differentiable groupoids by Ehresmann [4] in 1950s, it has been studied by many
mathematicians with different approaches [3, 9]. One of these different approaches
is structured groupoid which is obtained with adding another algebraic structure
such that the composition of groupoid is compatible with the operation of the added
algebraic structure [2, 5, 10, 14]. The best knowns of the structured groupoids are
the concepts of group-groupoid and ring-groupoid. The group-groupoid which is a
group object in the category of groupoids was defined by Brown and Spencer [2]. The
concept of ring-groupoid defined by [15] has been studied by many mathematicians
[10, 11].

In this study, we extend the concept of ring-groupoid to the concept of generalized
ring-groupoid by adding the structure of generalized ring to a groupoid such that the
composition of the groupoid and the operations of the generalized ring are compatible.
In other words, a generalized ring-groupoid is a generalized ring object in the category
of groupoids. Thus, we construct the category of the generalized ring-groupoids. Also,

Received April 12, 2016.
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we present two concept related to the generalized ring-groupoids: generalized subring-
groupoid and M-ring-groupoid.

2. Preliminaries

This section of the paper is devoted to give basic definitions and concepts related
to the generalized rings and groupoids. We will consider these concepts under two
headings: generalized rings and groupoids.

2.1. Generalized Rings. In this subsection, it is given some basic recalls of the
concept of generalized ring which was first defined by Molaei. Let us start with the
definition of a generalized group that the existing in the structure of a generalized
ring.

Definition 2.1. [12] A generalized group G is a non-empty set admitting an operation
called multiplication subject to the set of rules given below:

i) (ab)e = a(be), for all a,b,c € G

ii) For each a € G, there exists a unique e(a) € G such that ae(a) = e(a)a = a

iii) For each a € G, there exists a™! € G such that aa™! = a~la = e(a).

Let us list some properties of generalized groups via following lemma.

Lemma 2.1. [12] Let G be a generalized group. Then,
i) For each a € G, there is a unique element a=* € G.
ii) For each a € G, we have e(a) = e(a™!) and e(e(a)) = e(a).
iii) For each a € G, we have (a=)™! = a.

It is easily from Definition 2.1 that every group is a generalized group. But it is
not true in general that every generalized group is a group.

Let us state the relation between group and generalized group by the following
lemma.

Lemma 2.2. [12] Let G be a generalized group and ab = ba for all a,b € G. Then,
G is a group.

In other words, every abelian generalized group is a group.
[12] Let G = IR x (IR \ {0}). Then G with the multiplication
be b ) is a generalized group in which for all (a,b) € G, e(a,b) =
)7t = (a/b?,1/b).
Example 2.2. [5] Let G with the multiplication m be a generalized group. Then,
G x G with the multiplication

ml((a7b)7 (C7 d)) = (m(CL?C)’m(b’ d))
is a generalized group. For any element (a,b) € G x G, the identity element is

e1(a,b) = (e(a),e(b)) and the inverse element is (a,b)~! = (a=%,b71).

Definition 2.2. [12] If e(ab) = e(a)e(b) for all a,b € G, then G is called normal
generalized group.

Example 2.1.

(a,0) - (¢,d) = (
(a/b, 1)and( b

Definition 2.3. [12] A non-empty subset H of a generalized group G is a generalized
subgroup of G if and only if for all a,b € H, ab~! € H.
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Definition 2.4. [12] A generalized subgroup N of the generalized group G is said to
be normal if there exist a generalized group H and a homomorphism f : G — H such
that for each a € G, N, = ker f, provided that N, # 0, where N, = N N G,.

Example 2.3. [12] Let G be a generalized group of Example 2.1. Then N = {(a,b) :
a =b or a = 3b} is a generalized normal subgroup of G.

Definition 2.5. [12] Let G and H be two generalized groups. A generalized group
homomorphism from G to H is a map f : G — H such that f(ab) = f(a)f(b) for all
a,beqG.

Theorem 2.3. [12] Let f : G — H be a homomorphism of the distinct generalized
groups G and H. Then,

i) f(e(a)) = e(f(a)) is an identity element in H for all a € G.

i) f(a=t) = (f(a))™!

iit) If K is a generalized subgroup of G, then f(K) is a generalized subgroup of H.
Now we can give definition of a generalized ring.

Definition 2.6. [13] A generalized ring R is a non-empty set R with two different
operations (z,y) — x + y and (z,y) — xy with the following axioms:
(x+y)+z=a+(y+=z), where z,y,z € R

ii) For all € R, there exists a unique e(z) € R such that x +e(z) =e(z) +z ==z
iii) For all « € R, there exists —z € R such that z + (—z) = (—z) + = e(x).

iv) (zy)z = z(yz), where z,y,2 € R

v) For all z,y,2 € R, x(y+ 2) = 2y + zz and (x + y)z = 2z + y=.

The properties (i), (ii) and (iii) mean that (R, +) is a generalized group.

Remark 2.1. Using (iii) and the associavity of +, one easily verifies e(x)+e(z) = e(x)
for every € R. Hence e(e(x)) = e(x) follows by definitions and so e? = e for the
corresponding function e : R — R.

A generalized ring with its operations is a ring iff e is a constant function.

Example 2.4. [7] The two dimensional Euclidean space IR? with the operations
(a1,b1) 4 (az,b2) = (a1,be) and (ay,b1)(as,be) = (ajasz,b1b2) is a generalized ring.

A generalized ring R is called an M-ring if e(zy) = e(x)e(y) and e(z + y) =
e(x) +e(y), for all z,y € R.

R is an M-ring if e(x + y) = e(z) + e(y), for all ,y € R. In other words, the
identity function e is a generalized ring homomorphism if e(z + y) = e(x) + e(y), for
all z,y € R.

If there is 1 € R such that .1 = 1.z = =z, for all x € R, then R is called a
generalized ring with an identity.

One can easily prove that the identity of a generalized ring is unique.

Theorem 2.4. [7] If R is a generalized ring, then e(ab) = e(a)e(b), for all a,b € R.

Proof. Let a,b € R be given ab+ae(b) = a(b+e(b)) = ab, ae(b)+ab = a(e(b)+b) = ab.
So e(ab) = ac(b), e()e(b) + ac(bh) = (e(a) + a)e(s) = ac(b), ac(b) + e(a)e(t) =
(a + e(a))e(b) = ae(b). So e(ae(b)) = e(a)e(b). Hence e(e(ab)) = e(a)e(b). Thus
e(ab) = e(a)e(b), because e? = e. O
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Corollary 2.5. If R is a generalized ring, then e(a)e(b) = ae(b) = e(a)b = e(ab), for
all a,b € R.

Previous theorem implies that a generalized ring R is an M-ring if and only if
(R,+) is a normal generalized group.

Theorem 2.6. [7] If R is a generalized ring, and if there is x € R such that Rx =
{e(y) | y € R}, then R is an M-ring.

Proof. If a,b € R, then there are a, € R and b, € R such that e(a) = a,x and
e(d) = byx. So e(a) + e(b) = (ay + by)xz. Thus e(a) + e(b) = e(z) for some z € R.
Hence e(e(a)+e(b)) = e(e(z)) = e(z) = e(a)+e(b). In Remark 2.3 of [6] it was proved
that e(e(a) + (b)) = e(a +b). So e(a + b) = e(a) + e(b). Thus R is an M-ring. O

A subset I of an M-ring R is called a g-ideal (see [13]) if there exist a generalized
ring D and a generalized ring homomorphism f : R — D such that kerf = I, where
kerf ={r e R| f(r) = f(e(a)) for some a € R}. The set R/I = {x + kerf, | z €
R, and f, = f|g,} with the operations (z + kerf,.) + (y + ker fi) = (x +y) + ker frix
and (z + ker f,.)(y + ker fi,) = (zy) + ker fri is an M-ring (for the proof see Theorem
2.3 of [13)).

Definition 2.7. [7] If R and K are generalized rings, then a mapping f : R — K is
called an embedding if f is a monomorphism.

2.2. Groupoids. In this section, we introduce the elementary concepts of the groupoid
theory. Then, it is given some recalls about the concept of ring-groupoid which is a
ring object in the category of groupoids.

Definition 2.8. [3, 9] A groupoid consists of two sets G and Gy, called respectively
the groupoid and the base, together with two maps a and g from G to Gy, called
respectively the source and the target maps, a map € : Gy — G, = — e(z) = = = 1,,
called the object inclusion map, a map i : G — G, © — i(z) = z~1, called the
inversion, and a partial multiplication (z,y) — m(z,y) = zy in G defined on the set
G2 =G*xG = {(z,y) | B(x) = a(y)}. These maps verify the following conditions:

G1) (associativity): z(yz) = (zy)z for all z,y,2 € G such that a(z) = S(y) and
a(y) = B().

G2) (units): For each z € G, we have (e(a(z)),z) € Ga, (z,e(B(z))) € Geand
e(a(x))z=ze(f(z)) = 2.

G3) (inverses): For each z € G, we have (z,i(z)) € Ga, (i(z),z) € Goand zi(x) =
e(a(z)), i(z)r = € (B (z)).

The maps «, 8, m,€,i are called structure maps of groupoid. For a groupoid G on
Go and z,y € Gy, we will write Stgx for a=1(z), CoStgy for 371 (y) and G(z,y)
for Stgx N CoStgy. The set Stgx is the star of G at x and CoStgy is the co-star
of G at y. The set G(z,x), obviously a group under the restriction of the partial
multiplication in G, is called the vertex group at z.

The following examples of groupoids are well-known.

Example 2.5. [3, 9] A group can be regarded as a groupoid with only one object.

Example 2.6. [3, 9] Any set G can be regarded as a groupoid on itself with a = 8 =
idg and every element a unity.



130 MUSTAFA HABIL GURSOY

Example 2.7. [3] For a set X, the cartesian product X x X is a groupoid over X,
called the Banal groupoid. The maps « and § are the natural projections onto the
second and first factors, respectively. The object inclusion map is z — (x, ) and the
partial multiplication is given by (x,y)(y, z) = (x, z). The inverse of (z,y) is simply
(y,z).

Definition 2.9. [3, 9] Let G and G be groupoids on B and B, respectively. A
homomorphism G — G is a pair of (f, fo) of maps f: G — G, fo: B— B such

that o' o f = fooa, 8 o f = foo B and f(ab) = f(a)f(b) ¥(a,b) € Ga.

We denote the groupoid homomorphism (f, fo) by f for brevity.

Thus, we can construct the category Gpd of the groupoids and their homomor-
phisms.

Now let us recall the concept of ring-groupoid which is a ring object in the category
of groupoids.

Definition 2.10. [15] A ring-groupoid R is a groupoid endowed with a structure of
ring such that following ring structure maps are groupoid homomorphisms.
i) m: Rx R — R, (a,b) — a + b, group operation
i) n: R x R— R, (a,b) — ab, ring operation
%) u: R — R, a — —a, inverse in group
w)e:*x— R.
Also, there exist following interchange laws in a ring-groupoid R.
(1) (coa)+(dob) = (c+d)o(a+b),
(2) (coa)(dob) = (cd) o (ab).

A ring groupoid homomorphism is a groupoid homomorphism preserving ring struc-
ture.

Example 2.8. Given aring R, we can construct a ring-groupoid R x R over R. In this
ring-groupoid we define the ring operation by (a,b)(¢,d) = (ac, bd) for all a,b,¢,d € R
(for more details, see [15]).

Definition 2.11. [15] Let R and S be two ring-groupoids. A homomorphism f :
R — S of ring-groupoids is a homomorphism of underlying groupoids preserving ring
structure.

Thus, the ring-groupoids and their homomorphisms form a category which is de-
noted by RGd.

3. Generalized Ring-Groupoids

In this section we present the concept of generalized ring-groupoid which is a
generalized ring object in the category of groupoids. In addition, we construct the
category of generalized ring-groupoids. From [8] with this aim, let us recall the
concept of generalized group-groupoid which is lie in the structure of a generalized
ring-groupoid.

Definition 3.1. A generalized group-groupoid is a groupoid (G, Gy) such that the
following conditions are hold:
i) (G,w,v,0) and (Go,wp, vg, 0p) are generalized groups.
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ii) The maps (w,wp) : (G x G,Gy x Go) = (G,Go), v : {A\} = G and (o,09) :
(G,Gyp) — (G, Gy) are groupoid homomorphisms.

Also, there exists an interchange law between the groupoid composition and the
generalized group operation:

w(m (b,a),m(d,c)) =m(w(b,d),w(a,c)).
We shall denote a generalized group-groupoid by (G, Gg, o, +).

We use the following equality for interchange law:
(boa)+ (doc)=(b+d)o(a+c).

In other words, a generalized group-groupoid is a groupoid endowed with a struc-
ture of generalized group such that the structure maps of groupoid are generalized
group homomorphisms.

Example 3.1. [8] Let G be a generalized group. Then we constitute a generalized
group-groupoid G x G with object set G. For each object (z,y) € G x G, the identity
arrow is (e(x), e(y)), and the inverse is (—z, —y).

A generalized group homomorphism f : G — H between the generalized group-
groupoids G and H is a groupoid homomorphism preserving the structure of gener-
alized group [8].

Therefore, the generalized group-groupoids and their homomorphisms form a cat-
egory denoted by GG — Gd.

Now let us give definition of a generalized ring-groupoid.

Definition 3.2. A generalized ring-groupoid R is a groupoid R endowed with a struc-
ture of generalized ring such that the following maps are groupoid homomorphisms:
1)m:Rx R — R, (a,b) = a+ b, generalized group operation,
2)u:R— R, a— —a,
3) e: x = R, where x is a singleton,
4) n: R X R — R, (a,b) — ab, generalized ring operation.

Also, there exist two interchange laws between the groupoid composition and the
operations of the generalized ring:

(coa)+(dob)=(c+d)o(a+Db)
(coa)-(dob)=(c-d)o(a-b).
We shall denote a generalized ring-groupoid by (R, Ro, o, +, ).
In a generalized ring-groupoid, if e is the identity of Ry, then 1. is that of R.

We can rewrite the definition of a generalized ring-groupoid in terms of the gener-
alized group-groupoid as follows:

Definition 3.3. A generalized ring-groupoid R is a generalized group-groupoid R
endowed with a structure of generalized ring such that the map n : R x R — R,
defined by (a,b) — ab, is a homomorphism of groupoids. Also, in a generalized
ring-groupoid, we have the following interchange law:

(coa)(dob) = (cd) o (ab).

Proposition 3.1. Let R be a generalized ring-groupoid. Then, the maps of source,
target and object are generalized ring homomorphisms.
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Proof. Since R = ((R, Ry, o,+) is a generalized group-groupoid, the maps of source,

target and object are generalized group homomorphisms. Let a,b € R and x,y €

Ry. Since n is a groupoid homomorphism, the equalities an(a,b) = fo(a x a)(a,b),

Bnfa,b) = fo(Ax ) (a,b) and efo(z, y) = nexe)(z,y) mply to be a(a, b) = a(a)a(b),
Bla,b) = B(a)B(b) and e(x,y) = e(x)e(y), respectively.

Thus, the maps of source, target and object are generalized ring homomorphisms.

O

Example 3.2. Let R be a generalized ring. Then R X R is a generalized ring-groupoid
with the object set R. We know from [8] that R x R with the operation (z,y)+ (z,t) =
(z+2z,y+t) is a generalized group-groupoid over R. So it is enough to show that Rx R
is a generalized ring, and then the generalized ring map n : (Rx R)x (RxR) - Rx R
is a groupoid homomorphism. We also must verify the second interchange law.

If we show that the conditions (iv) and (v) in Definition 3.2 are hold, we conclude
that R x R is a generalized ring. Now let us control these conditions.

We define the generalized ring operation of R x R as follows:

(2,9)(z,1) = (22, yt).
iv) We have
(@, 9)(z0))(p,s) = (zz,yt)(p,s)

((z2)p, (yt)s)
(z(2p), y(ts))
(x
(z

z,y)(2p; ts)
z,y)((2,8)(p, 5)).
So, fourth condition is hold.
v)
y)(z+p,t+s)
x(z+p),y(t+s)
)

(@, 9)[(2,t) + (p. 5)] (z,
(

= (xz+zp,yt +ys
(
(,

)

zz,yt) + (zp, ys)
Y)(z,t) + (z,y)(p, 5))
and
(x + 2,y +1)(p,s)
(z -+ 2)p), (y + 1)s)
= (zp+ zp,ys +ts)
(xp,ys) + (zp, ts)
= (z,y)(ps) + (2,0)(p, 5)).

Hence, the condition (v) also is hold. Therefore, R X R is a generalized ring.
Now let us show that the second interchange law is satisfied.

[(zy) 0 (m,2)][(z,y ) o (¥, 2)] = (2,2)(2,2)
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and
’ ’

()2 y) o[y, 2)(y )] = (22,yy) o (yy ,az)

= (zz/,xx/).

Hence, we have the equality

[(z9) 0w, 2)[(z 9 ) o (v, 2)] = [(z9)(z,y )l e[y, 2)(y 2 )].
Consequently, R x R is a generalized ring-groupoid.
Definition 3.4. Let R and S be two generalized ring-groupoids. A generalized ring-

groupoid homomorphism f : R — S is a groupoid homomorphism satisfying the
generalized ring structure.

Therefore, the generalized ring-groupoids and their homomorphisms form a cate-
gory denoted by GR — Gd.

Proposition 3.2. There is a functor from the category GR of the generalized rings
to the category GR — Gd of the generalized ring-groupoids.

Proof. Let R be a generalized ring. Then, from Example 3.2, the cartesian product
R x R is a generalized ring-groupoid. If f : R — S is a homomorphism of the
generalized rings, then

I(f):RxR— S xS

(a,0) — (f(a), (b))
is a homomorphism of the generalized ring-groupoids. Thus, I" is a functor from the
category GR to the category GR — Gd. O

Now let us define the concept of generalized subring-groupoid.

Definition 3.5. Let R be a generalized ring-groupoid and be S C R. S is called
a generalized subring-groupoid if (S, Sy, 0,+,.) has a structure of generalized ring-
groupoid.

Furthermore, S is wide, if So = Ro, and S is full, if S(z,y) = R(z,y) for all
x,y € So.
Proposition 3.3. Let R be a generalized ring-groupoid. Then, the set of identities

€(Ro) is a wide generalized subring-groupoid.

Proof. Denote by A the set of identities e(Ry) for brevity. If 1,,1, € A, then 1,+1, €
A. Hence (A, Ap) is a wide subgroupoid of R. It remains to prove that A is closed
under the generalized ring operation.

Since the object map € preserves the generalized ring structure, we have

1,1, = (1z01;)(1, 0 1,) = (1.1,) o (1,1y) = 1py 0 1y = 1,y

This implies that 1,1, € A.
On the other hand, for 1, € A

lw(ly + 1z> = 1w1y+z = lm(erz) = 1a:y+a:z = 111/ + 1. = 1w1y +1;1..
Therefore, A = €(Ry) is a wide generalized subring-groupoid. O

We define a special class of the generalized ring-groupoids.
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Definition 3.6. A generalized ring-groupoid R is called an M-ring-groupoid if R has
a structure of M-ring.

It is obvious that the category of M-ring-groupoids is a subcategory of the category
of generalized ring-groupoids. Also, every M-ring-groupoid is a generalized ring-
groupoid.

Since the set of arrows and the set of objects in an M-ring-groupoid are M-rings,
then we can define the concept of a g-ideal ring-groupoid as follows:

Definition 3.7. A generalized subgroup-groupoid S of an M-ring-groupoid R is a
left g-ideal ring-groupoid if

Il : RxS—S
(r,s) —rs,Vre RVse S
is a groupoid homomorphism. Similarly, S is a right g-ideal ring-groupoid if
E : SxR—S
(s,r) — sr,¥r € R,Vs € S

is a groupoid homomorphism. Furthermore, S is a g-ideal ring-groupoid if it is both
left and right g-ideal ring-groupoid.

From Definition 3.7, the sets of arrows and objects of S are left g-ideal rings,
because [ is a groupoid homomorphism. Also, every left (right) g-ideal ring-groupoid
is a generalized subring-groupoid.

Proposition 3.4. Let S be a generalized subgroup-groupoid of an M -ring groupoid
R. If the set of arrows of S is a left g-ideal Ting, then Sy is also a left g-ideal of Ry.

Proof. Let x € Sy and y € Ry. Then, we have 1, € S and 1, € R. Since the set
of arrows of S is a left g-ideal ring, then we have 1,1, = 1,, € S. Since S is a

generalized subgroup-groupoid, then we have yx € Sy. Thus, Sy is a left g-ideal of
Ry. O

The interchange law in a g-ideal ring-groupoid is hold as follows: Let R be an M-
ring-groupoid and I be a left g-ideal ring-groupoid such that a,c € I. For b,d € R, if
aoc and bod are defined, then we have (bod)(aoc) = (ba)o(dc). Since the set of arrows
of I is a left g-ideal, then ba, dc € I. Also, since I is a generalized subgroup-groupoid,
which means that ba and dc are defined in I, then we have (ba) o (dc) € I.

A similar result to Proposition 3.4 can also be given for a right g-ideal ring-
groupoid.

Finally, let us present the product of generalized ring-groupoids.

Proposition 3.5. Let {R; : i € I} be a family of generalized ring-groupoids. Then,
(R=]]Ri,Ro =][(R:)o,0,+,.) is a generalized ring-groupoid.

Proof. The arrows of R are all tuples (r;);cs for each r; € R; and its objects are all

tuples (z;);es for each z; € (R;)o. It is easily proved that (R, Ry, o, +) is a generalized

group-groupoid. We define the generalized ring operation on R as follows:
(ri)icr(si)ier = (risi)ier, for each (14, 8;) € Ry X R;

(@i)ier (Yi)ier (w3yi)ier, for each (xi,y:) € (Ri)o X (Ri)o
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For the source map «, since
al(ri)ier + (si)ier) = a((ri+ si)ier)
(ii(ri + 84))ier
= (ai(ri))ier + (@i(si))icr
= a((ri)ier) + a((si)ier)

and

a((riier(sidier) = al(risiier)
= (ai(risi)ier
= (as(ri))ier(ci(si))ier
= a((r)ier)a((siier),
then « is a generalized ring homomorphism. Similarly, it can be easily shown that S

and € are also generalized ring homomorphisms.
Let us show that the interchange law is hold. Let us take any elements (r);c;,

(8)ier, (t)ier and (v);er € R such that a((r)icr) = B((s)icr) and a((t);er) =
B((v)ier). Then,

© Sl)zel(t © UZ)ZEI
(ri 0 8:)(ti 0v;))ier
(riti) o (sivi))ier
Titi)ier © (8ivi)ier

7i)ier(ti)ier o (si)ier(vi)ier-

[(ri)ier o (si)ier][(ti)ier o (vi)ier]

(i
(
=
(
(

Thus, the interchange law between the groupoid composition and the generalized ring
operation is satisfied. Moreover, we have

7i)icr(8i +ti)ier
ri(si +ti)ier
Ti8; + riti)ier

7381 )ier + (Titi)ier-

(ri)ier[(si)ier + (ti)ier]

—~ Y~~~

Consequently, R is a generalized ring-groupoid.
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Weak solutions of one-dimensional pollutant transport model

BraHIMA ROAMBA, JEAN DE DIEU ZABSONRE, AND YACOUBA ZONGO

ABsTrRACT. We consider a one-dimensional bilayer model coupling shallow water and Reynolds
lubrication equations that is a similar model derived in [European J. Applied Mathematics
24(6) (2013), 803-833|. The model considered is represented by the two superposed immiscible
fluids. Under an hypothesis about the unknowns, we show the existence of global weak solution
in time with a periodic domain.
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1. Introduction

In this paper, we study the existence of global weak solutions in time for the
following one dimensional model of transport of pollutant derived in [5] :

Othy 4 0z (hiuy) = 0,
2 1 2 @ d¢ 3
at(h1U1) + 8x(h1u1 ) + igﬁxhl — 41/1890(}118@111) + ;7(h1)@61 — ;hlawhl
1 1

+r1h1|u|2u =+ Tghlaa;hz + Tghgam(hl =+ hg) =0, (1)
1 /1 1
Ochs + 0y (hawr) + 0. (—h22 =(-+ h2)8a;p2) =0,
p2\c  3vo
with .
o
Opp2 = p290,(h1 4+ h2) and vy(hi) = (1 + 3V1h1> : (2)

Subscript 1 will correspond to the layer located below and subscript 2 to that lo-
cated on the top. In this model, we denote by hi, ho respectively, the water and the
pollutant heights, u; is the water velocity, p1 and ps the densities of each layer of

fluid (we also introduce the ratio of densities r = @), v; is the kinematic viscosity,

po the pressure of the pollutant layer and g is the constant gravity. The coeflicients
d¢, a, 1, ¢, are respectively the coefficients of the intrefaz tension, friction at the
bottom, quadratic friction and friction at the interfaz. This model is derived from
a two-dimensional Navier-Stokes bilayer equations with capillary and friction effects
at the interfaz. It is used to simulate the evolution of a thin viscous pollutant over
water (see [5]). Let us recall some results about the existence of weak solution for a
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system composed by three equations (Shallow-water and transport equations). The
case with viscosity term of the form —vAwu was investigated in [8] in which exis-
tence of weak solutions for a viscous sedimentation model is obtained by assuming
smallness of the data. In their analysis the authors considered a transport equation
with Grass model of the form ¢, = hu and used Brower fixed point theorem to get
the result. In [14], the authors studied the stability of global weak solutions for a
sediment transport model in two- dimensional case. In this model, the viscosity coef-
ficient is of the form —vdiv(hD(u)) and the sediment transport equation considered is
dyz +div(h|u|u) — ¥ Au = 0. The stability result is obtained without any restriction
on the data and by using a mathematical entropy introduced firstly in [4] namely BD
entropy . We note that it’s the BD entropy inequality which allows the authors in
[1, 3, 4, 6, 7] to get existence results of global weak solutions for Shallow-Water and
viscous compressible Navier-Stokes equations.

In [12], the authors obtained a result of existence of global weak solution of sim-
ilar model in a two dimensional case. To have this result, the authors needed of
some additional regularizing terms such as a quadratic friction term hq|u|?u, a cold
pressure h%fo‘ with @ > 1 and a capillarity term of the form h;VAh;. They used
a transport equation of the form 9,hs + div(hou) — gV - <(1 + %)V(hl + h2)> = 0.
The key point with the BD entropy is that, with the structure 0% the diffusive term,
we get an extra regularity for the water height. In our analysis, we consider in one-
dimensional, a periodic domain = (0,1) to simplify. We assume that the pollutant
layer is smaller than that of the water:

hy < hy. (3)

Notice that, to deduce the model, we make this hypothesis for the caracteristic heights
(see [5]). We will intend in the future to study the present model without this condi-
tion. We complete system (1) with initial conditions :

h1(0,2) = hiy(x), h2(0,2) = hoy(x), (hiu1)(0,2) =mg(x) in (0,1). (4)
hi, € LQ(O, 1), hi, + ho, € LQ(O, 1), 8$(h10 € LZ(O, 1),
d,mg € L'(0,1), mg=0 if hy, =0, (5)

mol” _ /s b I
hlo € (07 1)7 f( 10) € (07 1)7
where f will be defined later on ( see (16)).

The paper is organized as follows : in the Section 2, we will start by giving the
definition of global weak solutions, then we will establish a classical energy equality
and the "mathematical BD entropy", which give some regularities on the unknowns.
We will also give an existence theorem of global weak solutions. In section 3, we will
give the proof of the existence theorem.

2. Main results

Definition 2.1. We shall say that (hq, ha,u1) is a weak solution on (0,7") of (1), with
initial conditions (4) if the following conditions are satisfied :
e (4) holds in D'(2);
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o (h1, ha,uy) verified the energy inequalities (2.1) and (2.2) for a.e. non negative
t.

)

e for all smooth test function ¢ = (¢, z) with ¢(T,) = 0, we have:

hiye( / / h10vp — / / hiu105 = 0, (6)
—hgogo(O,.)—/ / hgatgo—/ / hou1 05

/ / h2 - + 37h2)azp28x90 = Oa (7)

hi,u1,9(0 / /hlulatcp / /hlul Tcpffg/ /h2 P

+4V1/ / h10,u10, <,0+f/ / (h1) u1g0+f/ / h102h10.
/ O0zh10; hup—rg/ hoOy hup—rg/ / h1ho0yp
o Jo 0

—rg/ / hl—i—hghg(p—?“g/ / h1+h28h280+7"1/ / lu1[Pur o = 0. (8)

Before giving the main theorem, we give the following two important lemmas. We
firstly give the classical energy associated with system (1) and secondly the mathe-
matical BD entropy.

Lemma 2.1. The model defined by (1) admits an entropy equality
1
1
/ [ hafual? + Sg(1 =) |ha|* + frg|h1 + hol? + 5 f =10, W}

+r1/ / hl\u1| +41/1/ / h1|0y u1| +—/ / (h1) |u1|
+rg/ /h2 +h2)<8m(h1+h2)>

1
1 1 1
:/ |:2h10u10|2+29(17’)|h102+27‘g|h10+h20|2+|a h10|2] (9)
0

Proof. Firstly, we multiply the momentum equation by u; and we integrate from 0 to
1. We use the mass conservation equation of the first layer for simplification. Then,
we obtain

d 1 1 S 1 1 1

[ [ )] - %€ [Comezh i [ gl rg [ haou
dt Jo |2 p1 Jo 0 0

1 1 1
—l—T‘g/ hg’u,laz(hl + hg) + 4V1/ h1(8$u1)2 + pg/ 'y(hl)u% =0. (10)
0 0 1Jo

Secondly, we multiply the equation for the thin film flow by p2g(h1 + h2) and integrate

to obtain
1

d 1 1 1
—rg— / hg + rg/ hlathz + ’I"g/ (hl + h2)8z(h2u1)
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2
= 'rg2/ h2( + 3h2)<8m(h1 +h2)> : (11)
0 1%
We use the mass conservation equatlon to write
1 1
d
/ ha0ihy +/ h10thy = / hihs, (12)
0 dt
and to develop the following product affecting the terms with d¢
1 1
/ Or(h1u1)02hy = / h10¢(h1)92hy = ”7/ |0ha | (13)

By adding (10) and (11) and taking into account (12) and (13), we obtain

d ! 2 h2 155 ! 2 ! 4
% o h1U1+ gh +Tgh2(h1+ 2) +§E% (axhl) +T1 ) h1|’LL1|

1 1 2 1
1 1
+41/1/ hl(amu1)2+rg2/ h2(=+=——hy) (8z(h1+h2)> +3/ y(hy)u? = 0. (14)
0 0 c 3vp p1 Jo
To end, we integrate from 0 to ¢ to have the equality (9). O

Corollary 2.1. Let (h1, ha,u1) be a solution of model (1). Then, thanks to Lemma
2.1 we have:
hy is bounded in  L>(0,T;L*(0,1
hy is bounded in  L°°(0,T; L?(0,1
dzhy  is bounded in  L*>(0,T; L*(0,1)),
Vhiuy  is bounded in  L*>(0,T; L?(0,1)),
Vh10zu; is bounded in  L2(0,T; L*(0,1)),
u;  is bounded in  L?(0,T; L*(0, 1)),

1
hiu; is bounded in  L*(0,7T;L?*(0,1)),

);
)

)

1
hay/ = P 3—/12 (agc(h1 + h2)> is bounded in  L*(0,T; L*(0,1)).
1)

Remark 2.1. (1) In the Corollary 2.1, the estimate
Vhiuy  is bounded in  L>(0,T; L?(0,1))
implies,
hiu;  is bounded in  L>(0,T; L*(0,1))
this leads us
Othy  is bounded in  L*(0,T; W~12(0,1)).
(2) We have the additional regularities thanks to Corollary 2.1:
(a) hy is bounded in L2(0,7T; H'(0,1)),
(b) hyuy is bounded in L3(0,T; L3(0,1))NL(0,T; L?(0,1))NL*(0, T; Wh1(0, 1)),
(¢) 7(h1) is bounded in L>(0,T; H'(0,1)) N L>(0,T; L>(0,1)).
Remark 2.2. We have the following additional regularities:
(1) hg is bounded in L*>(0,T; L*°(0,1)),
(2) 0, (h1 + hg) is bounded in L?(0,T; L?(0,1)).
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We will need in the following some additional regularity on h; and this will be
achieved through an additional BD entropy inequality presented in the next lemma.

Lemma 2.2. For smooth solutions (hj, ha,u1) of model (1) satisfying the classical
energy equality of the Lemma 2.1, we have the following mathematical BD entropy
inequality:

1 [t )
*/ |:h1|ul + 410, log ha|* + rglhy + ho|* + g(1 — 7)|ha|?| — 8v1 f(h1) + pi|5a:h1|1
0

2
o T 1 T 1 T 1
+7/ / ’y(hl)|u1|2—|—r1/ / hl\u1\4—|—41/17"1/ / |U1|2’U18xh1
T 1
—|—2gl/1/ / 1—|—27‘f)‘6 hl‘ +4’I“gV1/ (1—|— )8 h10:ho + 6/ / |8§h1|2
0

+7"g / / h2 + @hz) (8z(h1 +h2 ) 1/1Ck/ / h1 Ula h1

< 4w, / Flhny) + / [h10|u10|2+128u1|a il + 1—r>|h10|]
0 0

2 10 20 2 1 x 10 b
where

f(h1) = alog (34_:;_1]11) (16)
1

Proof. Let us consider the mass equation
Oth1 + Oz hiur = 0.
When we use both the transport equation and the renormalized technical, we get:
Or(0zh1) 4 Oy (h10zu1) + Ox(u10,h1) = 0.
Replacing 0,.hy by h10, log h1 and introducing the viscosity 4v1, this becomes
411 0¢(h105 log hy) + 41105 (h10,u1) + 4110, (hiu1 0, log hy) = 0.

Then, we add the momentum equation to obtain
O¢[h1 (u1 + 4110, log hy)] + O [hiug (ug + 4110, log hy )] + %g@mh% + p%’y(hl)ul

5
—hlpiaghl + r1ha|ur 2wy + rgh10yho + rghady(hy + ha) =0
1

We multiply this equation by (u; + 4110, log h1) and we integrate between 0 and 1.
Now, we transform each term of the resulting identity separately

1
/ [O¢[h1 (w1 + 4110, log hy)] + O [hiu (ug + 4110, log hy)]](uy + 4110, log hy)
0

_1d

24t
Next, we only study the terms which do not appear in (9).
The pressure terms become:

1 1 1
ig/ amh%(41/13z loghi) = 2g1/1/ \8zh1\2,
0 0

1
h1 |U1 + 41/1833 log hl |2.
0
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1
Tg/ [hlaxhz + hgam(hl + h2)](4l/181 log hl)
0

1 1
h h
= 4drgin / i|81h1|2 + 47“ng/ (1 + i)axhlawhz
0 h1 0 hl
Adding these two terms, we have:
1 1 1
29 Ouxh? (4v10, log hy + Tg/ [R10zho 4 hoOy(hy + ho)] (4110, log hy)
0 0

1 1
h h
— 2gy1/ (1+ 2r—2)\8rh1\2 + 4rgu1/ (1+ —Q)BIhlawhg.
0 hy 0 hq

For the friction term at the bottom, we have

4 13
—/ (h1)u1 (4110, log hy) = Vl/ &m@w log hy
0

P1 3v1 + ah;
_ 131/71@(@}11—1—835141)_
p1 Jo Svi+ éyhl h1
1

Considering that Lemma 2.2 gives /(1) = 51—
therefore,

nae 1 1 d ! v ! ’
4— v(h1)u10; loghy = —4** f(h ) +4— ' (h1)u10zhq. O

P1 0 dt o1 o

h
Remark 2.3. (1) The term including log (11) is bounded, see [12].
3+ az/l hi

(2) In Lemma 2.2 all the terms, except —/ / w1 [Pu1 0y

T 1
and / (1 + )8 h10;hs are controlled since they have the good sign. But

0

the control of the both terms takes inspiration in [12].
(3) If (hi, he,uy) is solution of the model (1), then, thanks to Lemma 2.2, we have

that:

9,v/hy is bounded in L>(0, T; L?(0, 1)) and §2hy is bounded in L?(0,T; L?(0,1)).
Theorem 2.1. There exists global weak solutions to system (1) with initial data (4),
(5) and satisfying energy equality (9) and energy inequality (15).
3. Convergences

This section is devoted to the proof of Theorem 2.1. Let (h¥, h%, u}) be a sequence
of weak solutions with initial data
h1|t 0= hlfoa h2|t 0= hzoa (hlfulf)\tzo = mlg

such as

h — hy, in L'(0,1), RS — ha, in L'(0,1), m§ — mg in L'(0,1),

and satisfies

1 1
1 1
wn [0+ [ gl P 1280310, TP+ 5000 =), P+ Graling + s P
0 0
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165/ ‘a h10|2<c

Such approximate solutions can be built by a regularization of capillary effect.
3.1. Strong convergence of ( h’f) . Here, we are going to establish the spaces
k

in which ( h’f) is bounded.
k

. . . . . k.
In this sense we are going to integrate the mass equation and we directly get 4/ hf

D,/ 1k
obtain:

A% is bounded in L>(0,T; H'(0,1)). (%)

in L>°(0,T; L?(0,1)), the Remark 2.3 gives us in L°°(0,T;L?(0,1)). So we

Moreover, we use the mass equation again to have the following equality:

0/ = 5o — oy i)

which gives that 9;1/h} is bounded in L?(0,7; H~1(0,1)).
Applying Aubin-Simon lemma ([9, 13]), we can extract a subsequence, still denoted
(h%)1<k, such as

( h’f) strongly converges to +/hy in L?(0,T; L*(0,1)).
k

3.2. Strong convergence of h; and hy. Let now study the subsequence (h¥);.
According to the property (%) and Sobolev embeddings, we know that, for any finite
87

() is bounded in  L>(0,T; L*(0,1)).
In the following, we will assume that 4 < s in order to simplify our expressions and
ensure that

(%) is bounded in  L°°(0,T; L?(0,1)).
The equality d,h% = 24/h¥9,+/h¥ enables us to bound the sequence d,h% in
L>(0,T; (L% (0,1))?) and consequently the sequence

(h¥)e is bounded in  L>®(0,T; Wb %2 (0, 1)).

Moreover, we have some properties on the time derivative of (h¥); actually the mass
equation can be written as: 0;h¥ = —0,(hbu¥). Splitting the product h¥u¥ into

1u1 =+h \/ ul, we get
pEub in L°°(0,T3(L72(0,1))2) and 9hF in L°°(0, T; W 1353 (0,1)).
Thanks to Aubin-Simon lemma again, we find:
R —shy in C°0,T;L2(0,1))
We have h§ € L2(0,T; H'(0,1)).
2

1 1
Moreover, we have 0;h% = —8,(hku¥) + o, | — h5™ (= + =—n5)d. (kY + h;)]
c

31/1
According to the Sobolev embeddings, we show that the first term is in W~=%%(0, 1),
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since

hk € L2(0,1) and u} € L%(0,1). By analogy we prove that the last term is in the
same space and we get 9;h% also in this space. Thanks to the Aubin-Simon lemma,
we find:

hE)e  converges strongly to hs in L2 O,T;W7175% 0,1)).
2

3.3. Strong convergence of (h¥u¥). Let us write hfuf as follow:
REuk =/ hE\/h 1u1, we have
( h’f) bounded in L>(0,T; L*(0,1))
k

and

(y/h’fu'f) bounded in L>(0,T; L*(0,1)).

k
Thus we have:

(h¥ub), bounded in L>®(0,T; L5 (0,1)).

Let’s write the gradient as follows:

Ou (Whuk) = no,ul + uko,ny = \/nk\/hEouf + ubo,

since the first term is in L2(0,7;L3(0,1)) and thanks to the Corollary 2.1, second
one belongs to L (0,T; W13 (0,1)) N L2(0,T; L*(0,1)), we have

(h¥uk);, bounded in L2(0,T; W1(0,1)).

Moreover, the momentum equation of (1) enables us to write the time derivation of
the water discharge:

2
Or(hfuf) = =0, (hfuk”™)) = 590, [(hT)?] — 411 0x (R Dy ut) — 2y (ht)uf +a(hE)hfuf [uf |
6
+p—51h’f3§h’f — rght0.hl — rgh50, (h} + hs) =

we then Study each term

o 9, (hE(uh)2) = 8, (/hE\/RE(uh)?) which is in L2(0,T; W13 (0,1)).
e as (hf)y is bounded in L°°(0 T; I/V1 '1(0,1)), it is also bounded in L*(0,T; L?(0,1))
and we can write the following relation:

(@[(h’f)Q]) is bounded in L>(0,T; W~11(0,1)).
k

o <aw(h’f81u’f)> is bounded in L?(0,T; W‘lv%(O7 1)).
k

o Let us write Afu¥ (uf)? = /hrul , which is in L2(0,T; W1(0,1)).
e The last three terms are bounded in L°°(O T W=12(0,1)).
Then, applying Aubin-Simon lemma, we obtain,

(R¥u®);, converges stongly to m in C°(0,7; W ~11(0,1)).
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3.4. Strong convergence of <\/h’fu’f) . Setting m* = h’fu’f, so, we have
k

k
m
\/h’fuk = \/hT We want to prove the strong convergence for this term. We know
1
that

m*
() is bounded in L>(0,T; (L*(0,1))?);
k

Vi

consequently Fatou lemma reads:

1 k\2 1 k2
/ lim inf (mk) < liminf/ (mk) < +o00.
0 hy o hi

In particular, m is equal to zero for almost every x where hy (¢, x) vanishes. Then, we
can define the limit velocity taking ui(t,z) = 7 t w) if hy(t, ) # 0 or else uy (¢, 2) = 0.
So we have a link between the limits m(¢,z) = hl(t x)uq(t, ) and:

1 2 1
/ (I;Ll) = / h1|u1|2 < +00.
0 1 0

Moreover, we can use Fatou lemma again to write

T 1 T T 1
/ / hofuy|* g/ / lim inf Ay |uy | gliminf/ / hofuy [
o Jo 0o J]o,1] o Jo

T 1
:hmmf/ / \ h1|u1|2\/ hl\u1|2,
0 0

which gives \/hy|ui|* in L?(0,T; L?(0,1)).

k
. m
As m* and h¥ converge almost everywhere, the sequence of \/h’fu’f = ﬁ converges
1

m
almost everywhere to \/hiuy = \/T Moreover, for all M positive \/hlfulf1|u’f\<M
1 <

converges to v/hiuy 1)y j<ar ( still assuming that h% does not vanish). If h; vanishes,
we can write / hlfulﬁu’f\SM < M+/h% and then have convergence towards zero. Then,

almost everywhere, we obtain the convergence of (4/ h’fu]fl‘u;ﬂSM)k.
Finally, let us consider the following norm:

T 1
Iy
T 1
/ / (‘\/ RS < ar — vh1u11|m<M‘ + ‘\/ AT TGV VA R Y
0 0

2

ko k
hfuy —

y

<3 +3

+3//0

Ull\uk|<M Vhiur L, 1<m ull\u"|>JVI

2

u11|ul‘ |>M
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Since < h’f) is bounded in L%(0,T; L*(0,1)), it follows
k

(\/h’fu’flwﬂgM) is bounded in this space.
k

So, as we have seen previously, the first integral tends to zero. Let us study the other

two terms:
1
k
/0 \/h]ful]-\u’f|>JV[
2

1 1
c

Vhiul < — | hul < —

/o ULy |>M| = M2/0 11U > M2

for all M > 0. When M tends to the infinity, our two integrals tend to zero. Then

? 1 1l€ k4 c
Swfo hi (uy) SW

and

( h’fuf) converges strongly to  v/hius in  L*(0,T;(L*(]0,1]))%).
k

3.5. Convergence of (0,h%)y, (hW0.h)k,  (h50.h%)k, (02hF)k,  (hEO2hy)y
and (9,h?0%hk);,. @ We have (9,h%);, bounded in L2(0,T; H(0,1)) and (9;0.h%)y
is bounded in L>(0,T; H2(0,1)) since (9;h%);, is bounded in L*°(0,T; H~1(0,1)).
Thanks to compact injection of H'(0,1) in L?(0,1) in one dimension, we have:
(0:h%)i  converges strongly to  dyhy in L2(0,T; L?(0,1))
e The bound of 92h¥ in L%(0,T; L?(0,1)) and d,h% in L2(0,T; L?(0,1)) gives us:
(92hY)),  converges weakly to  92hy in L*(0,T;L?(0,1)),
(0.h%)x  converges weakly to  d,he in L*(0,T;L?(0,1)).

e Thanks to the strong convergence of (h¥)x, (h5)x, (0:h%)). and the weak convergence
of (02hY)x, we have:

(R¥0,h%);,  converges strongly to  hidyhi in L'(0,T; L'(0,1)),
(hE9,h%);  converges strongly to  hedyhy in L'(0,T; LY(0,1)),
(R¥02h%),  converges weakly to  h102h; in L'(0,T; L(0,1)),
(0.hY02hY),  converges weakly to  d,h102hy in L'(0,T; L'(0,1)),
(hk0,h%).  converges strongly to  hidyhe in L'(0,T;L*(0,1)),
(hk0,h%)  converges strongly to  hodyhs in LY(0,T;L*(0,1)),

((h’f)2 converges strongly to  h;? in L*(0,T; LY(0,1)),

((h’;)Z) converges strongly to  ho? in L*(0,T; L(0,1)),

(R¥hE).  converges strongly to  hyhy in L*(0,7T;LY(0,1)).
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3.6. Convergence of (h¥0,u¥)r, (y(h¥)u¥), and (hY|u¥|?ub)i. As (uf)y is bounded
in L2(0,T; L?(0,1)), then (9,u}) is bounded in L2(0,T; W ~12(0,1)).
Moreover, we have (y(h¥))x bounded in L°(0,T; H'(0,1)).

Then,
(y(h)r  converges strongly to  ~y(hy) in C°(0,T;L?(0,1)),

(u¥)r,  converges weakly to w; in L?(0,T;L?(0,1)).
So,

(y(h¥)uk)  converges weakly to  y(hi)u; in L*(0,T; L?(0,1)).
However, the function (h%,d,h%) — h¥0,hY is a continuous in L°°(0,T; H(0,1)) x
L2(0,T;W=12(0,1)) to L2(0,T; W=12(0,1)).

So,
(R¥0,uf),  converges weakly to  hid,u; in L2(0,T; H1(0,1)).

Finally, thanks to the strong convergence of (x/h’fu’f) to vhiuy in L2(0,T; L?(0,1))
k

and the weak convergence of (u¥); to u; mentioned above, we have :

(R |uk2uk),  converges weakly to  hy|uy|?u;  in LY(0,T; LY(0,1)).

1 1
3.7. Convergences of (h5u!), and ((h§)2( + 3—h§)(9m(hlf + h’g)) . We know
& 1] k

1
that (9, (h¥+h5)), converges weakly to 0, (hi+hso) in L2(0,T; L?(0,1)) and <(h’2“)2(c+
1

1 1
h’§)> converges strongly to h3(— + =—)hg in L1(0,7;L'(0,1)). So,
35 & c  3us

1 1 1 1
((h’z’“)Q( +—h5)o,(hy + h’g)) converges weakly to (hg)?(= + =—ha)0x(h1 + ha)
¢ 3vy X ¢ 3vy

in L'(0,T; L'(0,1)). To conclude, we have:
(u¥)  converges weakly to wy in L?(0,T; L*(0,1))
and the strong convergence of(h5)x to hs, both give us:

(REuk),  converges weakly to  hou;  in L*(0,7T;L(0,1)).
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Ideals with linear resolution in Segre products
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ABSTRACT. We consider a homogeneous graded algebra on a field K, which is the Segre
product of a K —polynomial ring in m variables and the second squarefree Veronese subalgebra
of a K—polynomial ring in n variables, generated over K by elements of degree 1. We describe
a class of graded ideals of the Segre product with a linear resolution, provided that the minimal
system of generators satisfies a suitable condition of combinatorial kind.

2010 Mathematics Subject Classification. Primary, 13A30; Secondary, 13D45.
Key words and phrases. Monomial algebras, graded ideals, linear resolutions.

1. Introduction

Let A and B be two homogeneous graded algebras and let A * B be their Segre

product Klug,...,u,], where all generators have degree 1. In [14] the notion of
strongly Koszul algebra is introduced and the main consequence is that the max-
imal graded ideal has linear quotients, hence a linear resolution. In particular if
A=Klzy,...,2,] and B = K|y1,...,ym] are polynomial rings, the graded maximal
ideal (z1y1,...,ZnYm) of A x B has linear quotients and a linear resolution. For the
significant applications in combinatorics, the case where A and B are monomial alge-
bras received a lot of attention from algebrists. In this case, note that the generators
U1,...,Uu, are monomials and the subtended affine semigroup reflects properties of
the algebra. The problem to yield monomial ideals with linear quotients and having
linear resolution is particularly interesting for homogeneous semigroup rings. The aim
of this paper is to investigate if the class of monomial ideals of the semigroup ring
studied in [12], and with linear quotients, has a linear resolution.
More precisely, in Section 1, we consider two polynomials rings A = Klzq,..., x,]
and B = Kly1,...,Ym] with the standard graduation and the Segre product B x
A®) between B and the second squarefree Veronese ring A® generated over K by
all squarefree monomials of degree 2 of A. We recall in particular the property P
considered in [12], on ordered subsets of the generators of C, that has an interpretation
in algebraic combinatorics. In Section 2, we focus our attention to monomial ideals
of B A that admit quotient ideals linearly generated and, as a consequence, they
have a linear resolution, being linear modules, following the definition given in [3]. We
examine a class of ideals, generated by a suitable subset of the set of the generators
of the K-algebra B * A, studied in [12] and with linear quotients. The main point
is to require that the set of generators satisfies a property able to guarantee that a
family of colon ideals of the ideal has linear quotients.
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2. Preliminaries and known results

Let A = K[x1,...,2,] and B = K[yi,...,Ym] be two polynomial rings in n and
m variables respectively with coefficients in any field K. Let A C A be the 2nd
squarefree Veronese algebra of A and let C' = B * A® be the Segre product of B
and A®). We consider C' as a standard K —algebra generated in degree 1 by the
monomials yox;x;, with 1 < a <m, 1 <7 < j <n. For convenience, we will indicate
such a monomial by azj.

In [12] we computed all quotient ideals of principal ideals of C, generated by
generators of the graded maximal ideal m* of C' in order to obtain the intersection
degree of this algebra [13], [14]. The description of the generators of the colon ideals
will be used in the following.

Theorem 2.1. [12, Theorem 1.1] Let C = B A®) be the Segre product and let m* =
(ut,...,un), N =m(}) the mazimal ideal of C. Let (u,): (us), 1 <r,s < N,r#s,
a colon zdeal of generators of m*, in the lexicographic order. Then we have:

L (aijy) : (avije) = (Bkj1, k # j1, 52, B € {1,...,m})

2. (onigr) : (agije) = (nkji, k # ji, jo)

3 (Ozllj) (Ozigj)z(Bilk‘,k#il,ig,ﬂE{l,...,m})

4 (()(111]) (OéQin) = (Oélilk, k 75 i1,i2)

5. (« 1]) (ajje) = (Birk, k # i1,j2, B € {1,...,m})

6. ( ) (ai?i):(ﬁkjhk#jlvi%ﬂe{l?"'am})

7 (OML?) (ajje) = (auirk, k # i1, j2)

8. (anij1) : (a2izi) = (onkj, k # iz, j1)

9. (arirf) : (azizga) = (arirgi, (uirs)(Bjis), B € {1,...,m}, s # i1, j1,%2, j2)

10 (aqij) : (a2ij) = (crkl, k #£1)

Corollary 2.2. [12, Corollary 1.2] Let B * A®) be the Segre product as in Theorem
2.1, where all generators are of degree 1. Then the intersection degree of the monomial
algebra B« A® is equal to 3 for n > 4.

The fact that there are colon ideals not generated in degree 1 can to not be a
problem for special classes of monomial ideals. In particular the strong condition
that we consider monomial ideals generated by subsets of generators that verify the
property P implies that a family of associated quotients ideals are generated in degree
1, provided a suitable order on the generators.

For this end, we introduce in the set of monomials of K[x1,...,2Zn,y1,.-.,Ym] the
lexicographic order with the order on the variables y; > ... >y, > 1 > ... > .
Moreover, following [12], we call bad pair” a pair of monomials ij, kI in A®) or
aij, Bkl in C, with i # k and j # (.

Definition 2.1. Let (uq,...,u;) be an ideal of C = B x A generated by a sequence
L = {ayi1j1,...,04itje } of generators of C, with u; > ... > u;. Fixed akl € L, let
Lokt = {Brs € L/Brs > akl and rs > kl} and L, ,;, = {frs € L/Brs < akl and rs >
kl} be. We say that the sequence L satisfies the property P if:

1) for each bad pair aij > akl in L, aik € Laop or ail € Lok or akl € Ly or
(1) P J ;
ajl € Lo
2) for each bad pair aij > Bkl in L, with ij > kl, aik € Lg or ail € Ly or
B B
ajk € Lgg or ajl € Lay
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(3) for each bad pair «ij > Bkl in £, with ij < ki, or ki € E/M-j or Bkj € E:M-j or
Bil € L;; or Bjl € L,,;.
By using this definition, we have:

Theorem 2.3. Let (u1,...,u;) be the ideal of B x A generated by a sequence L =
{a1i1J1, ..., 0nirje } of generators of M, withuy > ... > u;. Fized akl € L, let Lok =
{Brs € L/Brs > akl and rs > kl} and L.,, = {Brs € L/Brs < akl and rs > kl}
be. Suppose that the sequence L satisfies the property P. Then (uq,...,us) has linear
quotients.

Proof. See [12, Theorem 2.3]. O

Example 2.1. For n =2, m = 5, consider C' = K{y1,y2] * K[z1, 22,23, 24,25]. The
sequences £1 = {112,113, 114, ... ,145,212, 213,214, ...,245} and Lo = {112,113,123,
125,135,212, 213,223, 225,235} satisfy the property P. For £ the result is obvious,
since £ is the generating sequence of the maximal irrelevant ideal of C. For Ls, we
observe that it comes from the colon ideal (112,113) : (114) = (112,113,123, 125,135,
212,213,223,225,235). Consider the bad pair 112 > 135, with 12 > 35. Then
L35 = {112, 113,123, 125}. We have 113 € L435,123 € L35,125 € L135,115 ¢ L135.
Consider the bad pair 125 > 213, with 25 < 13, 5125 = {212,213,223}. We have
212 € L£',215 ¢ £,223¢e,235 ¢ £'. Then the property P is satisfied.

3. Monomial Ideals with linear quotients

The aim of this section is to prove that the class of monomial ideals of the Segre
product C' = Bx A described in [12], having linear quotients, has a linear resolution
on C. For this we need the following;

Theorem 3.1. Let (uy,...us) be the ideal of C = B * A®) generated by the sequence
L as in Theorem 2.1 and I,_1 = (a1i171,- - -, Qg—19g—1Jg—1),q < t—1. Then the colon
ideal I : og—1%4jq Satisfies condition P.

Proof. Note that the monomial ideal I : agi4j, is generated by all colon ideals apipjp :
Qqiqjq such that each pair a,i,jp, 0giqjq is not a bad pair for p < ¢ (see [12, Theorem
2.3]). Set i =1, and j = j,. Assume i < j. Consider a bad pair a,b € I : ayij:

T case: a € aigjs: i, isjs,tJ is not a bad pair

be airjs s aij, i4js, 17 is not a bad pair

IT case: a € aigjs: Bij, 1isjs,4j is not a bad pair

b€ Bisjs: Bij, 1isjs,ij is not a bad pair

III case: a € aigjs : B1j, 1sjs,tj is not a bad pair

bevisjs: Pij,y# a, isjs,ij is not a bad pair

IV case: a € aigjs : ij, 1isjs,1j is not a bad pair

be Big:atj, 11t ¢ is not a bad pair
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I case: Note that isjs > ij,4:j: > ij and is < js, 0 < j,i¢ < js. Write ¢ = 4, and
j = Jjs, the colon ideals to be considered are aigj : aij and aijy : aij. Let a € aigj :

atj

and b € aijy : aij be. Suppose a = aisk,k #is,j and b= aljy,l # ji, j.

We look to the following cases:

i)

ii)

iii)

iv)

is <k, l <ji. If aisk > alj; (that is a > b) then isk > lj;, is <1 < jg, hence
is < jg. Since i < jy, it follows that a igj; is a generator of the colon ideal I : «aij
(since jy # is,1). It follows that aisjy > alje, that is aisjy € Lay;,. If a < b,
isk < lji,l < is, aighk < aliy and igk < lis. It follows alis € L,k (that is the
property P).

is < k, 1> jy, a = aigk, b =ajl. Ifa > b, aisk > ajl and iy < jp < L
Since i < ji, it follows that «isj: is a generator of the colon ideal I : aij (since
Jt # is,1) hence aigjy > ajil, avisjy € Lqj,i(that is the property P). If a < b,
isk < jil. Then j; < is < k, hence jiis > isk and ajiis € Lo k-

is > k,l < j;. If a > b, kig > ljs, then k < [ and so k <[ < j;. Since k < 7,
the element akj: is a generator of I : aij and akj: > adjs, so akj € Layj,. If
kis < ljs, Il < k < is and, since | < 4, it follows that alis is a generator of I : aij
and alis > akis, alis € Ly ki, (that is the property P).

is > k0 > ji. If a > b, write a = akis, b = agil. If kisg > jil, k < j; < I
and kj; > jil. Since k < is < i < j, akjs is a generator of I : aij. It follows
akj, € Lqj,i (that is the property P). If kis < jil, ju < k < is and j, < i5 < i.
Hence ajis is a generator of I : aij, ajiis > akis, and ajiis € Lo ki, -

Indeed, we have to achieve the property P for the remaining cases. In synthesis,
we can suppose:

a=Pisk, k#is,iand B # a,8 > «
b:,yljta l#jtmja /Blsk>7ljt thenﬂ>7

We can have:

2)
b)

isk > 1j;
isk < ljs.

We look to the following cases:

D)is <k, I <jgp, i) is <k, 1> g, i) i > k, 1 < gy, iV)) 15 > k, 1 > g

)

For a), i < k and [ < ji, hence iy <l < j; and j; # is. Since j; > 4, ji # 14, it
follows that [isj; is an element of I : «ij and Sisj: > vlj;: (that is the property
P). For b), is > I. Since j; > i, j; # i. It follows that the monomial fisj; is an
element of I : awij and Bigsjs > Yljt, ylj: € L/ﬁisjt (that is the property P).

For a), write isk > j:l. Then i5 < j; < l. Since i < ji, it follows that Bisj; is a
generator of the colon ideal I : aij (since j; # is,1) hence Bisjr > vjil, Bisjt €
L. ;. (that is the property P). For b), isk < jil. Then j; < i, < k, hence
jtis > iskaﬂjtis > 'ylsk and 6]'”'5 € £7i3k-

For a) kis > lj;, then k <1 and so k <1 < j;. Since k < j, the element Skj; is
a generator of I : aij and Bkj > lj, so fkj, € L1;,. For b), I <k < iy and,
since I < i, it follows that yli, < Skis, Ylis € Ly, -
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iv’) For a), write kis > jl, k < j; <l and kj; > jil. Since k < is < i@ < j, vkj¢
is a generator of I : «ij, and vkj; < Bjl, it follows vkj; € E’Bjtl’ that is the
property P. For b), write kis < jil, j: < k < is and j; < i5 < i. Hence [jis is
a generator of I : aij, Bjiis > vkis, and Bjiis € Lyki, -

The proof of cases II, III, IV is analogous. (|

Now we recall the definition of linear module, as found in [3].

Definition 3.1. Let R = KJuy,...,u,| be a homogeneous K—algebra, K a field,
finitely generated over K by elements of degree 1, and let M a graded R—module. M
is said to be linear if it has a system of generators my, ..., m; all of the same degree,
such that for j =1,...,¢ the colon ideals:

(le + ... ijfl) My
is generated by a subset of {u1,...,u,}.

Proposition 3.2. [14, Theorem 1.2] Suppose R a strongly Koszul K-algebra. Let
I C R be a homogeneous ideal generated by a subset of generators of the mazimal
irrelevant ideal of R. Then I has linear quotients and a linear resolution on R.

Proposition 3.3. Let C be the monomial algebra B x A and let I be a monomial
ideal (u1,...,us) generated by a sequence L of generators of the algebra that satisfies
the property P. Then I has a linear resolution.

Proof. By Definition 3.1, I is a linear module. Hence the statement will be true if we
show that I has linear relations and its first syzygy module is again a linear module.
For the first assertion, if ayu; + ... + a,u,, 1 < r < ¢, is a homogeneous generating
relation of I, let a; be the last non zero coefficient of that relation, then a; is a
generator of the colon ideal (u1,...,uj_1) : u;. Hence a; is a generator of the algebra
of degree 1, and the relation is linear. Let Syz1(I) be the first syzygy module of I. We
will prove that Syz;(I) is a linear module by induction on the number of generators.
If the ideal I is principal, then Syzi(I) = {0}. Suppose Syz;(I) generated by r
elements g1, ..., gs,s > 1,such that with respect to them Syz;(I) is a linear module.
Consider the submodule D = Cgy + ...+ Cgs_1 that is linear by induction and so its
Syz1(D) module, with respect to a system of minimal generators ly,...,l,. By the
exact sequence

0 — Syz1(D) — Syz1(Syz1(I)) = Syz1(Syz1(1)/Syz1(D)) — 0,

the module Syz;(I)/Syz1(D) is cyclic with annihilator ideal Cg; + ... + Cgs_1 :
Cys,then Syz(Syz1(I)/Syz1(D)) = (wiy,...us,), 1 < i1 < ... < i, < t, that
verifies the Property P by induction and then it is a linear module. Now we can
complete the set I, ..., 1, in Syz1 (D), hence in Syz(Syz1(I)), choosing homogeneous
elements hy, ho, ..., hy, of Syz1(Syz1(I)), such that they can be mapped onto in the set
Uiy, .- u;,. We claim that the module Syz1(Syz1 (1)), generated by the set Iy, ..., ly,
hi,ha, ..., h, is a linear module with respect to these generators. In fact the quotient
ideals Cly + ...+ Clj_1 : Clj, 1 < j < s,are generated by a subset of generators.
By induction, each colon ideal Cl;; : Chy, = (0), 1 < i; < u, 1 <4 < v, and
Chy + Chg—1 : Chg,1 < k < v, are generated by a subset of variables. For this, let
m be a monomial generator, then mhy = b1hy + ...+ br_1hr_1 and mapping onto in
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Syz1(Syz1/Syz1(D)), we obtain the relation mu;, = byu;, + by — lu,,_, in C. So m
is a generator of the quotient ideal (u;,,...,u; _,) : u;,, hence of degree 1. O

Corollary 3.4. Let I = (uy,...,u;) be an ideal of B+ A®) as in Theorem 2.1. Let
I. be any colon ideal (uy,...,uy) : (upi1) of I, r=1,...,t — 1.Then we have:

(1) I, has linear quotients

(2) I, has a linear resolution.

Proof. (1) By Theorem 3.1 and (2) by Proposition 3.3. O

Remark 3.1. We proved in Theorem 3.1 that any colon ideal I,. of I verifies the
property P. In the same way any colon ideal of I,. verifies P and so on. The previous
condition characterizes the sequentially Koszul algebras, as defined in [1].

Remark 3.2. For n = 4, A® is a strongly Koszul algebra and consequently the
Segre product B * A®) [14]. As a consequence any ideal generated by a subset of
generators has a linear resolution.

Remark 3.3. For homogeneous semigroup rings arising from Grassmann varieties,
Hankel varieties of P" and their subvarieties [7], [8], [9], [10], [15], the problem is
more difficult. For G(1,3) = H(1,3) its toric ring is strongly Koszul, being a quotient
of the polynomial ring K[[12], [13], [14], [23], [24], [34]] for the ideal generated by the
binomial relation [14][23] — [13][24], where [i, j] is the variable corresponding to the
minor with columns 4,j, ¢ < j, of a 2 X 4 generic matrix. The semigroup ring of
G(1,4) is a subring of K[t11,t12, t13,t14, 15, t21, t22, 23, toa, tas], ti; the generic entry

of a 2 X 5- matrix
t11 ti2 t13 tia 15
tor oo tag tog tos

and it is generated by the diagonal initial terms of ten 2 x 2 minors of the matrix.
The semigroup of H(1,4) is a subring of K[t11, t12,t13, t14, t15, t16], generated by the
diagonal initial terms of ten 2 x 2 minors of the Hankel matrix

t11 ti2 ti3 tia 15
tig tiz tis tis tie )

Both rings have a toric ideal generated by a Grébner basis of degree 2 [15], [8] and they
are Koszul. The problem to find monomial ideals generated by subsets of generators
of the semigroup ring with linear resolution is open, for n > 4.

Remark 3.4. Segre products between polynomial rings on any field K and square-
free Veronese rings have been employed for algebraic models in statistic, in graphs
theory, in transportation problems [4], [5], [6]. In particular, if I, and Js are re-
spectively the rth squarefree Veronese ideal of K[z1,...,x,] and the sth squarefree
Veronese ideal of Klyi,...,ym], we can consider the sum I. + Js; or the product
I.Js in the ring K[x1,...,2Zn; Y1, ..., Ym] that describe particular simple graphs and
the semigroup rings K|[I,.], K[I,, Js|, K[I,Js], respectively subrings of K[z1,...,x,],
Klx1,. .. Tm; Y1, -, Yn] generated by the minimal system of generators of I,.,I,. + J
and I,.Js. Observe that we have that C' = K[J1I5]. Since the sorted Grobner basis
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of the defining ideals of the previous semigroup rings is quadratic [15], initial sim-
plicial complexes with respect the a total order received a lot of attention in several
articles. Indeed the subtended affine semigroup presents easy triangulations [11],[15].
Alternately, one studied classify the simplicial complexes defined by the squarefree
monomial ideals I, + J; and I,.Js to obtain combinatorial statements [16].

In this paper we referred to the excellent books whose in [2], [17].
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Instantaneous shrinking of compact support of solutions of
semi-linear parabolic equations with singular absorption
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ABSTRACT. We prove an existence of weak solutions of semi-linear parabolic equations with
a strong singular absorption term. Moreover, we study the qualitative behavior of solutions
such as the quenching phenomenon, the finite speed of propagation and the instantaneous
shrinking of compact support.
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1. Introduction

In this paper, we are interested in nonnegative solutions of the following equation:

Oru — Au + ufﬁx{u>0} + flu)=0 in Qx(0,7),
u(z,t) =0 on 90 x (0,7T), (1)
u(z,0) = up(z) in Q,

where  is a smooth bounded domain in RY, 8 € (0,1), and X{u>0} denotes the
characteristic function of the set of points (z,t) where u(z,t) > 0, i.e:

1, ifu>0,
X{u>0} =7 0, ifu<0.

Note that the absorption term u‘ﬁx{u>0} becomes singular when w is near to 0,
and we impose tactically u_ﬁx{u>0} = 0 whenever v = 0. Through this paper,
f:[0,00) — R is a nondecreasing continuous function such that f(0) = 0.

Problem (1) can be considered as a limit of mathematical models describing en-
zymatic kinetics (see [1]), or the Langmuir-Hinshelwood model of the heterogeneous
chemical catalyst (see, e.g. [20] p. 68, [11], [18]). This problem has been studied
by the authors in [18], [14], [15], [17], [10], [7], [21], and references therein. These
authors have considered the existence and uniqueness, and the qualitative behavior
of these solutions. For example, when f = 0, D. Phillips [18] proved the existence of
solution for the Cauchy problem associating to equation (1). A partial uniqueness of

Received June 13, 2017.
Communicated by Jesus Ildefonso Diaz.
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solution of equation (1) was proved by J. Davila and M. Montenegro, [10] for a class
of solutions with initial data ug satisfying

2
’1+B

see also [9] the uniqueness in a different class of solutions. Moreover, M. Winkler,
[21] proved that the uniqueness of solution fails in general. One of the most striking
phenomenon of solutions of equation (1) is the extinction that any solution vanishes
after a finite time even beginning with a positive initial data, see [18], [14] ( see
also [7] for a quasilinear equation of this type). It is known that this phenomenon
occurs according to the presence of the nonlinear singular absorption u‘ﬂx{u>0}.

ug(x) > Cdist(z, 0", for pe (1 ),

The same situation happens for the nonlinear absorption v, for 3 € (0,1), see [2]
and references therein. Furthermore, equation (1) with source term f(u) satisfying
the sublinear condition, i.e: f(u) < C(u + 1), was considered by J. Davila and M.
Montenegro, [10]. The authors proved the existence of solution and showed that the
measure of the set {(x,t) € Q x (0,00) : u(x,t) = 0} is positive (see also a more
general statement in [12]). In other words, the solution may exhibit the quenching
behavior.

To prove the existence of solutions of equation (1), we must prove the following
gradient estimate:

|Vau(z, t)|> < Cu'=P(x,t), for (z,t) € Qx (0,T),

where the constant C' depends on the f’, f, see [10]. Thus, it requires the nonlinear
f € C1([0,00)). In this paper, we show that if f is a nondecreasing function then
constant C' above is independent of f, so we can remove the regularity f € C*([0, 00)).

Before establishing the existence of solutions of equation (1), it is necessary to
introduce a notion of weak solution.

Definition 1.1. Let ug € L>*(2). A nonnegative function u(z,t) is called a weak
solution of equation (1) if u™#x{,>0y € L' (2 x (0,T)), and u € L*(0, T; We2(€)) N
L>(Q x (0,T)) satisfies equation (1) in the sense of distributions D'(2 x (0,T)), i.e:

T
/ / (—u¢y + Vu.Vo + ufﬁx{u>o}¢ + f(u)g) dzdt =0, V¢ € CX(Qx (0,T)).
o Ja
(2)
Then, our existence result is as follows:

Theorem 1.1. Let ug € L>®(Q), and B € (0,1). Then, equation (1) has a mazimal
weak solution u satisfying

[Vu(z,t)|? < Cu' P (2, t) (7' +1),  for a.e (z,t) € Q x (0,00), (3)

where constant C = C(f, ||uollso) > 0.
1

1 1
Furthermore, if V(ui) € L>(Q), then there is a constant C' = C(f, ||uo||oc, ||V (ug )]lco) >
0 such that

|Vu(z,t)|? < Cu'=P(x,t), for a.e (z,t) € Q x (0,00). (4)
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Besides, we also study behaviors of solutions of the Cauchy problem associating to
equation (1):

Oyu — Au + u_ﬂx{u>0} + flu)=0 in RN x (0,7), (5)
u(z,0) = up(x) in RV,

In [18], Phillips showed that the quenching phenomenon, and the finite speed of
propagation hold for the solutions of the Cauchy problem. In this paper, we show
that if initial data ug satisfies a certain growth condition at infinity, then any weak
solution has the instantaneous shrinking of compact support (in short ISS), namely,
if initial data ug goes to 0 uniformly as |x| — oo, then the support of any weak
solution is bounded for any t > 0. This property was first proved in the literature in
the study of variational inequalities by Brezis and Friedman, see [5]. After that this
phenomenon has been considered for quasilinear parabolic equations, see [4], [13], and
references therein. Then, our main result of the Cauchy problem is as follows:

Theorem 1.2. Let 0 < ug € LYRY)NL>®(RY), and B € (0,1). Then, there exists a
weak bounded solution u € C([0,00); L*(RN))NL2(0,T; WL2(RY)), satisfying equation
(5) in D'(RN x (0,00)).

In addition, if ug(z) — 0 uniformly as |x| — oo, then such a weak solution of problem
(5) has ISS property.

The paper is organized as follows: In the next section, we prove some gradient
estimates for the approximating solutions. In Section 3, we shall prove Theorem 1.1.
The last section is devoted to study the Cauchy problem (5) and the instantaneous
shrinking of compact support.

Several notations which will be used through this paper are the following: we denote
by C a general positive constant, possibly varying from line to line. Furthermore, the
constants which depend on parameters will be emphasized by using parentheses. For
example, C'= C(8, f) means that C' depends on 3, f.

2. Gradient estimate for the approximate solutions

In this section, we consider a regularized equation of (1):

Opue — Aue + ge(ue) + f(ue) =0 in Q x (0, 00),
(Peyp) § ue=m on 9 x (0, 00),
UE(O)ZUO"’_’O OHQ

for any 0 < n < &, with g(s) = ¥(s)s™", ¥-(s) = ¢(£), and ¢ € C>°(R) is a non-
decreasing function on R such that ¢(s) =0 for s < 1, and ¢(s) = 1 for s > 2. Note
that g. is a globally Lipschitz function for any ¢ > 0. We will show that solution . ,
of equation (P ,) tends to a solution of equation (1) as 7,e — 0. In passing to the
limit, we need to derive some gradient estimates for solution u. ,. Then, we have the
following result:

Lemma 2.1. Let 0 < ug € C°(Q), ug # 0. There exists a classical unique solution
U,y Of (Pey) in Q x (0,00).
i) Moreover, there is a constant C > 0 only depending on B, f, ||uo|lco such that

\Vue,n(a:,r)|2 < Cu;’_nﬁ(acm) (7'_1 + 1), for any (z,7) € Q x (0, 00). (6)
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i) If V(ué) € L>®(Q), then we get
Ve, (, )2 < Cul B(m 7), for any (z,7) € Q x (0,00), (7)

with C' > 0 merely depends on 3, f, ||uo]|oos ||V (1g )|l -

Proof. We first prove i).

Fixed € € (0, ||ug||oo). For any 7 € (0,¢), there exists a unique classical solution u.
of problem (P ,) (see [16]). We denote by u = u., for short. It follows from the
comparison principle that

n <u(x,t) < |luoglloo +1, V(x,t) € Q x(0,00).

We can assume f € C1([0,00)) if not we regularize f by a standard sequence f,,. Note
that since f is nondecreasing so is f,.
Put u = ¢(v) =07, with v = 2/(1 + ). Then,

—Av= *|VU|2 - g(gs(qﬁ(v)) +[(6(v)))- (®)
For any 7 € (0,T), let us consider a cut-off function £(¢) € C1(0,00), 0 < &(t) < 1
such that

L, on [7,T],
§(t) = _
0, outside (5,7 + ),

1
and [&] < —.
T

Next, we set w = £(¢)| V|2

If max w =0, then Vu(7) = 0, so estimate (6) is trivial.
Qx[0,T]

If not, there is a point (zg,tg) € Q X (7/2,T + 7/2) such that max w = w(xg, to).

Qx[0,T)
Thus, we have at (zq, to)
wy =Vw=0, Aw<O0. (9)
This implies

0 < wy — Aw = &| Vo> + 2£(¢) (Vo. Vo, — Vo.V(Av)) — 2£(¢)| D]

o 0 < &|Vol? + 2£(H) V.V (v, — Av). (10)
A combination of (8) and (10) provides us

0< 5t|vv‘2 + 26 (1) V. V(*|VU\2 a(‘ﬁ(“));" f(qb(v)))
Since £(tg) > 0, we get

I R AL ORI "

At the moment, we estimate the terms on the right hand side of (11). First of all, we
have from (9) that V(|Vuv(zo,t9)?) =0, so

¢//

VU.V( Vo[?) = (¢”)|W|2 (v = 1)(2y = 3)v 2| Vo] (12)
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Next, we have

Vo.v (f “”) — F($)Vo? = f<¢>¢,';|w|2

(b/
— P&Vl - UT”)fw)MwF. (13)
Since f, f/ > 0, and v > 1, it follows from (13) that
70w (£ < = e (1)

After that, we have

VoV (gj?)) = (¢l )V = (¢;<¢>v-ﬂ 5+ T)wmv-“%”) VP

Since 9. > 0, and 0 < 9. < 1, we obtain

—Vou.V (g((;f’)) < (B+ VT_l)HHMVz;F. (15)

By inserting (12), (14) and (15) into (11), we obtain
_ 1. 1, _
(v = D@y = 3wVl < €I VU + (B + 1= 2)om TP

D@V (16)

Now, we multiply both sides of (16) with v? to get

1 _ 1 vy—1 _
(v = 12y = 3)[Vol* < 3¢ Héeo? Vol + (B +1 - ;)IVW + (T)f(¢)v2 7Vl
(17)
by noting that (1+ 8)y = 2.
By simplifying the term |Vv|? both sides of the last inequality, we obtain
1. _ 1 -1 _
(= D)@y = 3)|Vol* < ZEGlo? + (841 2) + (=) f(0)* 7,
Multiplying both sides of the last inequality with &(tg) yields
1 1 v—1 _
(- 1@ - BealVel < gl +ete) (541 D+ C s ). )

Note that w(zg,to) = £(to)|Vo(xo, to)]?, 0 < £(t) <1, and |&] < 771, Tt follows from
(18) that there is a constant C' = C'(f) > 0 such that

w(zo, to) < C (7% + f(P)v* 7 +1).
Since w(xg, tg) > w(x,7) = |Vou(x,7)[?, we obtain

Vou(z,7)]? < C(7 0 + f(@)v* 7 +1).
Moreover, we have

v (x,t) = u(z,t) < 2||uplleo, for any (z,t) € Q x (0,00).
Then,
Vo(z,7)[? < C (77 uol|5” + lluoll 5 My + 1),
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with My = max {|f(s)|}

0<s<|uo oo
Thus,
Vu(z, 7)[* < Crat =7 (77 uo |57 + [luol| My + 1) - (19)
This completes the proof of ).
Now, we prove i).
The proof of estimate (7) is similar to the one of estimate (6). We just make a slight

change by considering a cut-off function, still denoted by &(t) € CY(R) such that

1, ift<T,
osen<tam<omien-{ p HS0

Then, either w(z,t) attains its maximum at the initial data, i.e:

1
t) = =¢ 2< N2, f Q
Ll t) = w(r0,0) = EO)Vele0, 0 < [V, Tor some s € 0,
which implies
1
|Vu(z, 7)* < ’yQHV(ua)Hioul_’B(m, 7), for any x € Q. (20)

Thus, we get estimate (7) immediately.
Or there is a point (zg,%y) € € x (0,27) such that

t) = o
(ﬂf,t)érslli}%o,QT]w(x’) w(zo, to)

Then, we mimic the proof of ¢) to get an estimate like estimate (16).
1 1
(v = D@y = 3o Vo' < 7G| Vol + (B+1 - ;)U—OWWWUP
v—1

+(T)f(¢)v_w\vv| .

Since & (t) < 0, we get from the above inequality
1 -1
(7—1M27—3W‘ﬂvﬂ4§(ﬁ+ﬂf—;W‘“*mﬂvw2+(1;—lﬂ¢W‘WVM?
By repeating the proof of ) after this inequality, we obtain

Vu(e,7)? < Cut~P (2, 7) (luollb My +1) (21)

for some constant C' = C(8) > 0.
A combination of (20) and (21) yields estimate (7). Or we complete the proof of
Lemma 2.1. g

Remark 2.1. Note that gradient estimates (19) and (21) are independent of f’.
As a consequence of Lemma 2.1, we have the following regularity results.
Proposition 2.2. Let u be a solution of (P- ). Then, we have
fu(e,t) —u(y, ) < C (le =yl + |t =s1¥) . V(@,0),(5,5) €D x (r.00),  (22)
for any T > 0, where C > 0 depends on 8,7, ||uolloo, f-
Moreover, if V(uo%) € L>(R), then inequality (22) holds for any (z,t), (y,s) € Q x
(0,00), and C depends on B, f,]|uo|cos ||V(u§)||OO
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Proof. We refer the proof to Proposition 14, [7] (see also [18]). O

It is obvious that the estimates in Lemma 2.1 are independent of €,7. Thus, a
classical argument allows us to pass to the limit as 7 — 0 in order to obtain u. , — ue
(resp. Ve, — Vu.) uniformly on Q x (0,00), in that u is a unique classical solution
of the following equation:

Oyue — Au, +ga(u6) = f(ue) in 2 x (0700)7
(PE) ugzo on 6Q>< (0700)7
ue(0) = ug on €

Remark 2.2. The above gradient estimates also hold for ..

Next, we will pass € — 0 to obtain an existence of solution of equation (1).

3. Proof of Theorem 1.1

Let ue be a unique solution of equation (P.) in € x (0,00). Then, we show that
{ueteso is a non-decreasing sequence. Indeed, we have

Gz, (8) > gey(s), forany 0 <ep < eq.

This implies that u., is a sub-solution of the equation satisfied by u.,. Therefore, the
comparison principle yields

Uey < Ugy, 1nQx(0,00), Ve <eg,

so the conclusion follows. Consequently, there is a nonnegative function u such that
ue L uase— 0t.
Integrating equation (P;) on © x (0,7T) yields

T T T
/us(x,T)dxf/ Vue..n dads+/ /gs(us)dacder/ /f(us)d:cds
Q o Joq o Jo 0o Jo

= / ue(x,0)dz,
Q

where n is the unit outward normal vector of 0f2.
Since Vu..n < 0, we obtain

/OT/Qgs(ua)dxds+/OT/Qf(ug)dxds < /Quo(fc)dx.

This implies that ||g(ue) |21 (@x(0,1)), and || f(ue)llz1(@x (0,7)) are bounded by a con-
stant not depending on ¢.
Thanks to Fatou’s lemma, there is a function Y € L'(Q x (0, 7)) such that

liminf g.(us) =Y, in LY(Q x (0,7)). (23)
e—0
Next, the monotonicity of {uc}eso deduces
gs(ua)(xa t) > gE(UE)X{u>O}(x7t)’ V(J?,t) €Qx (O,T),
SO

liminf g2 (uz) (7,1) = T(,1) > w™ X ooy (,8),  for (,0) €% (0,T),  (24)
e—
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which implies that u‘ﬁx{u>0} is integrable on © x (0,7).
In fact, we shall prove
T =u"Xx{us0y, in LY(Q x (0,7)). (25)

On the other hand, we can use a result of gradient convergence of Boccardo et al., [3]
in order to obtain

Vu. =9 Vu, for ae (z,t) € 2 x(0,T), (26)
see the detail of its proof in [9].
As a result, Vu fulfills estimate (3) for a.e (x,t) € Q x (0,T), and then for any
T€(0,7),

e—0

Vu. — Vu, in L"(Qx (1,T)), Vre][l,o0). (27)

Now, it suffices to demonstrate that u satisfies equation (1) in the sense of distribution.
For any n > 0 fixed, we use the test function ¢, (u.)¢, for any ¢ € Ce°(Q x (0,T)), to
the equation satisfied by u.. Then, using integration by parts yields

/ ( — Wy (ue)r + Lvu Py ()6 + V. Vi (ue) + ge (e )ty (ue ) o+
Supp(¢) n n
f (ua)wn(ug)qb) dzds = 0,

with W, (u) = / * o (s)ds.

0
Note that the role of the function ,(.) is to avoid the singularity of the term
u’ﬁx{u>0} as u is near 0. Thus, there is no problem of passing to the limit as
€ — 0 in the indicated equation in order to get

1 U -

[ (ot LT ) TP )+ )60y 0)0) s =0
Supp () n n

Next, we go to the limit as n — 0 in the last equation.

By (26), (27), and the integration of u™?x >0y in © x (0,7), it is not difficult to
verify

lim U, (u)pidzds :/ upidxds,
170 J Supp() Supp(¢)
lim Vu.V o, (u)drds z/ Vu.Vodzds,
10 J Supp() Supp(¢)
(28)
lim u_’Bz/Jn (u)pdzds = / u_ﬁx{u>0}¢dmds,
170 Supp(9) Supp(¢)
lim fw)y, (u)pdads :/ fw)ddads.
170 Supp(9) Supp(¢)
(Note that the assumption f(0) = 0 is used in the final limit of (28)).
Next, we show that
1
lim Z V2 (2)¢ dads = 0. (29)
170 S Supp(9) n
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In fact, since u satisfies estimate (3), we have

1 1
n / |VU|2|¢/(E)¢|d$dS <C- uwPdrds
) Supp(@) N 1 J Supp(¢)n{n<u<2n}
<20 uPdxds,
Supp(¢)N{n<u<2n}

where Supp(¢) means the support compact of ¢, and the constant C' > 0 is indepen-
dent of n. Since u_ﬁx{u>0} is integrable on Q x (0,7, we obtain

lim wPdrds =0,
170 S Supp(¢)n{n<u<2n}

which implies the conclusion (29). A combination of (28) and (29) deduces
/ (—ugr+ Vu.Vo + u_ﬁx{u>0}¢ + f(u)¢)dzds = 0. (30)
Supp($)

In other words, u satisfies equation (1) in D'(2 x (0,T)).
As mentioned above, we prove (25) now. From equation (P:), we have

/ (= et + Vaue. Vo + ge(ue)d + f(ue)d)dads = 0,
Supp(¢)

for any ¢ € C°(Q2 x (0,7)), ¢ > 0.
Then, letting ¢ — 0 deduces

/ (—uds + Vu.V¢) deds+1im ge(ue)d dxds—l—/ fw)o dxds = 0.
Supp($)

e0 Supp(9) Supp(¢)
(31)
By (30) and (31), we get
lim ge(ue)¢ duds = / U P X (us01 ¢ dads. (32)
=20 Supp(e) Supp(¢)

According to (23), (32) and Fatou’s lemma, we obtain

/ P X (us0ypdads > / Ypdrds, Vo € CE(Q % (0,T)),¢ > 0.
Supp(¢p) Supp(¢)

The last inequality and (24) yield conclusion (25).

The conclusion u € C([0,T]; L*(£2)) is well known, so we skip its proof and refer to

the compactness result of J. Simon, [19]. Thus, u is a weak solution of equation (1).
To complete the proof of Theorem 1.1, it remains to show that u is the maximal

solution of equation (1).

Proposition 3.1. Let v be any weak solution of equation (1) on Q x (0,00). Then,
we have

v(z,t) <wu(z,t), forae (z,t) € x(0,00).
In fact, we observe that
9e(v) v Px(ys0y, Ve >0.

Thus,
v — Av+ g.(v) + f(v) <0, in D/(Q x (0,00)),
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which implies that v is a sub-solution of equation (P:).
By the comparison principle, we get
v(z,t) <wue(z,t), forae (z,t) € Qx(0,00).
Letting € — 0 yields the result.
Next, it is known that the quenching phenomenon holds for any weak solution

of equation (1), see e.g., [18], [9], [7], [8]. By this fact, we show that the condition
f(0) = 0 is a necessary condition for the existence of a solution of equation (1).

Theorem 3.2. Assume that f(0) > 0. Then equation (1) has no nonnegative solu-
tion.

Proof. We assume a contradiction that there is a weak solution w of equation (1).
Then, we have the following result:

Lemma 3.3. Let 0 < ug € L*(Q), and 8 € (0,1). Then, there is a finite time Ty > 0
such that u(x,t) =0, for any (z,t) € Q x (Tp, 0).

We skip the proof of the above lemma, and refer its proof to [18], [9].
Thanks to this lemma, there is a finite time T, > 0 such that

u(z,t) =0, Y(z,t) € Qx(Tp,o0).
This implies that f(0) = 0. Then, we get the above theorem. O

4. The instantaneous shrinking of compact support of solutions of the
Cauchy problem

4.1. Existence of a weak solution.

Proof. Let u, be the maximal solution of the following equation
Ou— Au+uPx(us0y + f(u) =0 in B, x (0,00),
u =0, OBgr x (0,00), (33)
u(z,0) = up(z), in By,
see Theorem 1.1. Obviously, {u,},>o is a nondecreasing sequence. Moreover, the
strong comparison principle deduces
ur(z,t) < [Jugl| Lo @ny, for (z,t) € B x (0,00). (34)
Thus, there exists a function u such that u, T u as 7 — co. We will show that u is a
solution of problem (5).
By integrating both sides of (33), we get
llwr (-, )1,y < lluollLr@ny, for any t € (0,00),
® (35)
£ (ur)ll L1 (B, x(0,00))s s "X fu, >0 |22 (B, % (0,00)) < [0l L1 (@)
It follows immediately from the Monotone Convergence Theorem that u,(t) converges
to u(t) in L'(R), and f(u,) converges to f(u) in L'(RY x (0,00)) as r — oo, likewise
Hu(.,t)||L1(RN) < ||u0||L1(]RN), for any ¢ € (0, 00),
(36)
1 (@)l L1 (=™ % (0,00)) < [[©0ll L1 (RN)Y-
On the other hand, we have from Lemma 2.1
|V, (z, )2 < Cul=P(x,t) (fl +1), fora.e (z,t) € B, x (0,00), (37)
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for any r > 0. By using again a result of [3] (almost everywhere convergence of the
gradients), there is a subsequence of {u,},~¢ (still denoted as {u,},~o) such that

Vu, =3 Vu, for ae (z,t) € RN x (0,00).
Thus,
|Vu(z, t)|> < Cul=P(x,t) (tt+1), forae (z,t) € RY x (0,00), (38)
and

— .
Vu, =% Vu, in LI

loc

(R x (0,00)), Vg>1. (39)

Now, we show that u satisfies equation (5) in the sense of distribution. Indeed,
using the test function ¥, (u,)¢ for the equation satisfied by wu, gives us

/SLL ( ) ( <u ) tr ,(/} (U/ ) | u | w:](u ) ur BX{UT>O}’(/}77(U/1 )¢
Pp ¢ +
f( T)w’ﬂ(u ) ) Sdl. 07 VQS S Cc (RN X (07 ::))'

We first take care of the term U;5X{u,r>o}1/)n (ur-)¢ in passing r — oo and n — 0. It is
not difficult to see that u, ”x(u, >01 %y (ur) = uy P4y (u,) is bounded by n~?. Then for

any n > 0, the Dominated Convergence Theorem yields u, 1, (u,) =y hy ()
in L} (RN x (0,0)), which implies

loc

(35)
=P (W) || L1 &Y % (0,00)) < Ilwoll L1 (R

Next, using the Monotone Convergence Theorem deduces u™A1,, (u) 1 u=? X{u>0} in
LY(RY x (0,00)), as n — 0, thereby proves

™2 X 03 | 3 (&Y x (0,00)) < ol L1 - (40)

Thanks to (39), (35) and (34), there is no problem of passing to the limit as r — oo
in the indicated variational equation in order to get

/ (= 0y (06, + V605, () + [Vl ()
Supp(e)
+u Ty () + Fu)y (w)) dsdz =0, Vo € CZ(RY x (0,00)).

By (36), (38), and (40), we can proceed similarly as in the proof of Theorem 1.1 to
obtain after letting n — 0

/ (—uds + Vu.Vo +u P x =016 + f(u)¢) duds =0, V¢ € C°(RN x(0,0)).
Supp(e)

(41)
Or u satisfies equation (5) in the sense of distribution.
The conclusion u € C([0,00); L'(R)Y) is classical, so we leave it to the reader. O
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4.2. Instantaneous shrinking of compact support of solutions.
Proof. Let u be a solution of equation (1). Since f(u) > 0, we have for some ¢ € (0,1)

flu) + UfﬁX{u>o} > coul,

1

with ¢y = . This implies that u is a sub-solution of the following equation:

B+
HUOHLocq(]RN)

{ 0w — Aw + cow? =0 in RY x (0, 00),

w(z,0) = uo(z), in RV, (42)

Since equation (42) has a unique solution w, then the comparison principle yields
u(z,t) < w(z,t), in RY x (0, 00).

Thanks to the result of Evans et al. [13], w has an instantaneous shrinking of compact
support, so does u.
Thus, we obtain the conclusion. O
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