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Several characterizations of the 4—valued modal algebras

ALDO VICTORIO FIGALLO AND PAOLO LANDINI

ABSTRACT. A. Monteiro, in 1978, defined the algebras he named tetravalent modal algebras,
that will be called 4—valued modal algebras in this work. These algebras constitute a gener-
alization of the 3—valued Lukasiewicz algebras defined by Moisil.

The theory of the 4—valued modal algebras has been widely developed by I. Loureiro in

[6,7,8,9,10, 11, 12] and by A. V. Figallo in [2, 3, 4, 5].

J. Font and M. Rius indicated, in the introduction to the important work [1], a brief but

detailed review on the 4—valued modal algebras.

In this work varied characterizations are presented that show the “closeness” this variety
of algebras has with other well-known algebras related to the algebraic counterparts of certain

logics.

2010 Mathematics Subject Classification. Primary 06D99; Secondary 06D30.
Key words and phrases. De Morgan algebras, tetravalente modal algebras, three—valued
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1. Introduction

In 1940 G. C. Moisil [13] introduced the notion of three-valued Lukasiewicz algebra.
In 1963, A.Monteiro [14] characterized these algebras as algebras (A, A, V,~, V,1) of

type (2,2,1,1,0) which verify the following identities:

(Al) zv1=1,

(A2) zA(xVy) =

(A3) zA(yVz)= z/\x) (y Ax),
(Ad) ~~z =1,

(AD) ~ (zVy) =~aA~y,

(A6) ~azVvVr=1,

(A7) oA ~x =~z AV,

(A8) V(z Ay) =V AVy.

L.Monteiro [15] proved that Al follows from A2,
independent.

From A2,
element 1 and first element 0 =~ 1.

, A8, and that A2,

, A8, are

, A5 it follows that (A, A,V,~,1) is a De Morgan algebra with last

In Lemma 1.1 we will indicate other properties valid in the variety of 4—valued
modal algebras necessary for the development that follows.

Lemma 1.1. In every 4-valued modal algebra (A, \,V,~,V,1) we have :

(A9) z < Vz,
(A10) V1 =1,
(All) Vz < VVz,
(A12) Vav ~Vz =1,

A9-A17.
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(A13) VzA ~Vz =0,

(Al4) VVz = Vz,

(A15) If z <y, then Vz < Vy,
(A16) V(Vz Vv Vy) =V(zVy),
(A17) Va Vv Vy=V(zVy),

the proof of which we will indicate in the section that follows.

In 1969 J. Varlet [16] characterized three—valued Lukasiewicz algebras by means of
other operations. Let (A4,A,V,x,+,0,1) be an algebra of type (2,2,1,1,0,0) where
(A, A, V,0,1) is a bounded distributive lattice with least element 0, greatest element
1 and the following properties are satisfied:

About these algebras he proved that it is posible to define, in the sense of [14, 15]
a structure of three-valued Lukasiewicz algebra by taking ~ z = (x V 2*) A T and
Ve =™

Furthermore it holds z* =~ Vz and 2+ = V ~ z. Therefore three-valued
Lukasiewicz are double Stone lattices which satisfy the determination principle V7.
Moreover V7 may be replaced by the identity

(AN @YVY)=zAzT.

Later, in 1963, A. Monteiro [14] considered the 4-valued modal algebras
(A A, V,~, v, 1) of type (2,2,1,1,0) which satisfy A2, ---, A7 as an abstraction of
three—valued Lukasiewicz algebras.

In this paper we give several characterizations of the 4—valued modal algebras. In

the first one we consider the operations A, V,—,I",0,1 where -z =~ Vz, 'z =V ~z
are called strong and weak negation respectively.

2. A characterization of the 4—valued modal algebras

Before working on Theorem 2.1 we will indicate proofs from A9 through A16.
Then,

(A9) = < Vu:
(1) (zA ~2)V V= (VA ~z)V Ve = Vz, [A7]
(2) (xVVz)A(~aV V)=V,
(3) (xkVVz)Al=Vz, [A6]
(4) x vV Va =V,
(5) x < V.
(A10) V1 = 1: [A9]
(All) Vz < VVa: [A9]
(Al2) Vav ~Vz = 1:
(1) VoA ~ Vo =~ Vz AVVaz, [AT7]
(2) ~VzVvVz=VzaVv~VVz [(1), A5]

= (Vazv ~VVz)A1l
= (VaVv ~ VVz) A (~ 2V V) [A6]
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((VaVv ~ VV2)A ~ z) V (Vv ~ VVz) A V)
((Vav ~x) A (~ VVaV ~z))V Ve

(IA(~VVaV ~z))V Ve [A6]
=~ VVzV ~ 2V Vz
=1 [A6]
(A13) VaA ~ Vz =0: [A12]

(Al4) VVz = Va:

VV2x=VVz Al

= VVz A (VaV ~ Vz) [A12]
= (VVz AVz)V (VVZA ~ V)
=Vz VvV (VVzA ~ V) [A11]
=VzV (~Vz A V) [A7]
=Vauz.
(A15) If <y, then Va < Vy:
(1) z <y, (Hip.]
(2) ~y <~z ()]
(3) ~yVVy<~aVVy, [(2)]
(4) 1=~V Vy, [A6]
(5) 0=2aA ~ Vy, [A6]
(6) ~ Vo=~ VaV (@A~ Vy) [(5)]
=(~VzVz)A(~ Vv~ Vy)
=1A(~VaVv ~Vy) [A6]
=~ VaVv ~ Vy,
(7) V& =Vz AVy, [(6)]
(8) Vz < Vy. [(T)]
(VavVy)=V(zVy)
(1) z<azVy
(2) y<zVy,
(3) Vz<V(zVy) (1), A15]
(4) Vy < V(zVy), [(2), A15]
(5) VzvVy <V(zVy), (3), (4)]
(6) x <V, [A9]
(7) y < Vy, [A9]
(8) vy <VavVy, [(6), (7)]
(9) V(zVy) < V(Va Vv Vy), ((8), A15]
10) V(Vz V Vy) < VV(z V), (5), A15]
11) V(Va v Vy) < V(zVy), [(10), A14]
12) V(Vz vV Vy) =V (z Vy). [(9), (11)]
zVVy=V(xVy):

1) ~(VzVVy) AV(VzVVy) = (VaVVyA~ (VzV Vy) [AT7]
= (Vaz VVy)A ~ VA ~ Vy [A5]
= ((VzA ~Vz) V (VyA ~ Vz))A ~ Vy
= VyA ~ VzA ~ Vy [A13]
=0, [A13]

(2) ~ (VaVVy)AV(zVy) =0, (1), AL6]
3) (VzVvVyV ~V(xVy) =1,

(4) (VzvVy)V~V(zVy)AV(zVy) =V(zVy), [(3)]
() (VzVvVy)AV(zVy)V(~V(@Vy) AV(zVy))=V(zVy),

(6) (VavVy)AV(zVy) =V(zVy), [(5), A13]
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(7) V(zVy) <VzVvVy, [(6)]
(8) VaevVy=V(zVy). [(7), (5) of Al6]

Theorem 2.1. Let (A, A,V,—,T,0,1) be an algebra of type (2,2,1,1,0,0) where
(A, A, V,0,1)  is  a  bounded  distributive lattice with least element 0,
greatest element 1 and the operators V,~ are defined on A by means of the formulas:
(D1) va = -z,
(D2) ~x=(zV-a)ATz.

Then (i) and (ii) are equivalent:
(i) (A, A, V,~,V,1} is a 4—valued modal algebra.
(il) (A,A,V,—,T,0,1) verifies these properties:

(Bl) -—1=1,

(B2) x A—x =0,

(B3) zvIz=1,

(B4) ~z AT—z =0,

(B5) TxV -I'z =1,

(B6) I'(z Ay) =Tz V Ty,

(B7) =(zVy) =-z Ay,

(B8) —(z A —y) = -V ~y,

(B9) I'(x vIy) =Tz AITy,
)

(B10) (zVy) AT(zVy) <zV -,

(B11l) a ATz Ay ATy <T(xVy).

Where a < b if and only if a Nb=a or aV b=>b. Moreover, the operators —,T"
are defined on A by means of the formulas:

(D3) —x =~ Vz,

(D4) Te =V ~z.

Proof. (i) = (ii)

(Bl) ==1=1: (D1, A10]
(B2) x A—x=0:
T AT =2aA~ VI D3]
=~ (~ 2V V)
—~ 1 [A6]
=0.
(B3) avIz=1:
zVIle=azVV~z [D4]
=~~~ VV~T
=1 [A6]
(B4) —z AT—-x=0:

—xz AT—x =~ VX AV ~~ Va [D3, D4]
=~V AVVzZ [A5]
=~ VT AV [A14]
=0. [A13]

(B5) 'z v-Tz=1:

I'ev-Te=V~azV~VV~z [D3, D4]
=V~aV~Verg [A14]
=1 [A12]

(B6) I'(x Ay) =TxVIy:

DzAy)=V~(zAy) [D4]

=V(~aVv~y)

=V~zVV~y [A17]
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=Tz VvTy.
(B7) =(zVy) =z Ay
~(zVy) =~ V(zVy)
=~ (Va V Vy)
=~ VA ~ Vy
= A y.
(B8) —(z A —y) =—zV -y
~(z A my) =~ V(eA ~ Vy)
=~ (VZ AV ~ Vy)
=~ VoV ~ V ~ Vy
= -z V oy,
(B9) I'(x vI'y) =Tz AILTy:
MNaVvIly) =V~ (xVV~y)
=V(~ A~V ~Y)
=V~ AV A~V A~y
=Tz ATTy.
(B10) (xvVy)AT(zVy) <zV-a:
(1) 2 ATz =azA~2:
rANTe=aAV~z
=~ (~2) AV(~ )
=~ TN\~
=N~z
(2) (xvy) AT (zVy) <~
(zVvy)AT(zVy)=(zVyAr~(zVy)
= (VYA ~ah~y)
<~ oz,
3) ~z<zV-um
~zA(zV-ox) =~z A XV~ VI)

=(~xAVZ)V ~ (zV V)
=(~zAVIZ)V ~ Ve

=~ (x A V)
4) (vy) AT (zVy) <zV -
(B11) 2 ATz Ay ATy <T'(xVy):

(@ATz) Ay ATy) = (xA ~x) A (YA ~y)
=(@Ay)A(~ A ~y)
< (@VyAh~(zVy)
=(zVy)Al(zVy)

<

Iz Vy).
(if) = (i)
(B12) 10 = 1:
(1) vz =1,
(2) T0 = 1.
(B13) —1 = 0:
(1) 1A-1=0,
(2) =1 =0.

(B14) -z <Ta:

[D4]

(D3]
[A17]

[(1) of B10]

[(1) of B10 ]
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—z ATz =(-zATz)VO0
=(-z ATz)V (z A-z)

=-zA(TzVazx)
=-xA1l
= .
(B15) -0 =1:
(1) 0=1A-1,
(2) -0 = —\(1 A —\1)
=-1Vv -l
=1.
(B16) I'lt = 0:
-0AT-0=0,
1AT1=0,
I't=0.

(B17) 'z ATTz = 0:
Mz ATT2z =T'(x VIx)
=I1
=0.
(B18) -z VvV ——z =1:
-z V oz = —(z A )
=0
=1.
(B19) =~z =TIz
1) T-z =Tz Al
=I-z A (-z V)
=Tz A-2)V (-2 A-z)
=0V (I'—a A—-—x)
=I—x A -z,

) [z <ITxz,

) Te ATTz =0,
) Tev-Tx=1,
)

(5) I'Te < —I'z,
(6) I'Tz = —I'z.
(B21) ~z ATTz =0:
(1) =z <Ta,
(2) "z ATTz < Tz ATTz,
(3) =z ATTz =0.
(B22) z < ——a:
1) zAl=2A (mxV-x)
=(x A—-z)V(zA—-—x)
=x N\,
(2) z < -
(B23) I'Tz < a:

[B18]
(B4]

[(1)]
[B14]

[(2), (3)]

[B14]
[B17]
(BS]

ITe =TTaAl = ITzA(Tev-Tz) = ITTaeATz)vV(ITaA-Tz) = TeA-Tz,

[(2)]
[(4)]
[(1), (5)]
[B14]
[(1)]
[(2), B17]
[B18]

(B2]
(V)]
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VIl

zVI(zVTIz)

zV (T'z ATTz)

(xvIz) A (zVITz)
=z VITx,

(2) I'Tx < .

(B24) ———ax = —a:

(1) =2 = (=)
=—(——z V)
= Az,

2) =z < -,
3) —x < -,

(
(
(4) ——z = .
(B25) TTTz = I'a:
(1) ITTz < Tz,
(2) TTTz = [(I'Tx)
=T(ITzAx)
=ITTz Vv Iz,
(3) e <TTTx,
(4) Te =TTTz.
(B26) -I'z <z
(1) I'Tz = —T'z,
(2) TTz <z,
(3) Tz <.
(B27) IT—z = —a:
T2 =-I'-x
=z
= .
(B28) I'TT—x = ——u:
M-z =T~z
= -z,
(B29) I'((z V —z) ATz) = -
F((zVv-2)ATz)=T(zV-x)VITz
=T (zVIT-2)VITz
(Tz A ——z) VIT2
(TzVITz) A (—-—zVITz)

X,

(B30) -—I'z =T'z:

-z =T-I'z
=ITTz
=TIz

(B31) ———T'z =TITa:
=z =ITT'--I'z
=I-Tz
=-—-Ix
=-Iz
=ITxz.
(B32) =((x ATz) vV —z) =ITa:
—((x ATx)V —x) = ~(x ATx) A~z

[
(B9,

(B3, B22,

[

(B6]
B27]
B23]
B23]

B19)
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==(z A--Tx) A -z [B30]
=(-zVITz) A~z [B8, B31]
—ITz. (B2, B22, B23]
(B33) I'm—z = —x:
M-z = -z [B19]
= . [B24]

Now we are able to prove the axioms A4, A6 and AT.
Axiom A4 ~~ x =1
First, we observe that from B14 and D2 we obtain: (D3) ~x = (z AT'z) V —z.
Then
(1) ~~z=((zATz)V-z) AT((x ATz)V —-x))V((z ATz) V-z), [D3]
(2) T((x ATz)V —ax)) =T((x vV -z) ATz V)

=T((x vV -z)ATx) [B14]
= g, [B29)]
3) ~~z=(((zATz)V-z)AN—-—z)VITx [(1), (2), B32]
=(((x ATz) A —=—z) V (m2 A ——2)) VITz
= ((x ATz) AN—=—z)VITz [B2]
= ((x AT2)VITz) A (—-—z VITz)
= ((x ATz)VITz) A =z [B22, B23]
= ((x VITz) A Tz VITz)) A -z
=(xzVITz) A=z B3]
=z A [B23]
=z [B22]
Axiom A6 ~zV Ve =1:
~zVVr=(zATz)V-zV-z [D3, D1]
=(xATz)v1=1. [B18]
Axiom A7 zA ~z =~z AVa:
~xzAVr = ((zATz)V-z)A -z [D3, D1]
= (x ATz A—-—a)V (-a A——x)
=(xATz)VO0 [B22, B2]
= (x ATx)V (A —x) [B2]
=((zATz)Vz)A((z ATx)V —x)
=N\ ~ . [D3]
(B34) If z < y then -y < -z and 'y < I'z:
1)z <y, [Hip.
(2) zvy=y, [(1)]
(3) ~(zVy) =, [(2)]
(4) ~x A=y =y, [(3), BT]
(5) ~w < -, )]
(6) zNny =, [(1)]
(7) D(wAy) =T, [(6)]
(8) TevIy =Ta, [(7), B6]
(9) Ty < Tz, (®)]
(B35) ~ Tz =1Ta:
~Tx =TTz A (TzV -Tz) [D2]
=ITz A (Tz VITz) [B20]
=1ITz. [A2]

(B36) ~ (max ATy) = -2 VITy:
(1) ~ (=2 ATy) =T (mz ATy) A ((mz ATy) V= (-z ATy)), [D2]





