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Abstract - The rotor parameters of the squirrel cage induc-
tion machine, resistance and leakage inductance, depend
upon the frequency of the rotor circuit, mostly due to the
skin effect. For low values of the rotor frequency (less than
10 - 15 Hz), corresponding to the quasi-linear branch of the
torque-speed curve between synchronous speed and the
critical one, the skin effect is quite insignificant. However,
for higher frequencies (e.g. SOHz and/or 60Hz, at starting),
this variation of the parameters cannot be neglected. In this
paper, the analytic relationships developed for expressing
the rotor resistance and leakage inductance as functions of
slip/frequency, directly result from the skin effect theory.
The induction motor model based upon Park-Blondel equa-
tions have been used to analyze its dynamic (transient) be-
havior. Park-Blondel equations are nonlinear, because of
their intrinsic structure, the rotor parameters variation with
the frequency, saturation of the magnetic core, and the de-
pendency of the load torque with respect to the rotor angu-
lar frequency. For solving the induction motor system of
equations, the authors used MATLAB software package due
to its enhanced capabilities in terms of integrating ordinary
differential equations. When analyzing the induction motor
operating at steady state, we used the well-known O
(Steinmetz) per-phase equivalent circuit. Although, the
magnetizing inductance is considered as the current-
controlled nonlinear inductor while the rotor resistor as a
time-variable resistor. For steady-state analysis, both
ENCAP (Electrical Nonlinear Circuit Analysis) and SPICE
software packages have been used in order to be able to
assess the results. In both cases, the induction motor model
is derived from modified nodal equations. This gives the
possibility to apply Fourier analysis for all current and volt-
age waveforms and compute any high order harmonics.
Following the computing of harmonic content, we assessed
the steady state characteristics (power factor, efficiency,
etc.) of the induction motor, while the equivalent circuit
parameters determined through calculations closely match
the parameter values obtained from the catalogue data.

Keywords - induction motor, state equations, transient behav-
ior, deep rotor bars, saturation phenomena, stead-steady behav-
ior, skin effect

I. INTRODUCTION

In many studies regarding the estimation the induction
machine parameters, the authors included the skin effect
and the saturation of the magnetic circuit [1-9, 12-14].
When considering applications of electric AC drives using
three-phase induction motors with deep bars in the rotor
circuit, both mathematical model of the induction motor

and the overall control strategy have been modified in
order to maximize the performance [6]. Most of the vector
drives use to rotor flux control due to the simplicity of the
mathematical model which demands less “real-time”
computation.

However, for the motor with deep rotor bars, the rotor
flux significantly varies inside the rotor magnetic core, so
cannot be precisely defined. As a result, the drive control
using the air gap flux appears as an attractive alternative.
However, when using the pseudo rotor flux, one can
achieve similar performances to the rotor flux orientation
case, when considering the equivalent rotor parameters.
The squirrel cage with deep rotor bars can be made
equivalent with a two rotor cages, one of these described
by constant parameters [8].

The induction motor with deep bars is described by a
mathematical model which includes the skin effect upon
the rotor parameters and the saturation of the magnetic
circuit as well and enables the simulation of various oper-
ating modes. The frequency of the stator winding is con-
stant and equal to the power supply frequency, resulting
constant stator parameters. The rotor parameters are as-
sumed constant, independent of the rotor current fre-
quency when this one has low values (0 to 10...15 Hz, the
latter one usually being associated with the critical
slip/speed). However, for higher values of the rotor cur-
rent frequency, the rotor resistance and leakage inductance
depend upon the frequency (slip) through relationships
developed from the skin effect theory.

In addition to the skin effect, the saturation of the mag-
netic circuit comes into effect when the magnetizing in-
ductivity L,, varies. In Fig. 1, L,, appears variable in time.
In fact, this curve explains the magnetic circuit saturation
effect during the start-up process, when the induction mo-
tor has deep bars. In order to approach real starting condi-
tion, a load torque M,, variable with the speed was pro-
posed in Fig. 2.

The induction motor analysis for steady-state analysis
purpose requires the state equations referred to the “d, g,
0” system of coordinates, in which the time derivatives are
made equal to zero, excepting the mechanical equation.
Once integrated over a long time span, the mechanical
equation can deliver the steady state value of rotor me-
chanical speed and consequently, the stator and rotor cur-
rents, electromagnetic torque, etc.

Other methods for obtaining the steady state character-
istics are based upon the solving of the induction motor
equivalent circuit (see Fig. 3) or by applying the state
equations and/or the modified nodal equations.
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Fig. 1. The magnetization inductivity variation versus time.
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Fig. 2. The load torque variation versus rotor angular frequency.
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Fig. 3. Induction motor equivalent circuit.

The latter one (called the brute force) involves a number
of iterations until the steady state solutions is obtained,
through a process which must satisfy an imposed conver-
gence criterion [10, 11, 14].

The first major outcome of this paper was to analyze
the deep bars induction motor steady state behavior and
characteristics for non-saturated magnetic circuit versus
the situation when we assumed the magnetic circuit satu-
rated (see the [] equivalent circuit of the induction motor
shown in Fig. 3). When the magnetic circuit saturation
was included, the magnetization inductor Ls = L, was
modeled as a current-controlled nonlinear inductor with its
magnetic flux depending upon the magnetizing current
¢=¢(i,,). However, in this paper, the steady state study

follows the transient study as particular regime.

The second major outcome of this paper was to analyze
the transient behavior of the deep bars induction motor,

using the state equations and/or the modified nodal equa-
tions in the time domain (the semi-state equations), based
on the brute force method. For transient purposes, the ro-
tor resistor R’/a (a — being the slip) was modeled as a
time-variable (parametric) function, in which the slip was
calculated at each time step.

The simulations were performed by using the SPICE
and/or the ENCAP — Electrical Nonlinear Circuit Analysis
software packages [10, 11]. When using these packages,
the deep bars induction motor model was constructed in
terms of the modified nodal equations, being very appro-
priate for the Fourier analysis for all current and voltage
waveforms. In this way we could compute any high order
voltage/current harmonics, following the determination of
the time dependency of such quantities. The volt-
age/current harmonic calculation represents the input to-
wards the deep bars induction motor performances as-
sessment (e.g. more harmonic content means less effi-
ciency, poor power factor, etc.).

In addition to the performances, some adjacent effects
like the electromagnetic forces and the parasitic torques
can be analytically approximated from voltage/current
harmonics [15].

II. SIMULATION OF THE INDUCTION MOTOR FOR
TRANSIENT CONDITIONS

The induction motor transient analysis was performed
starting with the dynamic state equations expressed in the
d, q, 0 reference frame and the rotor quantities referred to
the stator [7]:

d 1 L
9Psa _ “Ry| —| Osa =" Ppa | |+ OQsy + gy (1,2)
dr oL L,
d(Psq 1 m '
EPTRR oL, | P4 ‘Prq ~Osq +itsg  (1D)
dorg _ [ 1 (.
—d —_R —_— - 0) (O] (190
dr r O'Lr Pra (pvd 1~ )(Prq )
d(p;q o1 , '
R — —-® 1,d
dt ' oL, Pra” )‘Pm -9
do _3p7f U [ Ly
ds 2 Psd GLS Psq - (prq
(Le)
1 L M,
Psq GLS {(psd Lr ] J
de
1,
dr (1.0

where: @, - is the stator magnetic flux axis in the direc-

tion of “d-axis”, ¢, - represents the stator magnetic flux
in the direction of “g-axis” (quadrature), (p',d - is the rotor

magnetic flux along the “d-axis”, (p'rq - represents the
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rotor magnetic flux with respect to the “g-axis”, ® — is the
rotor angular frequency (® = pQ , p — number of the pole
pairs and Q is the mechanical angular speed),
®, =®; —o - is the rotor current angular frequency, ®;

- represents the stator angular frequency and 0 - is the
electric angle which gives the rotor position in respect of
the stator (see Fig. 4, 0is the angle between the FS axis
and FR axis). In the majority of the models FS designates
the magnetic axis of stator “phase A” winding while the
FR stays for the rotor “phase a” winding.

The state vector has the following expression:

! , t
X = (psd’(Psqv(Pm’a(Prq,O)ae . (2)

The stator and the rotor magnetic fluxes can be ex-
presses as functions of the currents and inductances as
following:

Py = Lyisq + Lipiyg ; Psq = Lylsg + L, qu’ 3)
Grg = Lyipg + Lyigq Prg = Lrirq +Lmisq

When solving the equations (3) for the currents
l'sd,isq’i'rd and i;q we obtained:

L P § S

d = d ~ d | = — T >

S GLS N Lr 14 sq GLS sq Lr rq (4)
K 1 ' L, N 1 ' L,

g =—r oy iy =—F - .

rd GLr ((Prd Ls Psd ] rq GLr [(prq Ls (Psq]

In the relations (1) (4) have been used the:
Ugg = x/EUl ; Uy, = 0.0; R, —is the stator resistance; R', -
represents the rotor resistance referred to the stator; L, — is
the cyclical stator inductance, defined as the sum of the
stator leakage inductance Lg;and the useful cyclical sta-

tor inductance L;; L'r — represents the cyclical rotor in-
ductance, defined as the sum between the rotor leakage

inductance L'm and the useful cyclical inductance L'22 -

all of the rotor inductances are referred to the stator; L,,

is the cyclical mutual inductivity between the stator and
the rotor, given by the relationship L,, = 3M,,/2, in which
M, is the maximum value of the mutual inductivity,
measured between one stator phase winding and one rotor
phase winding having the same direction; ®; - represents

the stator angular frequency; ® - is the mechanical angu-
lar frequency (at the motor shaft); Q; =,/ p - represents

the angular speed of the revolving electromagnetic field
with respect of the stator (synchronous speed); Q=w/ p
- is the mechanical angular speed of the rotor; p — the
number of the pole pairs; J — the rotor moment of inertia
and M, — is the load torque. The non-dimensional “leakage
coefficient” ¢ has the expression:

2
o1 tm )
LL

Fig. 4. Structure of the reference systems.

The electromagnetic torque can be calculated starting
from the definition and using (4):

M= 371? ((psdisq - (Psqisd)

_3p 1 _Lw | (6)
B [(Psd GLS [(Psq L‘, (prq]

or:

3p (o 0
M ZT(Qlerq _(prqlra’):

3 3p 1 L, _ @)
[‘Prd GL, [(prq L, (Psq]

! 1 L,
TPrg | Prd — Psd ||
GL,, Ls

The stator and rotor phase currents iy, i, ic respectively

iy il', , i'c can by expressed, as function of the d, ¢, 0 stator

and rotor currents following a transformation of coordi-
nates [7]:

lA( ) ’ds( ) OS((,Olt qs( ) Sln(wlt)+ los >
o=

( ]_l (,).sin(mlt_%]”og;
ic(t) =iyt cos[ lz+—j () sm(u)lt+23n)+ios; ®)
U=l =)o)
0= 0o 01 00 =2 |-, ) sin (0 - o¥ - 2

0= )-cos o1k 2| 0)sin (o b+ 25

ig(t) = ig(¢)-cos

Assuming the induction motor with identical phase
windings characteristics, operating under balanced condi-
tions, the stator and the rotor zero-sequence currents will
not be present iy, =0, respectively iy, =0.

The skin effect analysis shows that the rotor resistance
R', referred at the stator increases with /@, , while the

r
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Al
leakage inductance L,; decreases with /o, , where o,

is the rotor angular frequency. Therefore, the rotor pa-
rameters referred to the stator can be expressed as follow-

ing [7]:

®

The constants &y, k,, k3 and k; are determined from the
continuity condition at the point ®, = ®,, (®,, represents
the value of the angular frequency associated with the
critical slip), while the values of the electrical parameters
for the squirrel cage at starting point (slip value a = 1), can
be extracted from the available catalogue data for an in-
duction motor.

Typically for the range ®, < ®,., the rotor parameters
are considered constant, while for ®, > o,, the rotor pa-
rameters vary with the rotor angular frequency o, accord-
ing to relations (9). These are valid for a wide range of
frequencies from rotor circuit.

As example, we consider an induction motor for desig-
nated for traction purposes (MABT-2). This induction
motor has the following ratings:

P,=100kW; U,=560 V; U;,=323.32 V; I;,=1,= 130
A; 1y =1200 rpm, n = 1168.8 rpm - n; (n) is the synchro-
nous revolving speed; Z, = Z,= U;/l; =248 Q ; f,=fi =
60 Hz; p = 3; R, = 0.053 Q; R', =0.0657 Q ; L,;= 1.034

mH; L., = 0955 mH ; L, =28.1 mH; n=0.897 %;
cos@y, =0.87; J = 3.38 kgm* or J = 60.0 kgm’

14 M
:i:4; mP _r S om :Mm

Ifn Mn M,
windings have a Y-connection.

With the values from above, the next quantities are cal-
culated: M, = 817 Nm; M, = 898.7 Nm; [, = 520 A; S, =
128094.8 VA; a, = 0.026; P, = S,*cosp;, = 111442.5 W.

From [7], if ®,, = 81 rad/s, when introducing the data
from above in the relationships (9), the numerical values
for the rotor electrical parameters referred to the stator can
be described as:

i =1.8. Stator

p

0,000955H ; ®, [0; 81]
oy 1
L(o,) = 0,0281+ 0,000155 + 0,0072—— ;

>
VO

8l<m, <oy

, 0,065434; @, <[0; 81]
r( r _{ (10)

0.000904 +0,00717 o, ;
with o) =120mn

8l <o, <o

A complete procedure for determining the transient be-
havior at starting of the squirrel cage induction motor with
deep bars consists of the following steps:

* In the dynamic state equations (1), the rotor electrical
parameters are introduced using the relationships (10),
which in fact consider the skin effect.

* The influence of the magnetic circuit saturation is re-
vealed by the dependency of the magnetic inductance with
the time given in Fig. 1.

The load torque encountered by the induction motor at
the shaft has a time dependency given in Fig. 2.

Following the application of some ordinary integration
routines (available in MATLAB programming environ-
ment) to solve the equations (1), we’ve obtained the re-
sults summarized in Fig. 5 — 18.
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Fig. 5. The stator and rotor magnetic fluxes in the d, ¢, 0 reference
frame as functions of time.
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