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x x2+ 1 = 0.

a+ bi a b
a x b
x, i =

√−1
a+ bi c+ di a = b c = d

b = 0. 0 + 0i
0, −1 + 0i −1.

i2 −1.

≤

(a, b)

(a, b) .

C := {(x, y) , x, y ∈ R} ,



z = (x, y) ∈ C x := z y := z. x, y
z.

z1 = (x1, y1) ∈ C z2 = (x2, y2) ∈ C

z1 + z2 : = (x1 + x2, y1 + y2) ,

z1 · z2 : = (x1x2 − y1y2, x1y2 + x2y1) .

(C,+, ·)

z = (x, y) , z := (x,−y)
z.

−2 + 5i = −2− 5i.

z · z = z · z =
(
x2 + y2, 0

)
, ∀z = (x, y) ∈ C.

C0 := {(x, 0) , x ∈ R} .
(C0,+, ·)

T : R → C0,
T (x) := (x, 0) , ∀x ∈ R

T

T (x+ y) = T (x) + T (y) , ∀x, y ∈ R

T (x · y) = T (x) · T (y) , ∀x, y ∈ R

T (R,+, ·) (C0,+, ·)
C0

x := (x, 0) ∈ C0 i := (0, 1) ∈ C i

z = (x, y) ∈ C

(x, y) = (x, 0) + (0, y) = (x, 0) + (y, 0) · (0, 1) = x+ yi.

(x, y) = x+ yi, ∀x, y ∈ R



z = Re z + Im z i.

i2 = (0, 1) · (0, 1) = (−1, 0) = −1 + 0i = −1,

z = x+ yi, z = x− yi.

(x1 + y1i) + (x2 + y2i) = (x1 + x2) + (y1 + y2i) ;

(x1 + y1i)− (x2 + y2i) = (x1 − x2) + (y1 − y2) i;

(x1 + y1i) + (x2 + y2i) = (x1x2 − y1y2) + (x1y2 + x2y1) i;

x2 �= 0 y2 �= 0,

x1 + y1i

x2 + y2i
=

x1 + y1i

x2 + y2i

x2 − y2i

x2 − y2i
=

x1x2 − y1y2i
2 + (−x1y2 + x2y1) i

x2
2 − y22i

2

=
x1x2 + y1y2
x2
2 + y22

+
−x1y2 + x2y1

x2
2 + y22

i;

α ∈ R x+ yi ∈ C

α (x+ yi) = (x+ yi)α = αx+ αyi.

C

{1, i}
dimR C = 2.

z = x+ yi

|z| =
√
x2 + y2.

|−2 + 5i| =
√
(−2)2 + 52 =

√
29.

|z| ≥ 0, ∀z ∈ C |z| = 0 z = 0;
|αz| = |α| |z| , ∀α ∈ R ∀z ∈ C



|z1 + z2| ≤ |z1|+ |z2| , ∀z1, z2 ∈ C
|z1z2| = |z1| |z2| , ∀z1, z2 ∈ C
zz = zz = |z|2 , ∀z ∈ C;
|z1z2| = |z1| |z2| , ∀z1, z2 ∈ C;
|z1z2...zn| = |z1| |z2| ... |zn| , ∀z1, z2, zn ∈ C

|zn| = |z|n , ∀n ∈ N, ∀z ∈ C∣∣∣ z1z2 ∣∣∣ = |z1|
|z2| , ∀z1, z2 ∈ C z2 �= 0;

|z1 ± z2| ≥ ||z1| − |z2|| , ∀z1, z2 ∈ C
| z| ≤ |z| ≤ | z|+ | z| | z| ≤ |z| ≤ | z|+ | z| , ∀z ∈ C.

|·| C
C |·|

z ∈ C z = z+z
2

z = z−z
2i

;
z ∈ R z = 0;
z ∈ R z = z;
z = 0 z = z = 0;

z1, z2 ∈ C z1 + z2 = z1 + z2, z1 · z2 = z1 · z2
z2 �= 0, z1

z2
= z1

z2
.

R2

z = x+ yi ∈ C
M (x, y) .

C0

z = 0

M (x, y)
R2 z = x+ yi M. M (z) .

z = x + yi ∈ C M(z) z
−−→
OM



r

r :=
√

x2 + y2 =: |z| ,
z ϕ ∈

[0, 2π), Ox
z arg z.

O x

y
M(x, y)

|z|

ϕ x

y

a = |z| cosϕ b = |z| sinϕ.

z,
z = |z| (cosϕ+ i sinϕ) .

arg z, z = x+ yi

arg z =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

y
x
, x > 0, y ≥ 0,

y
x
+ π, x > 0, y < 0,

y
x
+ π, x < 0, y ≥ 0,

y
x
+ 2π, x > 0, y < 0,

π/2, x = 0, y > 0,
3π/2, x = 0, y < 0

z = 0

0 = |0| (cosϕ+ i sinϕ) , ∀ϕ ∈ [0, 2π).

z := {arg z + 2kπ, k ∈ Z}



S

z

N

y

x A

A′

S

P

z.

arg z = 2π − arg z.

P
S P z = 0

[NS] P N S

A P
NA, S A′.

P S

A′ S
NA′, P A.

S P

A′ ∈ S
N, NA′ S
N P A S

A +∞.
N P

∞



z +∞.

C := C∪{∞} .
P S

S

1, S 1

z = r (cosϕ+ i sinϕ) , z1 = r1 (cosϕ1 + i sinϕ1) , z2 =
r2 (cosϕ2 + i sinϕ2) r2 �= 0

z1 · z2 = r1r2 [cos (ϕ1 + ϕ2) + i sin (ϕ1 + ϕ2)] ,
z1
z2

=
r1
r2

[cos (ϕ1 − ϕ2) + i sin (ϕ1 − ϕ2)]

zn = rn [cos (nϕ) + i sin (nϕ)] , ∀n ∈ Z.

n ∈ N\ {0, 1} z = r (cosϕ+ i sinϕ) , ϕ ∈ [0, 2π)

un = z

uk =
n
√
|z|

(
cos

ϕ+ 2kπ

n
+ i sin

ϕ+ 2kπ

n

)
, k ∈ {0, 1, ..., n− 1} .

{z ∈ C z ≥ 0} .

{z ∈ C z > 0} .

{z ∈ C z ≤ 0} .

{z ∈ C z < 0} .



{z ∈ C, z ≥ 0} .

{z ∈ C z > 0} .

{z ∈ C z ≤ 0} .

{z ∈ C z < 0} .
a ∈ R

{z ∈ C z > a}

z0 ∈ C R > 0, z0 R

B (z0, R) := {z ∈ C |z − z0| < R} ,
z0 R

B (z0, R) := {z ∈ C |z − z0| ≤ R} ,
z0 R

B (z0, R) := {z ∈ C |z − z0| = R} .
z0 ∈ C 0 < R1 < R2,

z0 R1, R2

B (z0, R1, R2) = {z ∈ C R1 < |z − z0| < R2} ,
z0 R1, R2

B (z0, R1, R2) = {z ∈ C R1 ≤ |z − z0| ≤ R2} ,
z0

R1, R2

B (z0, R1, R2) = {z ∈ C R1 < |z − z0| ≤ R2} ,

z0 R1, R2

B (z0, R1, R2) = {z ∈ C R1 ≤ |z − z0| < R2} .



(Re z > a)
a (|z − z0| ≤ R)

z0, R, (|z − z0| > R)
z0, R

D ⊆ C
M > 0,

|z| < M, ∀z ∈ D.

d : C× C → R

d (z1, z2) := |z1 − z2| , ∀z1, z2 ∈ C

d (z1, z2) ≥ 0, ∀z1, z2 ∈ C d (z1, z2) = 0
z1 = z2;

d (z1, z2) = d (z2, z1) , ∀z1, z2 ∈ C;
d (z1, z2) ≤ d (z1, z3) + d (z3, z1) , ∀z1,

z2, z3 ∈ C
d C C d

z1 = a1 + ib1 z2 = a2 + ib2,

|z1 − z2| =
√
(a1 − a2)

2 + (b1 − b2)
2.

R2.

z : N → C z (n) = zn ∈ C ∀n ∈ N
zn n

z (zn)n∈N .

n
N zn



zn, n ∈ N
M > 0 |zn| ≤ M, ∀n ∈ N

(zn)n∈N z ∈ C
(zn)n∈N z ∃z ∈ C ∀ε > 0, ∃Nε ∈ N

∀n ≥ Nε,
|zn − z| < ε.

z
z

zn

z := lim
n→∞

zn

zn → z.

zn zn = xn + yni, n ∈ N
z = x+yi yn y yn

y.

zn =
(
1 + 1

n

)n
+ (−1)n

n
i, n ∈ N∗

e + i · 0 = e.

zn → z |zn| → |z| .
zn = (−1)n ,

n ∈ N∗, 1, (zn)n∈N∗

zn → 0 z = 0.

|zn| → r arg zn → ϕ, zn → r (cosϕ+ i sinϕ) .



zn = 1 + (−1)n

n
i, n ∈ N∗.

(zn)n∈N , (wn)n∈N
(αzn + βwn)n∈N

∀α, β ∈ C

lim
n→∞

(αzn + βwn) = α lim
n→∞

zn + β lim
n→∞

wn.

(zn)n∈N z = 1
|z| < 1

(zn)n∈N ∞, |zn| → +∞.
zn → ∞.

(zn)n∈N (zkn)n∈N zkn → ∞,
(zn)n∈N

zn, n ∈ N
∀ε > 0, ∃Nε ∈ N ∀n ≥ Nε, ∀p ∈ N

|zn+p − zn| < ε.

an → 0,

|zn+p − zn| < an, ∀p ∈ N ∀n ∈ N

C

(C d) (C |·|)



f : D ⊆ C → C

u,
v : D → R z = x+ iy ∈ D

f (z) = f (x+ iy) = Re f (z) + Im f (z) i

= : u (x, y) + v (x, y) i.

u f Re f v
v =: Im f.

f : C → C f (z) = zez f (x+ iy) =
(x+ iy)ex (cos y + i sin y) ,

Re f (x, y) = ex (x cos y − y sin y) ,

Im f (x, y) = ex (x sin y + y cos y) .

f (z) = sin z
Re f Im f.

sin z = sin (x+ iy) = sin x cos (iy)+sin (iy) cos x = sin x cosh y+i sinh y cos x,

Re sin (x, y) = sin x cosh y,

Im sin (x, y) = sinh y cos x.

sin z = eiz−e−iz

2i

f : C → C f (z) = a0 + a1z + ...+ anz
n, a0, a1, ..., an ∈ C,

f : C\ {z ∈ C, Q (z) �= 0} , f (z) =
P (z)

Q (z)
,

P, Q



u,
v : D ⊆ C → R
Re f = u Im f = v :

f (z) = u (x, y) + v (x, y) i = u

(
z + z

2
,
z − z

2i

)
+ v

(
z + z

2
,
z − z

2i

)
i.

f : D ⊆ C → C
f (D)

M > 0,

|f (z)| < M ∀z ∈ D.

zn =
(
1 + z

n

)n
, n ≥ 1, z = x+ yi ∈ C

|zn| =
∣∣1 + z

n

∣∣n =
((

1 + x
n

)2
+

(
y
n

)2)n
2 → ea.

∀n ≥ 1,

arg zn =

{
y/n

1+x/n
, y ≥ 0,

y/n
1+x/n

+ 2π, y < 0.

∀n ≥ 1,

zn =

⎧⎨⎩ |zn|
(
cosn y/n

1+x/n
+ i sinn y/n

1+x/n

)
, y ≥ 0,

|zn|
(
cos

(
n y/n

1+x/n
+ 2nπ

)
+ i sin

(
n y/n

1+x/n
+ 2nπ

))
, y < 0.

zn → ex (cos y + i sin y) .

lim
n→∞

(
1 +

z

n

)n

= ea (cos b+ sin b i) , ∀z = a+ bi ∈ C

lim
n→∞

(
1 +

z

n

)n

= ez, ∀z ∈ R,

z

ez := lim
n→∞

(
1 +

z

n

)n

, ∀z ∈ C.

(1.2.1) ,

ez = ex (cos y + i sin y) , ∀z = x+ iy ∈ C



e0 = 1;
ez1 · ez2 = ez2 · ez1 = ez1+z2 , ∀z1, z2 ∈ C
(ez)n = enz, ∀z ∈ C ∀n ∈ Z
ez1
ez2

= ez1−z2 , ∀z1, z2 ∈ C

e2πi = 1 e2kπi = 1, ∀k ∈ Z eu = 1

u = 0.

ez+2kπi = e2kπi+z = ez, ∀z ∈ C, ∀k ∈ Z

exp : C → C, exp (z) = ez, ∀z ∈ C

2πi.

sin, cos, sinh, cosh
eiθ = cos θ + i sin θ e−iθ = cos θ − i sin θ ∀θ ∈ R

cos θ =
eiθ + e−iθ

2
, sin θ =

eiθ − e−iθ

2i
, ∀θ ∈ R.

C

cos z :=
eiz + e−iz

2
, sin z :=

eiz − e−iz

2i
, ∀z ∈ C.

z : =
sin z

cos z

=
eiz − e−iz

i (eiz + e−iz)
, ∀z ∈ C\ {(2k + 1) π/2, k ∈ Z}

z : =
cos z

sin z

=
i (eiz + e−iz)

eiz − e−iz
, ∀z ∈ C\ {kπ, k ∈ Z} .



cos2 z + sin2 z = 1,

cos (−z) = cos z, sin (−z) = − sin z

(−z) = − z, (−z) = − z,

cos (z1 ± z2) = cos z1 cos z2 ∓ sin z1 sin z2,

sin (z1 ± z2) = sin z1 cos z2 ± cos z1 sin z2,

(z1 ± z2) =
z1 ± z2

1∓ z1 2

,

sin (z + 2π) = sin z, cos (z + 2π) = cos z.

cosh z : =
ez + e−z

2
, sinh z :=

ez − e−z

2
, ∀z ∈ C,

z : =
sinh z

cosh z
, ∀z ∈ C \

{(π
2
+ kπ

)
i, k ∈ Z

}
,

z : =
cosh z

sinh z
, ∀z ∈ C \ {kπi, k ∈ Z} ,

cos iz = cosh z, cosh iz = cos z,

sin iz = i sinh z, sinh iz = i sin z,

iz = i tanh z, tanh iz = i z,

cosh2 z − sinh2 z = 1,

cosh (−z) = cosh z, sinh (−z) = − sinh z,

cosh (z1 ± z2) = cosh z1 cosh z2 ± sinh z1 sinh z2,

sinh (z1 ± z2) = sinh z1 cosh z2 ± cosh z1 sinh z2,

(z1 ± z2) =
z1 ± z2

1± z1 2

.

eu = z,
z ∈ C∗

{u ∈ C eu = z} = {ln |z|+ i arg z + 2kπi, k ∈ Z} .
z

ln : C\ {0} → P (C) ,

ln z := ln |z|+ i z.



k ∈ Z

ln |z|+ i arg z + 2kπi

ln z.
ln z,

k = 0, log : C\ {0} → C,

log z := ln |z|+ i arg z,

ln

ln 1 = 0.

z = sinw, w =
sin−1 z arcsin arcsin z.

arccos,

arcsin z =
1

i
ln

(
iz +

√
1− z2

)
,

arccos z =
1

i
ln

(
z +

√
z2 − 1

)
,

z =
1

2i
ln

1 + iz

1− iz
.

z = ln
(
z +

√
z2 + 1

)
,

z = ln
(
z +

√
z2 − 1

)
,

z =
1

2
ln

1 + z

1− z
.



α ∈ R∗ z ∈ C∗,

zα := eα ln z = |z|α eiα z =
{|z|α eiα(arg z+2kπ), k ∈ Z

}
,

k = 0

zα := |z|α eiα arg z,

n ≥ 2,

n
√
z := n

√
|z|ei z

n =
{

n
√
|z|ei (arg z+2kπ)

n , k ∈ Z
}
,

k = 0

n
√
z := n

√
|z|ei arg z

n .

f (z)g(z) := eg(z) ln f(z).

V ⊆ C
z0 ∈ C z0, ∃r > 0,

B (z0, r) ⊆ V.

V ⊆ C
∞

0, ∃r > 0, |z| > r, z ∈ V

C \B (0, r) ⊆ V.

z0
A z0

A z0
A

A′.



A ⊆ C
∀z0 ∈ A, ∃R > 0,

B (z0, R) ⊆ A.

A ⊆ C

A A, A′ ⊆ A.

A ⊆ C
M > 0,

|z| < M, ∀z ∈ A

A

z0 ∈ C A,
z0 A, ∃R > 0, B (z0, R) ⊆ A.

A
A (A) .

z0 A C \ A,
z0 A.

A A
∂A.

A
A (A) .

A = (A) .



A
∀z1, z2 ∈ A, A,

A

∀z1, z2 ∈ A, {(1− t) z1 + tz2, t ∈ [0, 1]} ⊆ A.

A ∃z0 ∈ A
∀z ∈ A z0 z A,

∃z0 ∈ A, ∀z ∈ A, {(1− t) z0 + tz, t ∈ [0, 1]} ⊆ A.

A
A = A ∪ A′.

A A = A.

A

A ⊆ ∪kAk, Ak A1, A2, An,

A ⊆ ∪n
k=1Ak.

f : D ⊆ C → C z0 ∈ C ∩ D′.
f w0 ∈ C z0 V

w0 U z0, f (U) ⊆ V
∀z ∈ U, f (z) ∈ V.



f w0 ∈ C z0 ∀ε > 0
∃δ > 0 ∀z ∈ D\ {z0} |z − z0| < δ,

|f (z)− w0| < ε.

lim
z→z0

f (z) = w0.

∞
w = 1

z
, z

w = 0 w
f z = ∞,

z = 1
w

f
(
1
w

)
w = 0.

f : D ⊆ C → C D
(|z| > r) . f

w0 ∈ C ∞, ∀ε > 0 ∃δ > 0 ∀z ∈ D |z| > δ,

|f (z)− w0| < ε.

f

lim
z→∞

f (z) = w0.

f : D ⊆ C → C z0 ∈ C∩D′.
f ∞ z = z0 limz→z0 f (z) = ∞,

∀ε > 0 ∃δ > 0 ∀z ∈ D \ {z0} |z − z0| < δ,

|f (z)| > ε.

f : D ⊆ C → C D
(|z| > r) . f

∞ ∞
lim
z→∞

f (z) = ∞,

∀ε > 0 ∃δ > 0 ∀z ∈ D |z| > δ,

|f (z)| > ε.



z0 = x0+y0i w0 = u0+v0i f = u+vi : D → C
z0 ∈ D′,

lim
z→z0

f (z) = w0

lim
(x,y)→(x0,y0)

u (x, y) = u0

lim
(x,y)→(x0,y0)

v (x, y) = v0.

limz→z0 f (z) = w1 limz→z0 g (z) = w2 α ∈ C

limz→z0 [f (z) + g (z)] = w1 + w2;
limz→z0 [f (z)− g (z)] = w1 − w2;
limz→z0 f (z) g (z) = w1w2;

limz→z0
f(z)
g(z)

= w1

w2
;

limz→z0 (αf) (z) = αw1.

limz→z0 f (z) = w0

lim
|z−z0|→0

|f (z)− w0| = 0.

limz→z0 f (z) = w0

∀ (zn)n ⊂ D\ {z0} zn → z0 f (zn) → w0.

limz→0
sin z
z

= 1; limz→0
ez−1
z

= 1; limz→0
1−cos z

z2
= 1

2
.

f : D ⊆ C → C z0 ∈ D ∩D′.
f z0

lim
z→z0

f (z) = f (z0) .



f D
D.

z0 = x0 + y0i f (z0) = u0 + v0i f = u + vi :
D → C z0 ∈ D′,

lim
z→z0

f (z) = f (z0)

lim
(x,y)→(x0,y0)

u (x, y) = u0

lim
(x,y)→(x0,y0)

v (x, y) = v0.

f g z0, α ∈ C
f + g z0 limz→z0 [f (z) + g (z)] = f (z0) + g (z0) ;
f − g z0 limz→z0 [f (z)− g (z)] = f (z0)− g (z0) ;
fg z0 limz→z0 f (z) g (z) = f (z0) g (z0) ;
f
g

z0 g (z0) �= 0 limz→z0
f(z)
g(z)

= f(z0)
g(z0)

;

αf z0 limz→z0 (αf) (z) = α limz→z0 f (z) .

limz→z0 f (z) = f (z0)

lim
|z−z0|→0

|f (z)− f (z0)| = 0.

f z0
∀ (zn)n ⊂ D zn → z0 f (zn) → f (z0) .

f D ⊆ C z0 ∈ D ∩D′.

f z0,

lim
z→z0

f (z)− f (z0)

z − z0
∈ C.



f ′ (z0) := lim
z→z0

f (z)− f (z0)

z − z0

f z0.

f D
z0 ∈ D. D

f D.

f
z0 ∈ D f f ′

lim
z→z0

f ′ (z)− f ′ (z0)
z − z0

∈ C.

f ′′ (z0) := lim
z→z0

f ′ (z)− f ′ (z0)
z − z0

f z0. f
D

z0 ∈ D.
n n ≥ 3

n f (n)

f C0 D
f ∈ C0 (D) f D. f

Cn D f ∈ Cn (D) n ≥ 1 f
n D f (n) D. f

C∞ D f ∈ C∞ (D) ,
D.

0 f
f (0) = f.

f z0



∀ (zn)n ⊂ D zn → z0

lim
n→∞

f (zn)− f (z0)

zn − z0
∈ C

f ′ (z0) = lim
n→∞

f (zn)− f (z0)

zn − z0
.

f g z c ∈ C

(c)′ = 0;
[f (z)± g (z)]′ = f ′ (z)± g′ (z) ;
[f (z) g (z)]′ = f ′ (z) g (z) + f (z) g′ (z) ;(

f(z)
g(z)

)′
= f ′(z)g(z)−f(z)g′(z)

[g(z)]2
;

[f (g (z))]′ = f ′ (g (z)) g′ (z) .

(zn)′ = nzn−1, ∀n ∈ N

[(g (z))n]
′

= n [g (x)]n−1 g′ (z) , ∀n ∈ N(
1

zn

)′
= − n

zn−1
, ∀n ∈ N∗, ∀z ∈ C∗,(

1

[g (z)]n

)′
= − ng′ (z)

[g (z)]n−1 , ∀n ∈ N∗, ∀z ∈ C g (z) �= 0,

(ez)′ = ez, ∀z ∈ C

(sin z)′ = cos z, (cos z)′ = − sin z,

(sinh z)′ = cosh z, (cosh z)′ = sinh z.

C C
C

f ′ (z) , f (z) = 4z3 − 2z2 − 5z + 3;

f (z) = z3

z2+2
; f (z) = (2z2 − 3iz)

3
.

12z2 − 4z − 5;
z2(z2+6)
(z2+2)2

; 48z5 − 180iz4 − 216z3 + 81iz2.

�
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